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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 32 |. This is test number [ 114 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (32) | 0.00 (0 )
Mathematica | 100.00 (32 ) | 0.00 (0)
Maple 81.25 (26) | 18.75 (6)
Fricas 50.00 (16 ) | 50.00 ( 16 )
Mupad 0.00 (0) | 100.00 (32)
Giac 0.00 (0) |100.00 (32)
Maxima | 0.0 (0) | 100.00 ( 32)
Sympy 0.00 (0) |100.00 (32)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Maple 12.50 62.50 6.25 18.75
Fricas 9.38 40.62 0.00 50.00

Mathematica 3.12 0.00 96.88 0.00

Mupad N/A 0.00 0.00 100.00
Giac 0.00 0.00 0.00 100.00

Maxima, 0.00 0.00 0.00 100.00
Sympy 0.00 0.00 0.00 100.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 6 100.00 % 0.00 % 0.00 %

Fricas 16 0.00 % 100.00 % 0.00 %

Giac 32 50.00 % 50.00 % 0.00 %

Maxima 32 59.38 % 21.88 % 18.75 %

Sympy 32 96.88 % 3.12 % 0.00 %

Mupad 32 84.38 % 15.62 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median

Rubi 4.49 448.28 1.00 366.50 1.00

Mathematica | 35.40 148964.34 | 433.67 31304.00 174.68

Maple 17.07 7300157.46 | 10666.91 2275555.00 | 3798.10

Maxima 0.00 0.00 0.00 0.00 0.00

Fricas 5.89 2493.31 11.40 1912.50 11.56

Sympy 0.00 0.00 0.00 0.00 0.00

Giac 0.00 0.00 0.00 0.00 0.00

Mupad 0.00 0.00 0.00 0.00 0.00

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {2,5)6)[[0) 1} (215} 16,715, [0} 20, [} 22,23} 2 26, 27, 25,29, 50, BT, 52
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7} 8} 9} 10} 1 1} [12}[13} 14 [L5} [16} [17], 18} 19} 20} 21} 22} [23} [24} [25, [26} 27
[2829,30,81}32 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {25}
B grade: { }

gd@lﬂlﬂ@
29,130},(31}|32

F grade: { }

2.1.3 Maple

A grade: {[I7,18,[I9 24 }

B grede: {2356 011 12 (311, 5 B 2 B3 B 29,50 )
C grade: {{4[9 }

F grace: { 2021152081162 )

2.1.4 Maxima
A grade: { }
B grade: { }
C grade: { }

F grade: { )25} 56,755,103 13[4 15 6, 7 5 10 20,21 22,5, 28 25, 26, 2
829,50, 81152 }
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2.1.5 FriCAS

A grade: { PLEEH))
B grade: { }
C grade: { }

F grade: { [1}[2}[3}4[5,61[7, 8 [9[L0}[L1 1 [12}[13} [14}[15} 16 }

2.1.6 Sympy
A grade: { }
B grade: { }
C grade: { }

F grade: { 123, 4}/5[6} 7, 8} % [L0} (11} [12} 13} [14} 15} 16} 17} [18} 19} [20, 21} [22, 23} [24} 25,26, 27
[28,2930, 31,82 }

2.1.7 Giac
A grade: { }
B grade: { }
C grade: { }

F grade: { [1}[2}3,4}/5[6} 7, 8} % [10} (11} [12}[13} 14} 15} 16} 17} [18} 19} [20} 21} [22} 23} [24} 25,26, 27
[28,29}30, 31,82 }

2.1.8 Mupad
A grade: { }

B grade: { }
C grade: { }

F grade: { [1}2,[3, 4} 516} 7 8} 9 [L0} (L1} [12}[13} 14 [L5} [16} 17} [18} 19} [20} 21} 22} 23| 24} [25} 26} 27
[28129}[30, 31,32 }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

antiderivative leaf size

fined as

optimal antiderivative leaf size

. To help make the table fit, Mathematica was abbre-

Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mug
grade A A B F F(-1) F F F
viated to MMA verified N/A Yes Yes TBD TBD TBD TBD TBD TB

size 547 547 416 9581948 0 0 0 0 -1
N.S. 1 1.00 0.76 17517.27 0.00 0.00 0.00 0.00  -0.(
time (sec) N/A 0.777 19.501  0.955 0.000 0.000  0.000 0.000 0.0

Problem 2 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F F(-1) F F F

verified N/A Yes Yes TBD TBD TBD TBD TBD TBD

size 384 384 352 9581713 0 0 0 0 -1

N.S. 1 1.00 0.92  24952.38 0.00 0.00 0.00 0.00  -0.00

time (sec) N/A 0.507 14.549  0.699 0.000  0.000 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F(-2) F(-1) F F F

verified N/A Yes Yes TBD TBD TBD TBD TBD TBD

size 294 294 253 9338543 0 0 0 0 -1

N.S. 1 1.00 0.86 31763.75 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.209 8.629 0.514 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD

size 349 349 64621 49800 0 0 0 0 -1

N.S. 1 1.00 185.16 142.69 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.501 34.953 12.684 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 501 501 134907 1840144 0 0 0 0 -1
N.S. 1 1.00 269.28 3672.94 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.582 33.255  40.177 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 976 976 4224 17768513 0 0 0 0 -1
N.S. 1 1.00 4.33  18205.44 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 23.558 43.031 0.766 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 747 747 411 17768080 0 0 0 0 -1
N.S. 1 1.00 0.55  23785.92 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 23.177 31.220 0.533 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 602 602 350 17767874 0 0 0 0 -1
N.S. 1 1.00 0.58  29514.74 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 22.853 30.393 0.534 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F(-2) F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 570 570 278 103617 0 0 0 0 -1
N.S. 1 1.00 0.49  181.78 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 23.144 17.203 14.948  0.000 0.000  0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 691 691 465721 2710966 0 0 0 0 -1
N.S. 1 1.00 673.98 3923.25 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 23.236 44.805 51.355 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F(-1) F(-1) F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1189 1189 5618 13067599 0 0 0 0 -1
N.S. 1 1.00 4.72  10990.41 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 4.473 45.158 0.507 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-1) F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 865 865 737 13066867 0 0 0 0 -1
N.S. 1 1.00 0.85 15106.20 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 3.567 32.723 0.621 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 686 686 382 13067316 0 0 0 0 -1
N.S. 1 1.00 0.56  19048.57 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 3.292 30.761 0.572 0.000  0.000 0.000 0.000 0.000




26

Problem 14 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 635 635 375 13066366 0 0 0 0 -1
N.S. 1 1.00 0.59 20576.95 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.789 30.175 0.316 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F(-1)  F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 749 749 558961 21338039 0 0 0 0 -1
N.S. 1 1.00 746.28 28488.70 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 3.398 39.437  61.682 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple  Maxima Fricas Sympy Giac Mupad
grade A A C B F(-1) F(-1) F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1008 1008 930953 29682798 0 0 0 0 -1
N.S. 1 1.00 923.56 29447.22 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 3.642 44.736  252.392 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-1) B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 182 182 179905 232 0 2180 0 0 -1

N.S. 1 1.00 988.49 1.27 0.00 11.98  0.00 0.00 -0.01
time (sec) N/A 0.265 34.238 0.402 0.000  5.214 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 141 141 64578 153 0 1759 0 0 -1
N.S. 1 1.00 458.00 1.09 0.00 12.48  0.00 0.00 -0.01
time (sec) N/A 0.138 125.399 0.240 0.000  4.550 0.000 0.000 0.000




27

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 79 79 24736 102 0 447 0 0 -1
N.S. 1 1.00 313.11 1.29 0.00 5.66 0.00 0.00 -0.01
time (sec) N/A 0.078 74.785 0.358 0.000  3.559 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 142 142 44361 0 0 1197 0 0 -1
N.S. 1 1.00 312.40 0.00 0.00 8.43 0.00 0.00 -0.01
time (sec) N/A 0.165 28.787 0.901 0.000 4.789 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-1) A F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 249 249 37459 0 0 1516 0 0 -1
N.S. 1 1.00 150.44 0.00 0.00 6.09 0.00 0.00 -0.00
time (sec) N/A 0.221 32.128 0.843 0.000  5.217 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 270 270 539292 627 0 3147 0 0 -1
N.S. 1 1.00 1997.38 2.32 0.00 11.66  0.00 0.00  -0.00
time (sec) N/A 0.377 38.347 0.295 0.000 8558 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 209 209 412434 425 0 2452 0 0 -1
N.S. 1 1.00 1973.37 2.03 0.00 11.73  0.00 0.00  -0.00
time (sec) N/A 0.236 36.396  0.228 0.000  7.160 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 179 179 286262 281 0 2012 0 0 -1
N.S. 1 1.00 1599.23 1.57 0.00 11.24  0.00 0.00 -0.01
time (sec) N/A 0.155 34.929 0.243 0.000 6.431 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 203 203 253 0 0 2670 0 0 -1
N.S. 1 1.00 1.25 0.00 0.00 13.15  0.00 0.00  -0.00
time (sec) N/A 0.188 12.544 0.713 0.000 4.714 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F A F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 435 435 215131 0 0 1354 0 0 -1
N.S. 1 1.00 494.55 0.00 0.00 3.11 0.00 0.00 -0.00
time (sec) N/A 0.359 34.555 0.793 0.000  6.502 0.000 0.000 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 236 236 243520 721 0 6139 0 0 -1
N.S. 1 1.00 1031.86 3.06 0.00 26.01  0.00 0.00  -0.00
time (sec) N/A 0.373 36.141  2.029 0.000 8570 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 160 160 25130 507 0 1785 0 0 -1
N.S. 1 1.00 157.06 3.17 0.00 11.16  0.00 0.00 -0.01
time (sec) N/A 0.266 31.630 0.285 0.000  3.775 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 153 153 25123 457 0 1759 0 0 -1
N.S. 1 1.00 164.20 2.99 0.00 11.50  0.00 0.00 -0.01
time (sec) N/A 0.191 31.733 0.241 0.000  3.877 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 156 156 25149 406 0 1813 0 0 -1
N.S. 1 1.00 161.21 2.60 0.00 11.62 0.00 0.00 -0.01
time (sec) N/A 0.162 7.671 0.266 0.000  4.177 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-2) B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 280 280 181078 0 0 4269 0 0 -1
N.S. 1 1.00 646.71  0.00 0.00 15.25  0.00 0.00  -0.00
time (sec) N/A 0.271 35.454 0.729 0.000  8.026 0.000 0.000 0.000
Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-1) B F F(-1) F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 478 478 293889 0 0 5394 0 0 -1
N.S. 1 1.00 614.83 0.00 0.00 11.28  0.00 0.00  -0.00
time (sec) N/A 0.383 37.665 0.750 0.000  9.045 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [17] had the largest ratio of [35]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 15 10 1.00 33 0.303
2 A 11 8 1.00 33 0.242
3 A 6 4 1.00 31 0.129
4 A 10 7 1.00 31 0.226
5! A 14 9 1.00 33 0.273
6 A 21 14 1.00 33 0.424
7 A 16 12 1.00 33 0.364
3 A 10 9 1.00 31 0.290
9 A 18 13 1.00 31 0.419
10 A 21 14 1.00 33 0.424
11 A 20 12 1.00 33 0.364
12 A 14 11 1.00 33 0.333
13 A 10 7 1.00 33 0.212
14 A 7 5 1.00 31 0.161
15 A 13 10 1.00 31 0.323
16 A 18 12 1.00 33 0.364
17, A 8 7 1.00 35 0.200
18 A 7 6 1.00 35 0.171
19 A 4 4 1.00 33 0.121
20 A 8 5 1.00 33 0.152
21] A 11 6 1.00 35 0.171
22 A 9 8 1.00 35 0.229
23] A 8 7 1.00 35 0.200
24 A 8 7 1.00 33 0.212
25) A 10 7 1.00 33 0.212
Continued on next page




Table 2.1 — continued from previous page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
260 A 22 9 1.00 35 0.257
271 A 8 7 1.00 35 0.200
28| A 6 6 1.00 35 0.171
29| A 6 6 1.00 35 0.171
30 A 6 6 1.00 33 0.182
31| A 12 7 1.00 33 0.212
32| A 16 8 1.00 39 0.229
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Chapter 3

Listing of integrals

Local contents

3.1
3.2
3.3
3.4
3.5

3.6
3.7
3.8
3.9
3.10
3.11

3.12
3.13
3.14
3.15
3.16
3.17

3.18

3.19

f cot?®(d+ex)

va+bceot(d + ex) + ccot?(d + ex
f cot3(d+ex)

v/a+ bcot

cot(d+ex)

f tan(d+ex)
v/a+ bcot
tan®(d+ex)

-d
/ va+bceot(d + ex) + ccot?(d + ex !

(
-dx
d+ ex) + ccot?(d + ex
(
(

)
)
-dx
d+ex)
-dx
d + ex) + ccot?(d + ex)
)

(
(
/ va+ beot(d + ex) + ccot?
(
(
)

[ cot®(d + ex)+/a + beot(d + ex) + ccot’ (d+ex) dx . . . . . ... ... ..

[ cot®(d + ex)/a + bcot(d + ex) + ccot’ (d+ex) dx . . . . ... ... ...

[ cot(d + ex)\/a+ beot(d + ex) + ccot?(d + ex) dx
[ v/a+bcot(d+ ex) + ccot?(d + ex) tan(d + ex) dzx
[ Va+ bcot(d+ ex) + ccot’(d + ex) tan3(d + ex) dz

cot” (d+ex)
(a+b cot(d+ex)+ccot?(d+ex))
cot®(d+ex)
(a+b cot(d+ex)+ccot?(d+ex))
cot3(d+ex)
(a+bcot(d+ex)+ccot?(d+ex))
cot(d+ex)
(a+bcot(d+ex)+ccot?(d+ex))
tan(d+ex)
(a+bcot(d+ex)+ccot?(d+ex))
f tan?(d+ex)
(a+b cot(d+ex)+ccot?(d+ex))
cot®(d+ex)

spdr . ...
spdr . ...
spdr . ...
szdT . ...
szdT . ...

spdr . ...

/ va+ beot?(d + ex) + ccot*(d + e:c)
cot3(d+ex)

/ va+ beot?(d + ex) + ccot*(d + ecc)
cot(d+ex)

/ va+ beot?(d + ex) + ccot*(d + e:c)
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3.20
3.21

3.22
3.23
3.24
3.25
3.26
3.27

3.28
3.29
3.30
3.31
3.32

tan(d+-ex)

/ Va+bcot?(d + ex) + ccot?(d + ex)

tan3(d+ex)

/ Va+bcot?(d + ex) + ccot*(d + ex)

dr . . . . ...

[cot3(d +ex)\/a+beot?(d + ex) +ccot*(d+ex) dx . . . ... ... ...

[cot®(d + ex)\/a+beot?(d + ex) + ccot*(d+ex) dx . . . . ... .. ...

[ cot(d + ex)\/a+bcot?(d+ ex) + ccot*(d+ex) dx . . . . ... ... ...

[ Va+bcot?(d+ex) + ccot(d +ex) tan(d+ex)dr . .. .........

[ Va+bcot?(d + ex) + ccot*(d + ex) tan®*(d+ex)dr . . . . ... .. ...

cot” (d+ex)

(a+b cot?(d+ex)+ccotd (d+ex))®/?
cot®(d+ex)

(a+b cot?(d+ex)+ccotd (d+ex))®/?
cot3 (d+ex)

(a+bcot?(d+ex)+ccott(d+ex
cot(d+ex)

tan(d+-ex)

tan3(d+ex)

(a+bcot? (d+ex)+c cot (d+ex))>/?

dz
dz

7 dz

dz
(a+bcot?(d+ex)+ccott (d+ea:))3/2

dz
(a+bcot? (d+ex)+c cot (d+ex))>/?
dz

dr . . . . ...
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f cot?(d+ex) dr
v a+ beot(d + ex) + ccot’(d + ex)

Optimal. Leaf size=547

3.1

X 2 1 p2 _ 2
\/CL —c— \/CL2 + b2 — 2ac + 02 tanh_l a—c—\/a + b 2(16 +c +b cot(d+ex)
ﬁ\/a—c— Va2 + b —2ac+c2 \/a—i-bcot(d-i-ex) + cc

V2 Va2 + b2 —2ac+c e

[Out] -1/2*b*arctanh(1/2*(b+2*xc*xcot(e*x+d))/c”(1/2)/(a+b*xcot (e*x+d)+c*cot (e*xx+d) "~
2)7(1/2))/c~(3/2) /e+1/16%bx (-12*a*xc+5xb~2) *arctanh (1/2* (b+2*c*cot (exx+d) ) /c
~(1/2)/ (at+b*cot (exx+d) +cxcot (exx+d) ~2)~(1/2)) /c~(7/2) /e+(a+b*cot (exx+d) +c*xc
ot (exx+d) ~2)~(1/2)/c/e-1/3*cot (e*x+d) ~“2* (a+b*cot (exx+d)+c*cot (e*xx+d) ~2) ~(1/
2) /c/e-1/24% (15%b"2-16*a*xc-10*b*c*cot (e*x+d) ) * (a+b*cot (e*xx+d) +cxcot (exx+d)~
2)~(1/2)/c"3/e-1/2*xarctanh (1/2* (a-c+b*cot (e*xx+d) - (a~2-2*a*c+b~2+c~2) " (1/2))
*27(1/2) / (a+b*cot (e*xx+d) +cxcot (e*x+d) ~2) ~(1/2) / (a-c-(a"2-2*a*xc+b~2+c"2)~(1/
2))7(1/2)) *(a-c-(a"2-2*a*c+b~2+c"2) " (1/2))~(1/2) /ex2~(1/2) / (a~2-2*a*c+b~2+c
~2)~(1/2)+1/2*arctanh(1/2* (a-c+b*cot (e*x+d) +(a~2-2*%a*xc+b~2+c~2)~(1/2))*2~ (1
/2)/ (a+b*cot (e*x+d) +c*xcot (exx+d) ~2) ~(1/2) / (a—c+(a~2-2*a*c+b~2+c~2) ~(1/2) )~ (
1/2))*(a-c+(a~2-2*a*c+b~2+c”2) " (1/2))~(1/2) /ex2~(1/2) / (a~2-2*a*c+b~2+c~2) ~(
1/2)

Rubi [A]
time = (.78, antiderivative size = 547, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 15, number of rules used = 10, integrand size = 33, integrand size — 0.303,

Rules used = {3782, 6857, 654, 635, 212, 756, 793, 1050, 1044, 214}

AV o drenreatirar ) e\ . ]

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]~5/Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*x]~2],x]

[Out] -((Sqgrt[a - ¢ - Sqrt[a”2 + b™2 - 2xa*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a~2 +
b~2 - 2xaxc + c”2] + b*Cot[d + e*x])/(Sqrt[2]*Sqrtl[a - ¢ - Sqrt[a™2 + b"2 -
2%axc + c~2]]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(Sqrt[2]*Sqrt
[a”2 + b™2 - 2%axc + c"2]*e)) + (Sqrtl[a - c + Sqrt[a™2 + b™2 - 2%a*c + c~2]
1*ArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xaxc + c~2] + b*Cot[d + exx])/(Sqrt[2]
xSqrtfa - ¢ + Sqrt[a™2 + b™2 - 2xaxc + c"2]]*Sqrt[a + b*Cot[d + e*x] + c*Co
tld + exx]72]1)])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2*a*c + c"2]*e) - (bxArcTanh[(b
+ 2*%cxCot[d + exx])/(2xSqrt[c]*Sqrt[a + bxCot[d + exx] + c*xCot[d + exx]~2])
1)/(2%xc~(3/2)*e) + (b*(5*%b~2 - 12*axc)*ArcTanh[(b + 2*c*Cot[d + e*xx])/(2%Sq
rt[c]*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(16%c~(7/2)*e) + Sqrtl
a + bxCot[d + exx] + cxCot[d + exx]~2]/(c*e) - (Cot[d + exx] 2xSqrt[a + bx*C
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ot[d + exx] + cxCot[d + exx]~2])/(3*cxe) - ((156xb~2 - 16%a*c - 10*bxcxCot[d
+ exx])*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])/(24*c”3*e)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*%c - x°2), x], x, (b + 2%c*x)/Sqrt[a + bxx + c*x”2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, O]

Rule 654

Int[((d_.) + (e_.)*(x))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simplex((a + b*x + c*x72)"(p + 1)/(2*c*(p + 1))), x] + Dist[(2%c*xd - b
xe)/(2%c), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 756

Int[((d_.) + (e_.)*(x))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> Simpl[ex(d + e*x)"(m - 1)*((a + bxx + c*x72)"(p + 1)/(cx(m + 2%p +
1))), x] + Dist[1/(c*(m + 2%p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d~2*(m +
2xp + 1) - ex(axex(m - 1) + b*xd*(p + 1)) + ex(2xcxd - b*e)*(m + p)*x, x]*(
a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*d™2 - b*d*e + a*xe”2, 0] && NeQ[2*cxd - b*e, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] && IntQuad
raticQ[a, b, ¢, d, e, m, p, x]

Rule 793

Int[((d_.) + (e_)*x(x))*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(b*exg*(p + 2) - c*(exf + dxg)*(2%xp + 3) -
2xcxexgx(p + 1)*x))*((a + bxx + c*xx™2)"(p + 1)/(2%c™2*%(p + 1)*(2xp + 3))),
x] + Dist[(b~2%exgx(p + 2) - 2xaxckexg + c*x(2xcxd*f - bx(exf + dxg))*(2*p
+ 3))/(2xc™2x(2%p + 3)), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c,

d, e, f, g, p}, x] && NeQ[b~2 - 4xa*c, 0] && !'LeQ[p, -1]
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Rule 1044

Int[((g_ ) + (h_D*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]]1, x] /; FreeQl
{a, c, d, e, f, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gk(cxd - axf - q) + (hx(c*d - a*xf + q) - gkcx
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*xx~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*hxe - g(ckd - axf + q) + (h*x(cxd - a*f - q) - gkc*e)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f£*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)]1*(£_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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5

Subst z
dr — — (f (1+e2)Va + bz + ca?

-dx, x, cot(d + ez)>
/ \/a+bcot(d+ex)+ccot2(d+ex)‘ €

cot®(d + ex)

3

Subst — < 4+ z .
_ ! (f( Va + bz + ca? Va+br+cr?  (1+e2)Va
e

Subst ( i -dz, z, cot(d + ex)) Subst (

17

Va + bz + cx?
e

\/a—l- beot(d + ex) + ccot?*(d + ex)‘ cot?(d + ex)\/a + b

ce

\/a+bcot(d+ex)—|—ccot2(d—|-ex)‘ cot?(d + ex)\/a + b«

ce

\/a—c— Va2 + b2 —2ac+ 2 tanh™!

VEa-c—

T V2 Va2 + b2
\/a—c—\/a2+b2—2ac+c2‘ tanh !

\/5\/(1—0—\/

o V2 Va2 + b2

Mathematica [C] Result contains complex when optimal does not.
time = 19.50, size = 416, normalized size = 0.76

werreTun ) (. )
r Va—th—c /e + tan(d + ex)(b T atan(d ¥ ez))' ) Vatih—c e+ tan(d+ ex)(b T atan(d ¥ ex))' ) _ to{Ba+ 26) tank” sesbuanizen oo ea) tan(d 4+ ez
[Cm——p— ) et colld o) b ) [ N Yot tald s 20! () | Tecot’d+ ea) tand +ex)

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]~5/Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2],x]

[Out] (((-15%b~2 + 16%a*xc + 32%c~2)/(24*c”3) + (5¥b*Cot[d + e*x])/(12*%c”2) - Cscl
d + exx]~2/(3%c))*Sqrt[(-a - c + axCos[2x(d + e*x)] - c*Cos[2*(d + exx)] -
b*Sin[2*(d + e*x)])/(-1 + Cos[2x(d + e*x)])])/e + ((((-8*I)*c~(7/2)*ArcTan[
(I*¥b + 2%c + ((2*xI)*a + b)*Tan[d + exx])/(2*Sqrt[a - I*b - cl*Sqrtlc + Tan[
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d + e*xx]*(b + axTan[d + exx])])])/Sqrtla - I*b - c] + (8*%c~(7/2)*ArcTanh[(b
+ (2%I)*c + (2*a + Ixb)*Tan[d + exx])/(2xSqrt[a + I*b - c]*Sqrtlc + Tan[d
+ exx]*(b + axTan[d + exx])])])/Sqrt[a + I*b - c] + b*(5%b~2 - 4*c*(3xa + 2
*xc))*ArcTanh[(2*c + b*Tan[d + e*x])/(2*Sqrt[c]*Sqrtlc + Tan[d + e*x]*(b + a
xTan[d + exx])])])*Sqrt[a + b*xCot[d + exx] + c*xCot[d + exx] 2]*Tan[d + exx]

)/ (16*%c~(7/2) *exSqrt[c + Tan[d + exx]*(b + a*Tan[d + e*x])])

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.96, size = 9581948, normalized size = 17517.27

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 5/ (a+b*cot (e*xx+d)+c*cot(e*xx+d)~2)~(1/2),x)
[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (a+b*cot (exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(cot(x*e + d)~5/sqrt(c*cot(x*e + d)~2 + b*cot(xxe + d) + a), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d) "5/ (a+b*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

cot® (d + ex)

/ - dz
\/a—i-bcot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d)**5/(atbxcot (e*xx+d)+c*kcot (e*xx+d)**2)**(1/2),x)

[Out] Integral(cot(d + e*x)#*x5/sqrt(a + b*cot(d + e*x) + cxcot(d + e*xx)*x2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (atbxcot(exx+d)+c*cot(e*x+d)~2)~(1/2),x, algorithm="
giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ cot(d + ex)® i
\/ccot d+ex)’ +bcot(d+ex)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)"5/(a + b*cot(d + e*xx) + cxcot(d + e*x)~2)"(1/2),x)

[Out] int(cot(d + exx)"5/(a + b*cot(d + exx) + cxcot(d + e*x)"2)"(1/2), x)
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f cot3(d+ex) dr
va + beot(d + ex) + ccot?(d + ex)

Optimal. Leaf size=384

3.2

a—c— \/02 + b2 — 2ac + c? ‘—i—bcot(d—i-e:c)
ﬁ\/a—c— Va2 + b2 — 2ac+c? \/a+bcot(cl+eau)+ccot1
V2 Va2 + 02 —2ac+ e

\/a—c—\/a2+b2—2ac+c2‘ tanh ™!

[Out] 1/2*b*arctanh(1/2*(b+2xcxcot(e*x+d))/c”(1/2)/(at+b*cot (e*xx+d)+c*cot (exx+d) "2
)~(1/2))/c”(3/2) /e-(a+b*cot (exx+d) +cxcot (e*xx+d) ~2) ~(1/2) /c/e+1/2*arctanh (1/

2% (a-c+b*cot (exx+d) - (a~2-2*a*xc+b~2+c~2) ~(1/2)) %2~ (1/2) / (a+b*cot (exx+d) +c*co
t(exx+d) ~2)~(1/2)/(a-c-(a~2-2*a*xc+b~2+c~2) ~(1/2))~(1/2)) *(a-c-(a~2-2*a*xc+b~
2+¢c72)7(1/2))"(1/2) /e*x2~(1/2) / (a~2-2*a*xc+b~2+c"2) ~(1/2)-1/2*arctanh (1/2* (a-
c+bxcot (e*x+d)+(a"~2-2*a*xc+b~2+c"2) ~(1/2))*27(1/2) / (a+b*cot (exx+d) +c*cot (e*xx
+d)~2)~(1/2)/ (a—c+(a~2-2*a*c+b~2+c~2) " (1/2))~(1/2) ) *(a-c+(a~2-2*a*c+b~2+c~2
)~(1/2))~(1/2) /ex2~(1/2) / (a~2-2*a*c+b~2+c~2) ~(1/2)

Rubi [A]
time = 0.51, antiderivative size = 384, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.242,

steps used = 11, number of rules used = 8, integrand size = 33,
Rules used = {3782, 6857, 654, 635, 212, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]~3/Sqrtl[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b2 - 2xaxc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~
2 - 2xaxc + c”2] + bxCot[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b™2 - 2

*xaxc + c¢~2]]1*Sqrt[a + bxCot[d + exx] + c*Cot[d + exx]~2])]1)/(Sqrt[2]*Sqrt[a

T2 + b72 - 2xaxc + c”2]*e) - (Sqrt[a - ¢ + Sqrt[a”2 + b72 - 2xaxc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a”2 + b2 - 2*a*xc + c~2] + b*Cot[d + e*x])/(Sqrt[2]*Sq

rt[a - ¢ + Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a + b*Cot[d + exx] + c*Cot[d

+ exx]~2])]1)/(Sqrt[2]*Sqrt[a”2 + b2 - 2*xaxc + c"2]*e) + (bxArcTanh[(b + 2
xcxCot [d + exx])/(2+Sqrt[c]*Sqrt[a + b*Cot[d + e*x] + c*Cotl[d + e*x]~2])])/
(2%xc~(3/2)*e) - Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2]/(c*e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrtla + bxx + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, O]

Rule 654

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[ex((a + b*x + c*xx"2)"(p + 1)/(2%c*x(p + 1))), x] + Dist[(2*%cxd - b
*e)/(2xc), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 1044

Int[((g_ ) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + f*x~2]]1, x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a.) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2xq), Int[Si

mp[(-a)*h*e - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + c
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(m2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
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[n, 0]

Rubi steps
Subst z? - dz, z, cot(d

/ cot?(d + ex) e ubs (f (1+22)Va + b + ca? z, z, cot( +€37)>

\/a + beot(d + ex) + ccot?(d + ex) €
Subst z - z ) dz-
_ us(f(Vw+M+wﬁ UH%Va+Mme2) ’
e

Subst(f \/a+bz+cx2dz,x,cot(d+ea:)) Subst(f

=— +
€

\/a+bcot(d—|-ex)—|—ccot2(d+eac)‘ bSUbSt<f Vart
- - +
ce

. bSubst| [ L=d

\/a + beot(d + ex) + ccot?(d + ex)
=- +
ce

\/a—c—\/a2+b2—2ac+c2‘ tanh~!

) VZa-c— Vi
- NNV

Mathematica [C] Result contains complex when optimal does not.
time = 14.55, size = 352, normalized size = 0.92

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3/Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2],x]

[Out] -(Sqrt[(-a - c + a*Cos[2*(d + e*x)] - c*Cos[2*(d + exx)] - bxSin[2x(d + e*x
)1)/(-1 + Cos[2x(d + exx)])]/(cxe)) - ((((-I)*c™(3/2)*ArcTan[(I*b + 2%c + (
(2*I)*a + b)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrt[c + Tan[d + e*xx]*(b +
a*xTan[d + e*x])])])/Sqrt[a - Ixb - c] + (c~(3/2)*ArcTanh[(b + (2*I)*c + (2*
a + Ixb)*Tan[d + exx])/(2xSqrt[a + I*b - c]*Sqrt[c + Tan[d + exx]*(b + axTa
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nld + e*xx])])])/Sqrt[a + Ixb - c] - b*ArcTanh[(2*c + b*Tan[d + e*x])/(2*Sqr
t[cl*Sqrt[c + Tan[d + exx]*(b + a*xTan[d + exx])])])*Sqrt[a + bxCot[d + exx]
+ cxCot[d + e*xx]~2]*Tan[d + e*x])/(2xc~(3/2)*exSqrt[c + Tan[d + e*x]*(b +
a*Tan[d + e*x])])

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.70, size = 9581713, normalized size = 24952.38

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 3/ (at+b*cot (e*xx+d)+c*cot(exx+d)~2)~(1/2),x)
[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atb*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(cot(x*e + d)~3/sqrt(c*cot(x*e + d)~2 + b*cot(xxe + d) + a), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atb*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cot? (d + ex)
\/a + beot (d + ex) + ccot? (d + ex)

- dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**3/(atbxcot (e*xx+d)+ckcot (e*xx+d)**2)**(1/2),x)
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[Out] Integral(cot(d + e*x)#**x3/sqrt(a + b*cot(d + e*x) + ckxcot(d + e*x)*x2), x)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atbxcot(exx+d)+c*cot(e*x+d)~2)~(1/2),x, algorithm="
giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ cot(d + ex)® e
\/ccot d+ex)’ +bcot(d+ex)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~3/(a + bxcot(d + e*x) + c*cot(d + e*x)~2)~(1/2),x)
[Out] int(cot(d + e*x)~3/(a + b*cot(d + exx) + cxcot(d + e*x)~2)"(1/2), x)
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f cot(d+ex) dz
v a+ beot(d + ex) + ccot?(d + ex)

Optimal. Leaf size=294

3.3

! 2 1 p2 _ 2
\/0, —c— \/(1/2 + b2 — %ac + c2 tanh_l a—c—\/a + b 2(10 +c +b cot(d+ex)
ﬁ\/a—c— Va2 + b2 —2ac+c? \/a+bcot(d+ex)+ccot

V2 Va2 + b2 —2ac+c2 e

[Out] -1/2*arctanh(1/2*(a-c+b*cot (e*xx+d)-(a~2-2*a*c+b~2+c”2) ~(1/2))*2"(1/2)/ (a+bx*
cot (e*x+d)+c*xcot (exx+d) ~2) ~(1/2)/ (a-c-(a~2-2*a*xc+b~2+c~2)~(1/2))~(1/2)) *(a-
c-(a™2-2*axc+b™2+c”2)~(1/2)) " (1/2) /ex2~ (1/2) / (a~2-2*a*c+b~2+c~2) ~(1/2)+1/2*
arctanh (1/2*(a-c+b*cot (exx+d)+(a~2-2%a*xc+b~2+c~2) ~(1/2))*2~(1/2) / (a+b*cot (e
*x+d)+c*xcot (exx+d) "2) ~(1/2) / (a—c+(a~2-2*xa*xc+b~2+c~2) " (1/2))~(1/2) ) *(a-c+(a~
2-2%axc+b™2+c"2) " (1/2))"(1/2) /ex2”(1/2) / (a~2-2xa*xc+b~2+c~2) ~(1/2)

Rubi [A]

time = 0.21, antiderivative size = 294, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.129,

steps used = 6, number of rules used = 4, integrand size = 31,
Rules used = {3782, 1050, 1044, 214}

Va2 = — V& i i
VVe?—2ac+ b+ +a—c tanh™ @ —2ac+ ¥ + ¢ +atbent(aren-c V-V@ =20+ B+ & +a—c tanh™! —Va? — 2ac + B2 + @ totheot(dten) e
\/ﬂ/\/a? —2ac+ 02+ +a-c \/a+bc0t(d+cz) +ccot?(d + ex) V2~V =2ac+ B + ¢ +a-cyJatbeot(d +ex) + coot?(d + ex)
eva® —2ac+ b + ¢ eva® —2ac+ b+ ¢
V2eVa? —2ac+ b7 + VZeva —dac i i

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]/Sqrtl[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2],x]

[Out] -((Sqgrtla - ¢ - Sqrt[a”2 + b™2 - 2xa*c + c~2]]*ArcTanh[(a - c - Sqrt[a~2 +

b~2 - 2*%axc + c¢2] + b*Cot[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b2 -
2*axc + c~2]]1*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*Sqrt

[a"2 + b2 - 2%a*c + c"2]*e)) + (Sqrt[a - ¢ + Sqrt[a”2 + b~2 - 2xaxc + c~2]
l1*ArcTanh[(a - ¢ + Sqrt[a”2 + b™2 - 2*a*c + c~2] + b*Cot[d + e*x])/(Sqrt[2]
xSqrt[a - ¢ + Sqrt[a™2 + b~2 - 2xa*xc + c~2]]1*Sqrt[a + b*Cot[d + exx] + c*Co

tld + e*xx]~2])]1)/(Sqrt[2]*Sqrt[a~™2 + b~2 - 2*a*xc + c~2]*e)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1044

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_.)*(x_)"2]), x_Symbol] :> Dist[-2*a*gxh, Subst[Int[1/Simp[2*a~2*gxh*c + a*
e*xx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
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{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gk(c*d - axf - q) + (h*x(cxd - a*f + q) - g*cx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*xe - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x~2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)x*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(da_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

cot(d + ex) Subst (f

-dz, z, cot(d + ea:)>

/ dr — — (1+22)Va + bz + cx?
\/a-l—bcot(d-l-ex) + ccot?(d + ex) €

(1+22)Va + bx + cx?

—b+(a—c—\/a2 + b% — 2ac + 2 )a:
Subst | [ dz,z,cot(d + ex)

2va2 + b2 —2ac+ 2 e

(b(a—c— \/a2+b2—2ac+cz‘)> Subst | [

—2b (a—c— Vv a2 '

a2+

\/a—c— Va2 + b2 —2ac+ 2 tanh™!

Vaa—c—-

Mathematica [C] Result contains complex when optimal does not.
time = 8.63, size = 253, normalized size = 0.86

(—i\/a-%—iTc ArcTan( - b+20+(2ath) tan(d-es) ) ++va—ib—c tanh™ ( b Zict(2atih) tan(d e )) \/a + beot(d + ex) + ccot?(d + ex) tan(d + ex)
2

Va—ib—c'\/c+tan(d + ez)(b + atan(d + ez)) 2va+ib—c \/c+ tan(d + ex)(b+ atan(d + ex))

2Va—ib—cVa+ib—c 5\/c+bta.n(d+ez)+atan2(d+ez)

V2 Va2 + 1
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Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]/Sqrt[a + b*Cot[d + exx] + cxCot[d + exx]~2],x]

[Out] (((-I)*Sqrtl[a + Ix*b - c]*ArcTan[(Ix*b + 2*c + ((2+#I)*a + b)*Tan[d + exx])/(2
*Sqrt[a - I*b - c]*Sqrtlc + Tan[d + exx]*(b + axTan[d + exx])])] + Sqrt[a -

Ix¥b - cl*ArcTanh[(b + (2*I)*c + (2*%a + I*b)*Tan[d + e*x])/(2*Sqrt[a + Ix*b

- c]*Sqrt[c + Tan[d + exx]*(b + a*Tan[d + e*x])])])*Sqrt[a + b*Cot[d + ex*x]

+ cxCot[d + exx]~2]*Tan[d + e*x])/(2*Sqrt[a - Ixb - c]*Sqrt[a + I*b - clx*e
xSqrt[c + b*Tan[d + e*x] + a*Tan[d + e*x]~2])

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.51, size = 9338543, normalized size = 31763.75

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(a+b*cot (e*xx+d)+cxcot (exx+d)~2)~(1/2),x)
[Out] result too large to display
Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d)+c*xcot(e*x+d)~2)~(1/2),x, algorithm="ma
xima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d)+cxcot(e*x+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cot (d + ex)
\/a + beot (d + ex) + ccot? (d + ex)

- dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(at+bxcot (e*xx+d)+ckxcot (e*x+d)**2)**(1/2),x)
[Out] Integral(cot(d + e*x)/sqrt(a + bxcot(d + e*x) + ckcot(d + e*x)**2), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="gi
ac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ \/ cot(d + ex) de

ceot (d+ex)® +beot (d+ex) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)/(a + bxcot(d + e*x) + c*xcot(d + exx)~2)~(1/2),x)
[Out] int(cot(d + e*xx)/(a + bxcot(d + e*xx) + c*cot(d + e*x)~2)~(1/2), x)
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f tan(d+ex) dz
v a+ beot(d + ex) + ccot?(d + ex)

Optimal. Leaf size=349

3.4

tanh~! 2a+b cot(d+ex) ‘ \/a —c— \/az + b2 —2ac+ 2 tanh ' | ——
2\/5\/a+bcot(d+ex)—|—ccot2(d+ex) V2'\/a-

_|_
Vae V2

[Out] arctanh(1/2*(2*a+b*cot(exx+d))/a~(1/2)/(a+b*cot (e*xx+d)+c*cot (e*xx+d)~2)~(1/2
))/e/a”(1/2)+1/2*arctanh(1/2*(a-c+b*cot (e*x+d)-(a”~2-2*a*c+b~2+c”2) ~(1/2))*2
~(1/2)/ (atb*cot (exx+d) +cxcot (exx+d) ~2) ~(1/2) / (a-c-(a~2-2*a*c+b~2+c~2) ~(1/2)

)~ (1/2))*(a-c-(a"2-2*a*xc+b~2+c~2)~(1/2))~(1/2) /e*2~(1/2) / (a~2-2*a*xc+b~2+c~2

)~ (1/2)-1/2*arctanh(1/2* (a-c+b*cot (exx+d) +(a~2-2*a*xc+b™2+c~2) ~(1/2))*2~(1/2

)/ (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) /(a-c+(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/
2))*(a-c+(a"2-2xaxc+b”2+c"2) " (1/2))~(1/2) /ex2"(1/2) / (a"2-2*a*c+b~2+c"2) " (1/

2)

Rubi [A]
time = 0.50, antiderivative size = 349, normalized size of antiderivative = 1.00, number of
number of rules _ j 996

steps used = 10, number of rules used = 7, integrand size = 31,
Rules used = {3782, 6857, 738, 212, 1050, 1044, 214}

integrand size

= Va2 =2 2 2 +atbeot(der)—c -~
V-V —2ac+ P+ & +a—c tanh ‘( Vo? — 200+ B4 & +atbootdren) V@ 20+ P+ & +a—c tanh™!
V2 Ve = 2ac+ P

P a—cy/a+boot(d + ex) + ccot?(d + ea)

Antiderivative was successfully verified.
[In] Int[Tan[d + e*x]/Sqrt[a + bxCot[d + exx] + c*Cot[d + e*x]~2],x]

[Out] ArcTanh[(2*a + b*Cot[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Cot[d + exx] + cxCot[d
+ exx]~2])]/(Sqrt[al*e) + (Sqrtl[a - c - Sqrt[a™2 + b~2 - 2*axc + c~2]]*Arc
Tanh[(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2] + b*Cot[d + e*x])/(Sqrt[2]*Sqrt
[a - ¢ - Sgrt[a”2 + b™2 - 2%a*xc + c~2]]*Sqrt[a + bxCot[d + exx] + cxCot[d +
e*x]72]1)]1)/(Sqrt[2]1*Sqrt[a”2 + b~2 - 2*a*xc + c"2]*e) - (Sqrtl[a - ¢ + Sqrtl[
a"2 + b™2 - 2xaxc + c"2]]*ArcTanh[(a - c + Sqrt[a”2 + b™2 - 2%a*c + c~2] +
bxCot [d + exx])/(Sqrt[2]*Sqrt[a - c + Sqrt[a™2 + b~2 - 2*xaxc + c~2]]*Sqrt[a
+ bxCot[d + exx] + cxCot[d + exx]~2])]1)/(Sqrt[2]*Sqrt[a”2 + b2 - 2xaxc +
c”2]xe)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simpl[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~ 2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)~2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)"2 + a*cxe™2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (h*(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h¥e - g(cxd - a*f + q) + (h*x(ckd - axf - q) - grc*xe)*x, x]/((a + ¢
*x~2)*Sqrt[d + e*xx + f*xx72]), x], x]] /; FreeQl{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)x*c]

Rule 3782

Intlcot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)I*(
f_.))"(_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)1*(f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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Subst L -dx, x, cot(d + )
e fm(1+x2)\/a+bx+cx2 7@, cot(d + ex)

e

tan(d + ex)

/ -dr = —
\/a + beot(d + ex) + ccot?(d + ex)

<
e
<

1 - — L - | dx,a
_ / (z\/a+bx+cx2 (1+22)Va + bz + cx? )
e
Subst 1 -dz,z,cot(d + ex ) Subst( -
_ fm\/a+bx+cx2 ( ) n f(
e
2Subst | [ -1 dz, =, 2atbcot(d+ter) :
\/a + beot(d + ex) + ccot?(d + ex)
B e
tanh 1 2a+b cot(d+ex) (b <‘

2v/a’ \/a + beot(d + ex) + ccot?(d + ea:)‘
Va'e

2a+b cot(d+ezx) \/g

2v/a \/a + beot(d + ex) + ccot?(d + ea:)‘
Va'e

_|_

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 34.95, size = 64621, normalized size = 185.16

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]/Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2],x]
[Out] Result too large to show

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 12.68, size = 49800, normalized size = 142.69

method | result size
default | Expression too large to display | 49800
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+b*cot(e*x+d)+c*cot(exx+d)~2)~(1/2),x,method=_RETURNVERBOS
E)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)+c*xcot(e*x+d)~2)~(1/2),x, algorithm="ma
xima")

[Out] integrate(tan(x*e + d)/sqrt(ckcot(x*e + d)~2 + bxcot(xxe + d) + a), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)+c*cot(e*x+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

tan (d + ex)

/ - dz
\/a+bcot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(at+b*cot (e*x+d)+c*cot (e*x+d)**2)**(1/2),x)
[Out] Integral(tan(d + e*x)/sqrt(a + bxcot(d + e*x) + ckcot(d + e*x)**2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)+cxcot(e*x+d)~2)~(1/2),x, algorithm="gi
ac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ tan(d + ex) i
\/ccot d+ex)’ +bcot(d+ezx)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)/(a + bxcot(d + e*x) + c*cot(d + exx)~2)~(1/2),x)
[Out] int(tan(d + e*x)/(a + b*cot(d + exx) + cxcot(d + e*x)"2)"(1/2), x)
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f tan3(d+ex) dr
v a+ beot(d + ex) + ccot’(d + ex)

Optimal. Leaf size=501

3.5

tanh™* 2a+bcot(dtez) ‘ (362 — 4ac) tanh™* 2a+bcot(d+ea)
2v/a’ \/a + beot(d + ex) + ccot?(d + ex) 2v/a’ \/a + beot(d + ex) +
Va'e * 8a’/%e

[Out] 1/8*(-4*a*c+3*b~2)*arctanh(1/2*(2*xa+b*xcot (e*x+d))/a"~(1/2)/(a+b*cot (exx+d)+c
*xcot (exx+d)~2)~(1/2))/a~(5/2) /e—arctanh(1/2* (2*xa+b*xcot (e*x+d))/a~(1/2)/(a+b
xcot (exx+d)+cxcot (e*x+d) ~2)~(1/2))/e/a~(1/2)-1/2*arctanh (1/2* (a—c+b*cot (e*xx
+d) - (a~2-2*a*c+b~2+c~2) " (1/2))*27(1/2) / (a+b*cot (e*x+d) +c*xcot (e*x+d) ~2) ~(1/2
)/ (a-c-(a~2-2%axc+b~2+c~2) ~(1/2)) ~(1/2) )*(a-c-(a~2-2*a*xc+b~2+c~2)~(1/2))~ (1
/2)/ex2”(1/2)/(a~2-2*a*c+b~2+c~2) " (1/2)+1/2*arctanh (1/2* (a-c+b*cot (e*xx+d) +(
a~2-2xaxc+b”2+c"2) " (1/2))*27(1/2) / (a+b*cot (e*xx+d) +cxcot (e*x+d) ~2) ~(1/2) / (a-
c+(a~2-2*a*c+b~2+c”2) " (1/2))~(1/2) ) *(a—c+(a"2-2*a*xc+b~2+c"2)~(1/2))~(1/2) /e
*27(1/2) / (a™2-2*xa*xc+b~2+c~2) " (1/2) -3/4*xb* (a+b*cot (exx+d) +c*cot (e*xx+d) ~2) ~ (1
/2) *¥tan(e*xx+d) /a~2/e+1/2x (at+b*cot (exx+d) +ckxcot (exx+d) ~2) ~(1/2) *tan (e*xx+d) ~2
/a/e

Rubi [A]
time = 0.58, antiderivative size = 501, normalized size of antiderivative = 1.00, number of

number of rules — 0.273
integrand size ’

steps used = 14, number of rules used = 9, integrand size = 33,
Rules used = {3782, 6857, 758, 820, 738, 212, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Tan[d + exx]~3/Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2],x]

[Out] -(ArcTanh[(2*a + b*Cot[d + e*x])/(2*Sqrt[al*Sqrt[a + bxCot[d + exx] + cx*Cot
[d + exx]~2])]/(Sqrt[al*e)) + ((3*b~2 - 4*axc)*ArcTanh[(2*a + b*Cot[d + e*x
1)/ (2*Sqrt[a]*Sqrt [a + b*Cot[d + exx] + c*Cot[d + e*x]~2]1)])/(8xa~(5/2)*e)
- (Sqrtf[a - ¢ - Sqrt[a”™2 + b™2 - 2*%a*xc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a~2 +
b~2 - 2*%axc + c¢2] + b*Cot[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b2 -
2%axc + c~2]]1*Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*x]~2])])/(Sqrt[2]*Sqrt
[a”2 + b™2 - 2*%axc + c"2]*e) + (Sqrt[a - c + Sqrt[a™2 + b~2 - 2*axc + c~2]]
*ArcTanh[(a - ¢ + Sqrt[a”™2 + b™2 - 2xaxc + c”2] + bxCot[d + exx])/(Sqrt[2]*
Sqgrtla - ¢ + Sqrt[a”™2 + b~2 - 2*a*xc + c”2]]1*Sqrt[a + bxCot[d + exx] + c*Cot
[d + e*x]~2]1)]1)/(Sqrt[2]*#Sqrt[a~2 + ™2 - 2*a*xc + c~2]*e) - (3*xbxSqrt[a + b
*Cot[d + exx] + cxCot[d + exx]~2]*Tan[d + e*x])/(4*a"2*xe) + (Sqrt[a + b*Cot
[d + e*x] + c*Cot[d + e*xx]~2]*Tan[d + e*x]~2)/(2xaxe)
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*dxe + 4*a*e”2 - x~2), x], x, (2
*axe - bxd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQl[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 758

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> Simp[ex(d + exx)"(m + 1)*((a + b*x + c*xx"2)"(p + 1)/((m + 1)*(c*xd
~2 - bxd*e + a*e”2))), x] + Dist[1/((m + 1)*(c*d"2 - b*d*e + a*e~2)), Int[(
d + exx)"(m + 1)*Simp[cxd*(m + 1) - bxex(m + p + 2) - cxex(m + 2%p + 3)*x,
x]*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b~
2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && Ne
Qm, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]) || (SumS
implerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[m + 2*p + 3], 0])

Rule 820

Int[((d_.) + (e_)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_Ox(x )7"2)"(p_.), x_Symbol] :> Simp[(-(e*f - dxg))*(d + e*x)"(m + 1)*((a +
b*x + c*x72)"(p + 1)/(2%(p + 1)*(c*d™2 - bxd*e + a*e”2))), x] - Dist[(bx(e
*f + d*g) - 2%(ckd*f + axexg))/(2*%(c*d”"2 - bxdxe + a*e”2)), Int[(d + e*x)~(
m + 1)x(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x]
&& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && EqQ[Simplify[m
+ 2xp + 3], 0]

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]
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Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(ckd - axf - q) + (h*(cxd - a*f + q) - g*c*
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*xx~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*h*xe - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£°2 + x72)), x
1, x, f*xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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Sbt 1 ‘d, ’ td+ )
dr = — > (f w3(1+22)V a + bz + cx? z,z, cot(d + ex)

/ tan®(d + ex)
\/a-l—bcot(d—i-ez)+ccot2(d+ex)‘ €

Subst 1 _ 1 4
_ e (f (w3\/a+ba:+cz2 «Va + bz + cx? (1+22)V.

e

1
Subst (f AT dz, z, cot(d + ex)) Subst (f
=— +
e
‘ 2Subst ‘
\/a + beot(d + ex) + ccot?(d + ex) tan?(d + ex)
B 2ae a
tanh_l 2a+b cot(d+ex)

2\/5\/a+bcot(d+em)+ccot2(d+ex)‘ 3b
Va'e

tanh_l 2a+b cot(d+ex) | \/
2v/a’ \/a + beot(d + ex) + ccot?(d + ex)

Va'e

tanh_l 2a+b cot(d+ex) | (3‘
2v/a’ \/a + beot(d + ex) + ccot?(d + ex)

Va'e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 33.25, size = 134907, normalized size = 269.28

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2],x]
[Out] Result too large to show

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 40.18, size = 1840144, normalized size = 3672.94
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method | result size
default | Expression too large to display | 1840144

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)~3/(atb*cot(e*x+d)+c*cot(exx+d)~2)~(1/2),x,method=_RETURNVERB
0SE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(tan(x*e + d)~3/sqrt(ckcot(x*e + d)~2 + bxcot(xxe + d) + a), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(tan(e*x+d) 3/ (atb*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

tan® (d + ex)

- dx
/ \/a+bcot (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(tan(e*x+d)**3/(atbxcot (e*xx+d)+c*kcot (e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + e*x)#**x3/sqrt(a + b*cot(d + e*x) + ckxcot(d + e*x)*x2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) "3/ (at+b*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ tan(d + e )’ de
\/ccot d+ex)’+beot(d+ex)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)~3/(a + b*cot(d + e*xx) + cxcot(d + e*x)"2)"(1/2),x)
[Out] int(tan(d + exx)~3/(a + bxcot(d + exx) + c*cot(d + e*x)"2)~(1/2), x)
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3.6 [ cot3(d+ex) \/a + beot(d + ex) + ccot®(d + ex) dx

Optimal. Leaf size=976

\/a2—|—b2—|—c<c+ \/a2+b2—2ac+02‘) —a<2c+ \/a2—|—b2—2ac—|-c2‘> ArcTan
V2 Va2 + b2 — 24

V2

[Out] 1/16*b*(-4*axc+b~2)*arctanh(1/2*(b+2xc*cot (exx+d))/c”(1/2)/(a+b*cot (exx+d)+
cxcot (exx+d)~2)~(1/2))/c”(5/2) /e-1/256%b* (-12*xa*c+7*b~2) * (-4*a*c+b~2) *arcta
nh(1/2* (b+2*c*cot (e*xx+d))/c”(1/2)/ (a+b*cot (exx+d)+c*cot (exx+d) ~2)~(1/2))/c”
(9/2) /e+1/3* (a+b*cot (exx+d)+c*cot (exx+d) ~2) ~(3/2) /c/e-1/5*cot (exx+d) ~2* (a+b
*xcot (exx+d)+cxcot (e*xx+d) ~2) ~(3/2) /c/e-1/240% (35%b~2-32*a*c-42xb*xc*cot (exx+d
))*(atb*cot (e*x+d)+c*xcot (exx+d) ~2) ~(3/2)/c~3/e-1/2*b*arctanh(1/2* (b+2*c*cot
(exx+d))/c”(1/2) / (a+b*cot (exx+d) +cxcot (exx+d) ~2) ~(1/2)) /e/c” (1/2) - (a+b*cot(
exx+d)+ckcot (exx+d) ~2) ~(1/2) /e-1/8*b* (b+2*xc*xcot (exx+d) ) * (a+b*cot (e*xx+d) +c*xc
ot (e*xx+d) "2)~(1/2)/c”2/e+1/128%bx (-12xa*c+7*xb~2) *x (b+2*xc*cot (e*xx+d) ) * (a+b*co
t (e*x+d)+c*xcot (exx+d) ~2) ~(1/2) /c"4/e+1/2*arctanh (1/2* (b~ 2+b*cot (exx+d) * (a~2
-2%a*xc+b”"2+c"2) "~ (1/2)+(a-c) *(a-c+(a~"2-2*%a*xc+b~2+c~2)~(1/2)) )/ (a~2-2*a*xc+b~2
+c72) " (1/4)*27(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) / (a~2+b~2+c* (c-(a~
2-2xaxc+b”2+c"2) ~(1/2)) -a*x (2xc-(a~2-2*a*xc+b”~2+c"2)~(1/2))) " (1/2))*(a~2+b"2+
cx(c-(a"2-2%axc+b”"2+c"2) " (1/2)) -a* (2xc-(a"2-2*a*c+b~2+c~2)~(1/2)))~(1/2)/(a
~2-2*xaxc+b”2+c"2) " (1/4) /ex2”(1/2)-1/2*arctan(1/2* (b~ 2+(a-c) * (a—c-(a"2-2*a*c
+b~2+¢c"2) " (1/2)) -b*cot (exx+d) * (a~2-2*a*xc+b~2+c~2) ~(1/2) )/ (a~2-2*a*xc+b~2+c~2
)~ (1/4)%27(1/2) / (a+b*cot (exx+d) +cxcot (e*xx+d) ~2) ~(1/2) / (a~2+b"2+c* (c+(a~2-2*
axc+b~2+c”2) " (1/2) ) -ax (2*c+(a”~2-2*%a*c+b™2+c”2)~(1/2))) " (1/2)) *(a"2+b~2+cx(c
+(a"2-2xaxc+b”2+c"2) " (1/2) ) -a*x (2xc+(a"2-2*xaxc+b”"2+c~2)~(1/2)))~(1/2)/(a"2-2
*xaxc+b~2+c~2) " (1/4) /ex2”(1/2)

Rubi [A]

time = 23.56, antiderivative size = 976, normalized size of antiderivative = 1.00, number of

steps used = 21, number of rules used = 14, integrand size = 33, number of rules _ 0.424,
integrand size

Rules used = {3782, 6857, 654, 626, 635, 212, 756, 793, 1035, 1092, 1050, 1044, 214, 211}

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~5xSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2],x]

[Out] -((Sqgrt[a”2 + b2 + c*(c + Sqrt[a™2 + b~2 - 2xa*c + c~2]) - ax(2*c + Sqrtla
"2 + b2 - 2%axc + c¢~2])]*ArcTan[(b"2 + (a - ¢c)*(a - ¢ - Sqrt[a™2 + b™2 - 2

*xaxc + c¢~2]) - b*Sqrt[a™2 + b~2 - 2*axc + c"2]*Cot[d + exx])/(Sqrt[2]*(a~2
+ b™2 - 2*%axc + c72)"(1/4)*Sqrt[a”2 + b™2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c +
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c™2]) - ax(2xc + Sqrt[a™2 + b~2 - 2*axc + c~2])]1*Sqrt[a + bxCot[d + exx] +
c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b2 - 2xaxc + c~2)~(1/4)*e)) - (b*Arc
Tanh[(b + 2*c*Cot[d + e*x])/(2xSqrt[c]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +

exx]~2])]1)/(2+Sqrt[cl*e) + (b*(b~"2 - 4*axc)*ArcTanh[(b + 2*c*xCot[d + exx])/
(2+Sqrt [c]*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2]1)]1)/(16*c~(5/2)*e) -

(bx(7*¥b~2 - 12xa*c)*(b~2 - 4*a*c)*ArcTanh[(b + 2xc*Cot[d + ex*x])/(2*Sqrt[c]
xSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(256*%c~(9/2)*e) + (Sqrtl[a~2
+ b72 + cx(c - Sqrt[a™2 + b™2 - 2%a*c + c”2]) - a*x(2%c - Sqrt[a”2 + b~2 -

2xaxc + c¢~2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b2 - 2%axc + c~2
1) + b*Sqrt[a”2 + b™2 - 2xa*xc + c”2]*Cot[d + exx])/(Sqrt[2]*(a"2 + b~2 - 2%
axc + c¢72)7(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqrt[a™2 + b™2 - 2%a*c + c72]) - a
x(2%c - Sqrt[a”2 + b"2 - 2%a*xc + c~2])]xSqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]~2])1)/(Sqrt[2]*(a~2 + b™2 - 2%a*c + c~2)"(1/4)*e) - Sqrt[a + b*Cot[d
+ exx] + c*Cot[d + e*x]"2]/e - (bx(b + 2xc*Cot[d + exx])*Sqrt[a + bxCot[d +
exx] + cxCotld + e*xx]”2])/(8xc™2xe) + (b*(7*b"2 - 12xaxc)*(b + 2*c*Cot[d +
exx])*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*xx]~2])/(128*c"4xe) + (a + bx*Co
tld + e*xx] + c*Cot[d + e*xx]~2)~(3/2)/(3*c*e) - (Cot[d + e*x]~2x(a + b*Cot[d
+ e*x] + cxCot[d + exx]~2)7(3/2))/(5*c*e) - ((35%b~2 - 32%a*xc - 42*bxc*Cot
[d + exx])*(a + b*Cot[d + e*x] + c*Cotl[d + e*x]~2)7(3/2))/(240%c"3x*e)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 2]], x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 626

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
x((a + b*x + c*xx"2)7p/(2%cx(2*xp + 1))), x] - Dist[p*((b~2 - 4x*axc)/(2xc* (2%
p+ 1)), Int[(a + b*x + c*x"2)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] &% IntegerQ[4x*pl]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x2), x], x, (b + 2xc*x)/Sqrtla + bxx + c*x~2]], x] /; FreeQ[{a,
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b, c}, x] && NeQ[b~2 - 4x*xaxc, O]

Rule 654

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simplex((a + b*x + c*x72)"(p + 1)/(2%c*(p + 1))), x] + Dist[(2%c*d - b
*xe)/(2*c), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 756

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_8
ymbol] :> Simp[ex(d + exx)"(m - 1)*((a + b*x + c*x"2)"(p + 1)/(c*x(m + 2%p +

1))), x] + Dist[1/(c*(m + 2%p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d~2*(m +
2*p + 1) - ex(axex(m - 1) + b*d*(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + b*x + c*x"2)7p, x]1, x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*d~2 - bxdxe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2*p + 1, 0] && IntQuad
raticQ[a, b, ¢, d, e, m, p, x]

Rule 793

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(b*exg*x(p + 2) - c*(exf + dxg)*(2%p + 3) -
2xcxexgx(p + 1)*x))*((a + bxx + c*xx72)"(p + 1)/(2%c™2*%(p + 1)*(2%xp + 3))),
x] + Dist[(b™2%exg*(p + 2) - 2%axckexg + cx(2kxckxd*f - bkx(exf + dxg))*(2*p
+ 3))/(2xc™2x(2%p + 3)), Int[(a + b*x + c*x~2)7"p, x], x] /; FreeQ[{a, b, c,

d, e, f, g, p}, x] && NeQ[b~2 - 4xa*xc, 0] && !'LeQ[p, -1]

Rule 1035

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_O*(x_)7"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x"2)"(q +
1D/(2*fx(p + q + 1))), x] - Dist[1/(2*fx(p + q + 1)), Int[(a + b*x + c*x~2
)"(p - D*(d + £*x72) “q*Simp [h*p*(b*d) + a*x(-2xgxf)*(p + q + 1) + (2xhxpx*(c
*d - axf) + bx(-2xg*f)*(p + q + 1))*x + (h*xp*x((-b)*f) + c*x(-2xgxf)*(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1044

Int[((g_ ) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2%a*g*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simp[a*h - gxcxx, x]/Sqrtld + exx + f*x~2]], x] /; FreeQl
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]
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Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a.) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*xf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (h*(cxd - a*f + q) - gkc*
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*xx~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*h*e - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e~2 - 4xdxf, 0] && NegQ[(-a)=*c]

Rule 1092

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ £*x72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e~2 - 4xdxf
, 0]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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Subst <f 2Vat+brtca® gp p cot(d+ em)\

1422 /

/cots(d—l-ex)\/a—l—bcot(d—l—ex)+ccot2(d+ex)dz= - S

Subst(f (—z\/a+bz+cx2 + 23Va + bx +

¢

Subst (f zVa+ bz + cx? dz,z,cot(d + ex))

e

\/a—i—bcot(d—l—ez)+ccot2(d+ex)‘ (a+1
+

e

\/a + beot(d + ex) + ccot?(d + ex)‘ b(b+

e

\/a, + beot(d + ex) + ceot?(d + ex)‘ b(b+

e

btanh_l b+2c cot(d+-ex)
2¢/c \/a + beot(d + ex) + ccot?(d
24/ce

\/a2+b2—|—c<c+ \/a2+b2—2ac+c2‘> —a

Mathematica [C] Result contains complex when optimal does not.
time = 43.03, size = 4224, normalized size = 4.33

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x] 5*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2],x]

[Out] ((-1/1920%(-105%b~4 + 460*a*xb~2xc — 256*%a”2%c”2 + 296%b~2x%c”~2 - 768*a*c™3 +
2944xc~4) /c"4 + ((-35%b~3*%Cos[d + e*xx] + 116*xaxbkxcxCos[d + e*xx] + 104*xbxc™
2%Cos[d + exx])*Csc[d + e*x])/(960%c~3) + ((7*b"2 - 16%axc + 176*%c~2)*Csc[d
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+ exx]~2)/(240%c"2) - (b*Cot[d + e*x]*Csc[d + e*x]~2)/(40*c) - Cscl[d + e*x
174/5)*Sqrt[(-a - ¢ + a*Cos[2*(d + e*x)] - c*Cos[2*(d + exx)] - b*Sin[2*(d
+ exx)]) /(-1 + Cos[2*(d + e*x)])])/e + (Sqrt[a + bxCot[d + exx] + cxCot[d +

exx] “2] * (b* (7*b~4 - 8%b~2*cx(5*a + 2%c) + 16%c™2%(3*a”~2 + 4*axc + 8*c™2))x*
Log[Tan[d + exx]] - 128xSqrt[a - I*b - c]l*c~(9/2)*Log[(-2*c - (2*I)*a*Tan[d

+ exx] - bx(I + Tan[d + exx]) + (2*%I)*Sqrt[a - I*b - cl*Sqrtlc + Tan[d + e
*x]*(b + axTan[d + exx])])/(128x(a - I*b - ¢c)~(3/2)*c”4*(-I + Tan[d + exx])
)] - bx(7xb~4 - 8xb~2xcx(5*a + 2%c) + 16%c™2*(3*a"2 + 4*axc + 8%c”2))x*Log[2
*c + b*Tan[d + e*x] + 2*Sqrtlcl*Sqrtlc + Tan[d + e*x]*(b + a*Tan[d + e*x])]
1 + 128xSqrt[a + I*b - cl*c™(9/2)*Logl[(2%c + bx(-I + Tan[d + exx]) - (2*I)*
(axTan[d + exx] + Sqrt[a + I*b - c]*Sqrtl[c + Tan[d + exx]*(b + a*Tan[d + ex*
x]1)1))/(128x(a + Ixb - c)~(3/2)*c"4*(I + Tan[d + exx]))]1)*((7*b~5*xSqrt[-(a/
(-1 + Cos[2*(d + e*x)])) - c/(-1 + Cos[2*(d + exx)]) + (a*xCos[2*(d + exx)])
/(-1 + Cos[2*%(d + e*x)]) - (cxCos[2*%(d + exx)])/(-1 + Cos[2*%(d + exx)]) - (
b*Sin[2*%(d + e*x)])/(-1 + Cos[2*(d + e*x)])])/(128*xc"4*(a + ¢ - a*Cos[2*(d
+ exx)] + cxCos[2*(d + e*x)] + b*Sin[2x(d + exx)])) - (5*axb~3xSqrt[-(a/(-1

+ Cos[2x(d + e*x)])) - c/(-1 + Cos[2*%(d + exx)]) + (a*xCos[2*%(d + exx)])/(-
1 + Cos[2x(d + e*x)]) - (c*Cos[2*x(d + e*x)])/(-1 + Cos[2*x(d + e*x)]) - (b*S
in[2*x(d + e*x)])/ (-1 + Cos[2*(d + exx)])])/(16*c"3*(a + ¢ - a*Cos[2*(d + e*
x)] + cxCos[2*(d + exx)] + bxSin[2x(d + e*x)])) + (3*a~2*xb*Sqrt[-(a/(-1 + C
os[2%(d + exx)])) - c/(-1 + Cos[2*(d + e*x)]) + (a*Cos[2*(d + exx)])/(-1 +
Cos[2*(d + e*x)]) - (c*Cos[2*(d + e*x)])/(-1 + Cos[2*x(d + e*x)]) - (b*Sin[2
*(d + exx)])/ (-1 + Cos[2*(d + exx)])])/(8xc"2x(a + c - axCos[2*x(d + e*x)] +

c*Cos[2%(d + e*xx)] + b*Sin[2*(d + exx)])) - (b~3*Sqrt[-(a/(-1 + Cos[2*(d +

exx)])) - c¢/(-1 + Cos[2*(d + e*x)]) + (axCos[2*(d + exx)])/(-1 + Cos[2*(d
+ exx)]) - (c*Cos[2%(d + exx)])/(-1 + Cos[2*(d + e*x)]) - (b*Sin[2*(d + e*x
)1)/(-1 + Cos[2*(d + exx)])])/(8*xc™2x(a + ¢ - a*Cos[2*%(d + exx)] + c*xCos[2*

(d + e*x)] + bxSin[2*(d + exx)])) + (a*xb*Sqrt[-(a/(-1 + Cos[2*(d + exx)]))
- ¢c/(-1 + Cos[2*x(d + e*x)]) + (a*Cos[2*x(d + e*x)])/(-1 + Cos[2*x(d + e*x)])
- (cxCos[2*%(d + exx)])/(-1 + Cos[2*%(d + exx)]) - (b*Sin[2*(d + exx)])/(-1 +

Cos[2*x(d + e*x)])])/(2*c*(a + ¢ - a*Cos[2*x(d + e*x)] + c*xCos[2*(d + ex*xx)]
+ bxSin[2*(d + e*xx)])) + (b*Cos[2*(d + exx)]*Sqrt[-(a/(-1 + Cos[2*(d + e*x)
1)) - c¢/(-1 + Cos[2*(d + exx)]) + (a*Cos[2*(d + e*x)])/(-1 + Cos[2*(d + e*x
)1) - (cxCos[2%(d + exx)])/(-1 + Cos[2*(d + e*x)]) - (b*Sin[2x(d + e*x)])/(
-1 + Cos[2*%(d + exx)])])/(a + ¢ - a*Cos[2*x(d + ex*x)] + c*Cos[2*x(d + e*x)] +

b*Sin[2*(d + e*x)]) + (a*xSin[2*(d + exx)]*Sqrt[-(a/(-1 + Cos[2*(d + e*x)])
) — c/(-1 + Cos[2*%(d + exx)]) + (a*xCos[2*%(d + e*xx)])/(-1 + Cos[2*(d + ex*x)]
) — (c*Cos[2*(d + e*x)])/(-1 + Cos[2*(d + ex*x)]) - (b*Sin[2*x(d + e*x)])/(-1

+ Cos[2x(d + e*x)])])/(a + ¢ - a*xCos[2*%(d + e*x)] + c*xCos[2*%(d + exx)] + b
*Sin[2*%(d + e*x)]) - (c*Sin[2+(d + e*x)]*Sqrt[-(a/(-1 + Cos[2*(d + e*x)]))
- ¢/(-1 + Cos[2x(d + exx)]) + (axCos[2*(d + e*x)])/(-1 + Cos[2*(d + exx)])
- (cxCos[2*(d + exx)])/(-1 + Cos[2x(d + exx)]) - (b*Sin[2*x(d + exx)])/(-1 +

Cos[2*x(d + e*x)])])/(a + ¢ - a*Cos[2*%(d + exx)] + c*xCos[2*(d + exx)] + b*S
in[2x(d + e*x)]))*Tan[d + e*x])/(256xc~(9/2)*exSqrt[c + Tan[d + exx]*(b + a
*Tan[d + exx])]*(-1/512%(Sqrt[a + b*Cot[d + exx] + c*Cot[d + e*xx]~2]*(bx(7*
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b~4 - 8*%b~2xc*(5xa + 2%c) + 16*%c™2x(3*%a"2 + 4*a*xc + 8xc”2))*Log[Tan[d + exx
1] - 128xSqrt[a - I*b - cl*c~(9/2)*Logl[(-2xc - (2*I)*axTan[d + exx] - bx*(I

+ Tan[d + e*xx]) + (2xI)*Sqrt[a - Ixb - c]l*Sqrtlc + Tan[d + exx]*(b + a*Tan[
d + exx])])/(128%x(a - I*b - c)~(3/2)*c"4*(-I + Tan[d + e*x]))] - b*(7*xb~4 -
8xb~2xc*(5%a + 2%c) + 16*%c™2x(3*%a"2 + 4*a*xc + 8xc~2))*Log[2*c + b*Tan[d +

exx] + 2xSqrt[c]*Sqrt[c + Tan[d + exx]*(b + a*xTan[d + e*xx])]] + 128xSqrt[a

+ Ixb - cl*c”(9/2)*Logl[(2*c + b*(-I + Tan[d + exx]) - (2*I)*(axTan[d + exx]
+ Sqrtla + Ixb - c]*Sqrtlc + Tan[d + exx]*(b + a*Tan[d + e*xx])]))/(128*(a

+ Ixb - ¢)~(3/2)*c™4*(I + Tan[d + exx]))])*Tan[d + e*x]*(a*Sec[d + e*xx] ~2*T
an[d + e*x] + Sec[d + exx] 2*(b + a*Tan[d + e*x])))/(c~(9/2)*(c + Tan[d + e
*x]*(b + a*xTan[d + e*x]))~(3/2)) + (Sqrtl[a + b*Cot[d + exx] + c*Cot[d + e*x
1721 % (b*(7*¥b~4 - 8*%b~2xc*(5xa + 2%c) + 16%c”™2*(3*%a"2 + 4xa*xc + 8xc~2))x*Logl
Tan[d + e*xx]] - 128*Sqrt[a - Ixb - cl*c~(9/2)*Logl[(-2*c - (2*I)*a*Tan[d + e
*x] - bx(I + Tan[d + exx]) + (2*I)*Sqrt[a - I*b - c]*Sqrt[c + Tan[d + e*xx]x*
(b + a*Tan[d + e*x])])/(128+x(a - I*b - c)~(3/2)*c"4*(-I + Tanl[d + e*xx]))] -
bx(7*¥b~4 — 8*%b~2xc*(5xa + 2%c) + 16%c”2%(3*%a”2 + 4xa*xc + 8xc~2))*Log[2xc +
bxTan[d + exx] + 2xSqrtlc]*Sqrtlc + Tan[d + e*x]*(b + axTan[d + exx])]] +

128+Sqrt[a + I*b - cl*c~(9/2)*Log[(2*c + b*(-I + Tan[d + exx]) - (2*I)*(a*T
an[d + exx] + Sqrt[a + I*b - c]*Sqrtlc + Tan[d .

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.77, size = 17768513, normalized size = 18205.44

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 5*(a+b*cot (exx+d)+c*cot (exx+d)~2)~(1/2),x)
[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~5*(a+b*cot (exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(xxe + d)~2 + b*cot(x*e + d) + a)*cot(xxe + d)~5, x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) ~5*(a+b*cot (exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a,—l-bcot (d + ex) + ccot? (d—l—ez)‘ cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**5x(atbxcot (e*xx+d)+ckcot (e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(d + e*x) + cxcot(d + exx)**2)*cot(d + e*x)**5, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~5*(a+bxcot (e*x+d)+cxcot (e*x+d)~2)~(1/2),x, algorithm="
giac")
[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(e*x + d) + a)*cot(exx + d)~5, x)

Mupad [F(-1)]
time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.
[In] int(cot(d + exx) 5*(a + bxcot(d + exx) + c*cot(d + e*x)~2)~(1/2),x)

[Out] \text{Hanged}
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3.7 [ cot3(d+ex) \/a + beot(d + ex) + ccot?(d + ex) dx

Optimal. Leaf size=747

\/a2+b2+c<c+ \/a2+b2—2ac+02‘) —a(20+ \/a2+b2—2ac+cz‘> ArcTan
V2 Va2 + b2 — 2ac

V2V

[Out] -1/16%b*(-4*axc+b~2)*arctanh(1/2* (b+2*c*cot (exx+d))/c~(1/2)/(a+b*cot (exx+d)
+ckxcot (exx+d) ~2)~(1/2))/c~(5/2) /e-1/3* (a+b*cot (exx+d) +cxcot (e*x+d) ~2) ~(3/2)
/c/e+1/2*xb*arctanh (1/2* (b+2*xc*xcot (e*x+d))/c”(1/2)/(a+b*cot (e*x+d)+c*cot (e*x
+d)~2)~(1/2))/e/c”(1/2)+(a+bxcot (exx+d) +c*cot (e*xx+d) ~2) ~(1/2) /e+1/8*bx (b+2x*
cxcot (e*xx+d) ) * (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) /c”2/e-1/2*arctanh (1/2*(
b~ 2+b*cot (exx+d) * (a~2-2*a*c+b~2+c~2) " (1/2)+(a-c) * (a-c+(a~2-2*a*c+b~2+c~2) ~ (
1/2)))/(a"2-2*a*c+b~2+c~2) " (1/4) %27 (1/2) / (atb*cot (e*x+d) +cxcot (e*x+d) ~2) ~ (1
/2)/(a”2+b"2+c*x (c-(a~2-2*a*c+b~2+c~2) " (1/2) ) —ax (2xc-(a~2-2*a*c+b~2+c~2) ~(1/
2)))"(1/2))*(a"2+b"2+cx(c-(a"2-2xa*xc+b~2+c~2) ~(1/2) ) —a* (2xc—-(a~2-2*a*xc+b~2+
c~2)7(1/2)))"(1/2) / (a~2-2xa*xc+b~2+c~2) ~(1/4) /ex2~ (1/2)+1/2*arctan(1/2* (b~ 2+
(a-c)*(a-c-(a"2-2*a*xc+b~2+c~2) ~(1/2) ) -b*cot (e*x+d) * (a~2-2*%a*xc+b~2+c~2) ~(1/2
))/(a"2-2xa*xc+b~2+c~2) " (1/4) %2~ (1/2) / (atb*cot (e*x+d) +c*cot (exx+d) “2) ~(1/2)/
(a~2+b"2+c* (c+(a~2-2*a*xc+b™2+c~2) ~(1/2) ) —a* (2*%c+(a~2-2*%a*xc+b~2+c~2)~(1/2)))
~(1/2))*(a”2+b"2+c* (c+(a~2-2*xa*xc+b~2+c~2) ~(1/2) ) —ax (2xc+(a~2-2*a*xc+b~2+c~2)
~(1/2)))~(1/2)/(a~2-2%axc+b~2+c~2) ~(1/4) /e*2~(1/2)

Rubi [A]

time = 23.18, antiderivative size = 747, normalized size of antiderivative = 1.00, number of

steps used = 16, number of rules used = 12, integrand size = 33, number of rules _ 0.364,
integrand size

Rules used = {3782, 6857, 654, 626, 635, 212, 1035, 1092, 1050, 1044, 214, 211}

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]~3xSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2],x]

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a™2 + ™2 - 2*a*c + c¢2]) - a*(2xc + Sqrt[a~2
+ b~2 - 2*%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b2 - 2*a

xC + c¢"2]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a~2 +

b~2 - 2*%axc + c¢72)"(1/4)*Sqrt[a”2 + b™2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + ¢

~2]) - ax(2%c + Sqrt[a™2 + b"2 - 2*a*xc + c~2])]*Sqrt[a + b*Cot[d + e*x] + c
*Cot[d + exx]~2]1)])/(Sqrt[2]1*(a”2 + b"2 - 2%a*c + c~2)"(1/4)*e) + (bxArcTan

h[(b + 2*c*Cot[d + e*x])/(2*Sqrt[c]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x
1721)1)/(2xSqrt[cl*e) - (b*(b~2 - 4*xaxc)*ArcTanh[(b + 2*cxCot[d + exx])/(2*
Sqrt[c]*Sqrt[a + b*Cot[d + exx] + cxCot[d + exx]~2])])/(16*%c~(5/2)*e) - (Sq
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rt[a”2 + b™2 + cx(c - Sqrt[a™2 + b™2 - 2xa*xc + c”2]) - a*(2%c - Sqrt[a”2 +
b~2 - 2*%axc + c¢”2])]*ArcTanh[(b"2 + (a - c)*x(a - c + Sqrt[a™2 + b™2 - 2*axc
+ ¢c”2]) + b*Sqrt[a”™2 + b2 - 2%axc + c~2]*Cot[d + e*x])/(Sqrt[2]*(a~2 + b~
2 - 2xaxc + c72)7(1/4)*Sqrt[a”2 + b"2 + c*(c - Sqrt[a™2 + b~2 - 2%axc + c~2
1) - ax(2*%c - Sqrt[a”2 + b™2 - 2*axc + c~2])]*Sqrt[a + b*Cot[d + e*x] + cxC
ot[d + exx]~2]1)])/(Sqrt[2]*(a"2 + b~2 - 2*a*xc + c~2)"(1/4)*e) + Sqrt[a + bx
Cot[d + e*x] + c*Cot[d + e*x]~2]/e + (b*x(b + 2%c*Cot[d + e*x])*Sqrt[a + bx*C
ot[d + exx] + cxCot[d + exx]~2])/(8*c"2%e) - (a + b*Cot[d + exx] + c*Cot[d
+ exx]72)7(3/2)/ (3*cx*e)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 626

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2%c*x)
x((a + bxx + c*xx72)7p/(2*c*(2xp + 1))), x] - Dist[p*((b~2 - 4xaxc)/(2xcx (2%
pt+ 1)), Intl[(a + b*x + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x~2), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 654

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simplex((a + b*x + c*xx"2)"(p + 1)/(2%c*(p + 1))), x] + Dist[(2*%cxd - b
*xe)/(2*c), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 1035
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Int[((g_.) + (h_.)*(x_))*((a) + (b_.)*(x_) + (c_.)*(x_)"2)"(p)*((d.) + (£
_I)*x(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x72)"(q +
1)/(2xfx(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + b*x + c*xx"2
)"(p - D*(d + £*x72) “q*Simp [h*p*(b*d) + a*x(-2xgxf)*x(p + q + 1) + (2xhxpx*(c
*d - axf) + bx(-2xg*f)*(p + q + 1))*x + (h*p*x((-b)*f) + c*(-2xgxf)*(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4xa
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_.)*(x_)"2]), x_Symbol] :> Dist[-2*a*gxh, Subst[Int[1/Simp[2*a~2*g*h*c + a*
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (h*(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*e - gx(cxd - a*f + q) + (h*x(cxd - axf - q) - gxc*xe)*x, x]/((a + ¢
*x~2)*Sqrt[d + e*x + £xx72]), x], x]] /; FreeQl{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)x*c]

Rule 1092

Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + £
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ f*xx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@a_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
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[n, 0]

Rubi steps

1422

Subst (f #Vatbrtez? g, o cot(d + ez)>

/cot3(d+ ex) \/a + beot(d + ex) + ccot?(d + e:c)‘ dr = —

e
Subst (f (x\/a + bz + cx? — 2V —|—12£2+ cz?
- e
Subst <f zVa + bz + cx? dx,z,cot(d + ex))
= 4
e

\/a—i—bcot(d—i-ew)+ccot2(d+ez)‘ (a+ beo

e

\/a+bcot(d+ex)+ccot2(d+ex)‘ b(b+ 2c«
= +
e

\/a+bcot(d—|—e$)+ccot2(d—|—ez)‘ b(b + 2cc
= +
e

b tanh_l b+2c cot(d+ex)
2¢/c \/a + beot(d + ex) + ccot?(d + ¢
2+/c'e

\/a2+b2+c<c+ \/a2+b2—2ac+02‘> —a<2c

Mathematica [C] Result contains complex when optimal does not.
time = 31.22, size = 411, normalized size = 0.55

s ey [ e o)) — con(2(i+ ) —bein@dzer) (o
aren) | T+ e+ o)

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]~3*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2],x]
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[Out] (((3*%b~2 - 8xaxc + 32%c~2)/(24*c”2) - (b*Cot[d + e*x])/(12%c) - Cscl[d + e*x
172/3)*Sqrt[(-a - ¢ + a*Cos[2*(d + e*x)] - c*Cos[2*(d + exx)] - b*Sin[2*(d

+ exx)])/(-1 + Cos[2x(d + e*x)])])/e + (((8*I)*Sqrt[a - I*b - cl*c~(5/2)*Ar
cTan[(I*b + 2%c + ((2*¢I)*a + b)*Tan[d + e*x])/(2*Sqrt[a - I*b - c]*Sqrt[c +
Tan[d + exx]*(b + a*Tan[d + e*x])])] - 8+Sqrt[a + I*b - c]*c~(5/2)*ArcTanh

[(b + (2*I)*c + (2xa + I*b)*Tan[d + e*x])/(2*Sqrt[a + Ix*b - c]*Sqrtlc + Tan

[d + exx]*(b + a*xTan[d + e*x])])] - b*(b~2 - 4xcx(a + 2%c))*ArcTanh[(2%c +
bxTan[d + exx])/(2+Sqrt[c]*Sqrt[c + Tan[d + e*x]*(b + axTan[d + exx])])])*S
qrt[a + b*Cot[d + e*x] + cxCot[d + exx] 2]*Tanl[d + exx])/(16*c™(5/2)*e*xSqrt

[c + b*Tan[d + e*x] + a*Tan[d + e*xx]~2])

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.53, size = 17768080, normalized size = 23785.92

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) " 3*(a+b*cot (e*x+d)+c*xcot (exx+d)~2)~(1/2),x)
[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3*(atb*cot (exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(xxe + d)~2 + b*cot(x*e + d) + a)*cot(xxe + d)~3, x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d) ~3*(atb*cot (exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a—l—bcot (d + ex) + ccot? (d—l—em)‘ cot® (d + ex) dz
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d)**3*(atbxcot (e*xx+d)+ckcot (e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(d + exx) + c*cot(d + e*x)**2)*cot(d + e*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3*(a+bxcot (e*x+d)+c*cot (e*x+d)~2)~(1/2),x, algorithm="

giac")
[Out] integrate(sqrt(c*cot(exx + d)~2 + b*cot(e*x + d) + a)*cot(exx + d)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/cot(d+ ex)® \/ccot (d+ex)? +bcot (d+ex) +a do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)~3*(a + b*cot(d + e*xx) + cxcot(d + e*x)"2)"(1/2),x)
[Out] int(cot(d + exx)~3*(a + b*cot(d + exx) + c*xcot(d + e*x)"2)"(1/2), x)
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3.8 [ cot(d+ex)\/a + beot(d + ex) + ccot?(d + ex) dzx

Optimal. Leaf size=602

\/a2—|—b2—|—c<c+ \/a2+b2—2ac+02‘) —a<2c+ \/a2—|—b2—2ac—|-c2‘> ArcTan
V2 Va2 + b2 — 24

V2

[Out] -1/2*b*arctanh(1/2#*(b+2*c*cot(exx+d))/c~(1/2)/(atb*cot (e*x+d)+c*xcot (exx+d)”
2)~(1/2))/e/c”(1/2) - (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) /e+1/2*arctanh(1/2
* (b~ 2+b*cot (exx+d) * (a"2-2*a*c+b~2+c~2) ~(1/2)+(a-c) *(a—c+(a~2-2*a*xc+b~2+c~2)
~(1/2)))/(a™2-2*xa*xc+b"2+c~2) " (1/4) %2~ (1/2) / (a+b*cot (exx+d) +cxcot (e*xx+d) ~2)~
(1/2)/(a™2+b~2+c* (c—-(a~2-2*xa*xc+b~2+c~2) " (1/2) ) —a*x (2xc-(a~2-2*a*xc+b~2+c~2) ~(
1/2)))7(1/2)) *(a"2+b"2+c* (c-(a~2-2*a*c+b~2+c~2) " (1/2) ) —ax(2*c-(a~2-2*a*c+b~
2+c”2)7(1/2)))"(1/2) / (a~2-2*a*c+b~2+c~2) ~(1/4) /ex2~ (1/2)-1/2*arctan(1/2* (b~
2+(a-c)*(a-c-(a~2-2xaxc+b~2+c~2) "~ (1/2) ) -b*cot (exx+d) * (a~2-2*a*c+b~2+c~2) " (1
/2))/(a"2-2%a*xc+b~2+c"2) " (1/4)*2"(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2
)/ (@a~2+b~2+c* (c+(a™2-2*a*xc+b™2+c”2) ~(1/2) ) —a* (2xc+(a”~2-2*xa*c+b~2+c~2) ~(1/2)
))~(1/2))*(a~2+b"2+c* (c+(a~2-2*a*xc+b~2+c”2) ~(1/2) ) —a* (2*c+(a~2-2*a*c+b~2+c”
2)°(1/2)))"(1/2)/ (a~2-2*%a*c+b™2+c~2) ~(1/4) /ex2~(1/2)

Rubi [A]

time = 22.85, antiderivative size = 602, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.290,

steps used = 10, number of rules used = 9, integrand size = 31,
Rules used = {3782, 1035, 1092, 635, 212, 1050, 1044, 214, 211}

) s i ,

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]*Sqrt[a + bxCot[d + exx] + c*Cot[d + e*x]~2],x]

[Out] -((Sqgrt[a”2 + b~2 + c*(c + Sqrt[a™2 + b™2 - 2*axc + c~2]) - ax(2xc + Sqrt[a
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
xaxc + c”2]) - bxSqrt[a”2 + b2 - 2*a*c + c”2]*Cot[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2*%axc + c”2)7(1/4)*Sqrt[a™2 + b™2 + c*x(c + Sqrt[a”2 + b~2 - 2%a*xc +
c™2]) - ax(2xc + Sqrt[a™2 + b~2 - 2*axc + c~2])]*Sqrt[a + bxCot[d + exx] +
c¥Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b2 - 2xaxc + c~2)"(1/4)*e)) - (b*Arc
Tanh[(b + 2xcxCot[d + exx])/(2xSqrt([c]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]~2]1)]1)/(2xSqrt[c]*e) + (Sqrt[a”™2 + b~2 + c*(c - Sqrt[a™2 + b™2 - 2*axc
+ ¢72]) - ax(2xc - Sqrt[a”2 + b~2 - 2xa*xc + c¢”~2])]*ArcTanh[(b"2 + (a - c)*(
a - c + Sqgrt[a”2 + b™2 - 2%a*c + c~2]) + b*Sqrt[a”2 + b"2 - 2*axc + c~2]*Co
tld + e*x])/(Sqrt[2]*(a”2 + b™2 - 2xaxc + c~2)7(1/4)*Sqrt[a~2 + b~2 + c*(c
- Sqrt[a”2 + b™2 - 2xaxc + c"2]) - a*(2xc - Sqrt[a™2 + b~2 - 2*xaxc + c~2])]
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xSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a”2 + b2 - 2xaxc
+ ¢c”2)"(1/4)*e) - Sqrtl[a + bxCot[d + exx] + cxCot[d + exx]~2]/e

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*xx + c*xx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 1035

Int[((g_.) + (h_)*(x_))*((al) + (b_.)*(x_) + (c_.)*(x_)"2)7(p)*((d.) + (£
_Ox(x_)72)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x72)"(q +
1)/@2xfx(p + q + 1))), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*x + c*xx"2
)"(p - D*(d + £*x72) “q*Simp [h*p*(b*d) + a*x(-2xgxf)*x(p + q + 1) + (2xhxpx*(c
xd - a*xf) + bkx(-2xgxf)*x(p + q + 1))*x + (hxpx((-b)*f) + cx(-2xg*f)*(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a ) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
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e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*xe - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x~2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[(-a)x*cl]

Rule 1092

Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + £
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ fxx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e”2 - 4x*dxf
, 0]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(@_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Subst (f svVat+br+ex® g, cot(d + ez))

142

/cot(d+ew)\/a+bcot(d+ew)+ccot2(d+e:c)dxz - .

\/a + beot(d + ex) + ccot?(d + ex)  Subst <
- +
e

\/a + beot(d + ex) + ccot?(d + ez)‘ Subst <

- - +
e
. bSubst (
\/a + beot(d + ex) + ccot?(d + ex)
S 5 _
b tanh—l b+2c cot(d+ex)
2¢/C \/a + beot(d + ex) + ccot?(d +

2+/c'e

\/a2+b2+c<c+ \/a2+b2—2ac+c2‘> —a<2

Mathematica [C] Result contains complex when optimal does not.
time = 30.39, size = 350, normalized size = 0.58

— ¢+ acos(2(d + ex)) — ceos(2(d + ex)) — bsin(2(d + ea)
S+ ex))

\ BT

+Va+ib—c z tanh™!
Y R (e

(e ,»-))) r
2v/Ce\fe+ btan(d+ ez) + atan?(d + ez)

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2],x]

[Out] -(Sgrt[(-a - c + a*Cos[2*(d + e*x)] - c*Cos[2*(d + exx)] - b*Sin[2*(d + e*x
)1)/(-1 + Cos[2*(d + exx)])]/e) + (((-I)*Sqrtl[a - I*b - c]*Sqrt[cl*ArcTan[(
I¥b + 2xc + ((2%I)*a + b)*Tan[d + e*x])/(2*Sqrt[a - I*b - cl*Sqrtl[c + Tan[d
+ exx]*(b + axTan[d + exx])])] + Sqrt[a + I*b - cl*Sqrt[c]l*ArcTanh[(b + (2
*I)*c + (2%a + I*b)*Tan[d + exx])/(2*Sqrt[a + Ixb - c]l*Sqrtlc + Tan[d + ex*x
1*x(b + a*xTan[d + e*x])])] - b*ArcTanh[(2*c + b*Tan[d + ex*x])/(2*Sqrt[c]*Sqr
tlc + Tan[d + exx]*(b + a*Tan[d + e*x])])])*Sqrt[a + bxCot[d + exx] + c*Cot
[d + exx]~2]*Tan[d + e*x])/(2*Sqrt[c]l*e*Sqrt[c + bxTan[d + exx] + axTan[d +
e*xx]~2])
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Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.53, size = 17767874, normalized size = 29514.74

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)*(a+b*cot (e*xx+d)+c*xcot (exx+d)~2)~(1/2),x%)
[Out] result too large to display
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot(e*xx+d)+c*xcot(e*x+d)~2)~(1/2),x, algorithm="ma
xima")

[Out] integrate(sqrt(c*cot(xxe + d)~2 + b*cot(x*e + d) + a)*cot(xxe + d), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot(e*xx+d)+cxcot(e*x+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a—l—bcot (d + ex) + ccot? (d—l—ez)‘ cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d)*(atb*cot (e*xx+d)+c*xcot (e*x+d)**2)**(1/2),x)
[Out] Integral(sqrt(a + b*cot(d + e*x) + cxcot(d + exx)**x2)*cot(d + e*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot(exx+d)+cxcot(e*xx+d)~2)~(1/2),x, algorithm="gi
ac")
[Out] integrate(sqrt(c*cot(e*x + d)~2 + b*cot(e*x + d) + a)*cot(e*x + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/cot(d+ea:) \/ccot(d+ex)2+bcot(d+ez)+a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)*(a + bxcot(d + exx) + ckcot(d + e*x)~2)~(1/2),x)
[Out] int(cot(d + exx)*(a + b*cot(d + exx) + cxcot(d + e*x)"2)"(1/2), x)
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3.9 [ \/a+bcot(d + ex) + ccot?(d + ex) tan(d+
ex) dz

Optimal. Leaf size=570

\/a2+bz+c(c+ \/a2+b2—2ac+02‘) —a(Zc—l— \/a2+b2—2ac—|—c2‘> ArcTan
V2 Va2 + b2 — 2ac

V2V

[Out] arctanh(1/2*(2*a+b*cot(exx+d))/a~(1/2)/(a+b*cot (e*xx+d)+c*cot (e*xx+d)~2)~(1/2
))*a~(1/2)/e-1/2*arctanh(1/2*(b~2+b*cot (e*x+d) * (a~2-2*a*c+b~2+c~2)~(1/2)+(a
-c)*(a-c+(a”2-2*%axc+b"2+c~2) " (1/2)))/(a~2-2*a*c+b~2+c~2) ~(1/4)*2~(1/2) / (a+b
*xcot (exx+d)+cxcot (e*xx+d) ~2) " (1/2) /(a~2+b"2+c* (c-(a~2-2*a*c+b~2+c~2) " (1/2) ) -
ax(2*xc-(a"2-2*%a*c+b”"2+c”2)~(1/2)) )~ (1/2) ) *(a"2+b"2+c*x (c-(a"2-2*a*xc+b~2+c"2)
~(1/2))-a*(2xc-(a"2-2*a*xc+b~2+c"2)~(1/2)))~(1/2) / (a~2-2*a*c+b~2+c~2) ~(1/4)/
e*2”(1/2)+1/2*arctan(1/2* (b~ 2+(a-c) *(a—c-(a"2-2*xa*xc+b~2+c~2) " (1/2) ) -b*cot (e
xx+d) * (a~2-2%axc+b~2+c~2) ~(1/2) )/ (a~2-2%a*xc+b~2+c~2) ~(1/4)*2~(1/2) / (a+b*cot
(exx+d)+cxcot (exx+d) ~2) ~(1/2) /(a~2+b~2+c* (c+(a~2-2*a*xc+b~2+c~2) ~(1/2) ) —a*x (2
*c+(a”"2-2%a*xc+b"2+c”2) " (1/2))) " (1/2))*(a"2+b"2+c* (c+(a"2-2*a*xc+b~2+c"2) ~(1/
2))—a*x(2xc+(a"2-2xa*c+b"2+c~2) " (1/2))) " (1/2) / (a~2-2*a*xc+b~2+c"2) " (1/4) /ex2™
(1/2)

Rubi [A]

time = 23.14, antiderivative size = 570, normalized size of antiderivative = 1.00, number of

_ _ : N number of rules
steps used = 18, number of rules used = 13, integrand size = 31, integrand size 0.419,

Rules used = {3782, 6857, 748, 857, 635, 212, 738, 1035, 1092, 1050, 1044, 214, 211}

( )

Antiderivative was successfully verified.
[In] Int[Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x] 2]*Tan[d + exx],x]

[Out] (Sqrt[a”2 + b™2 + c*(c + Sqrt[a”2 + b™2 - 2%a*xc + c~2]) - ax(2%c + Sqrt[a~2
+ b72 - 2xaxc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a”2 + b™2 - 2*a
*C + c72]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]*Cot[d + exx])/(Sqrt[2]*(a~2 +
b~2 - 2*%axc + c¢"2)"(1/4)*Sqrt[a”2 + b™2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + c
~2]) - ax(2*c + Sqrt[a”2 + b™2 - 2xa*xc + c~2])]*Sqrt[a + b*Cot[d + e*x] + c
*Cot [d + exx]~2]1)])/(Sqrt[2]*(a~2 + b2 - 2*xa*xc + c~2)~(1/4)*e) + (Sqrtl[al*
ArcTanh[(2*a + b*Cot[d + e*x])/(2+Sqrt[al*Sqrt[a + b*Cot[d + e*x] + c*Cot[d
+ e*xx]”2])])/e - (Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b~2 - 2xa*c + c~2]) -
ax(2%c - Sqrt[a”2 + b™2 - 2xa*c + c~2])]*ArcTanh[(b"2 + (a - c)*(a - c + S
qrt[a”2 + b™2 - 2%a*c + c”2]) + b*Sqrt[a”2 + b2 - 2xaxc + c"2]*Cot[d + e*x
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1)/(8qrt[2]*(a"2 + b~2 - 2*a*xc + c~2)~(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqrt[a~
2 + b™2 - 2*%axc + c”2]) - ax(2xc - Sqrt[a™2 + b~2 - 2%a*xc + c~2])]*Sqrt[a +
b*Cot [d + e*x] + cxCot[d + e*x]"2])]1)/(Sqrt[2]1*(a”2 + b~2 - 2+*a*c + c~2)7(
1/4)xe)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 748

Int[((d_.) + (e_.)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + exx)~(m + 1)*((a + bxx + c*x"2)"p/(ex(m + 2*p + 1))), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*x) m*Simp[b*d - 2*a*e + (2%cxd - b
*xe)*x, x]*(a + b¥x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*xd*e + axe”2, 0] && NeQ[2*c*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2*p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, O] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 857

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_O*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
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c*x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - b*d*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1035

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*x(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + f*x72)"(q +
1)/(2xfx(p + q + 1))), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + b*x + c*xx"2
)" (p - Dx(d + £*x72) “q*Simp [h*p* (b*d) + a*x(-2xgxf)*(p + q + 1) + (2xhxpx*(c
*xd - a*xf) + bk(-2xg*xf)*(p + q + 1))*x + (h*xpx((-b)*f) + cx(-2*gxf)*(p + q +
1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] & NeQ[b~2 - 4*a
xc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1044

Int[((g_ ) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[(-a)*h*e - gx(ckd - axf - q) + (h*(cxd - a*f + q) - g*c*
e)*x, x]/((a + cxx"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si

mp[(-a)*h*xe - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + fxx"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)x*c]

Rule 1092

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +
(e_.)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ fxx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e~2 - 4xdxf
, 0]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)1*(f_.))"(n2_.))"(p_), x_Symbol]

:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
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2, 2*n] && NeQ[b~2 - 4xaxc, 0]
Rule 6857
Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = RationalFunctionE

xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps

z(14+x2)

Subst(f Va + bo + cz? dz, T, cot(d—l—em))

/\/a—f—bcot(d-l—ez)+ccot2(d—|—ex)tan(d—i—ex)dz:— .
Subst<f(\/a+bz+cx2 _ zVa+bx + cx? \
__ i /

142
e
Subst ( [NAEBTEE gy 4 ot ex)>
- +
e
Subst —2a—bg - d, 3, cot(d + ex ) :
— (fw\/a-l-ba:—i-cz? ( ) B
2e
Subst b+(—atc)z dz, z, cot(d + ez
— <f (1+22)Va + bz + cx? ( .
e
(2a)SUbSt f ﬁ dx, x, 2a+b cot(d+ex
\/a—l— beot(d + ex) + ¢
- e
\/CT tanh—l 2a-+b cot(d+ex)
2v/a’ \/a + beot(d + ex) + ccot?(d
- e

\/a2+b2+c<c-|— \/a2+b2—2ac+c2‘> —a<2c

Mathematica [C] Result contains complex when optimal does not.
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time = 17.20, size = 278, normalized size = 0.49

Yy AmT&n( 2+ Riath) tan(d-rer) ) AT tanh™ b ict (20+ib) tan(d-rex) 427/ tanh™! ( aaaaa an(d-rer) ) fa+ boot(d + ex) + coot?(d + z) tan(d+ ez)
( 2Va—ib—c \Je+ tan(d + ez)(b + atan(d + ez)) WaT B e+ btand-+ ea) + atan(d + ex) 2Va et tan(d +ex) (b +atan(d + ex)) ) | V

2¢\/c+btan(d + ex) + atan®(d + ex)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx] 2]*Tan[d + e*x],x]

[Out] ((I*Sqrt[a - I*b - cl*ArcTan[(I*b + 2xc + ((2*I)*a + b)*Tan[d + e*x])/(2*Sq
rt[a - Ixb - c]*Sqrtlc + Tan[d + e*x]*(b + a*Tan[d + e*x])])] - Sqrtl[a + Ix

b - cl*ArcTanh[(b + (2%I)*c + (2%a + Ixb)*Tan[d + e*x])/(2xSqrt[a + I*b - c
1*Sqrt[c + b*Tan[d + e*x] + a*Tan[d + e*x]~2])] + 2*Sqrt[a]*ArcTanh[(b + 2x
axTan[d + exx])/(2*Sqrt[a]*Sqrt[c + Tan[d + e*x]*(b + a*Tan[d + e*x])])])*S
qrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2]*Tan[d + exx])/(2xe*Sqrt[c + bxTa

n[d + exx] + a*Tan[d + e*x]~2])

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 14.95, size = 103617, normalized size = 181.78

method | result size
default | Expression too large to display | 103617

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2)+*tan(e*x+d) ,x,method=_RETURNVERBOS
E)

[Out] result too large to display

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(e*x+d)+cxcot(e*x+d)~2)~(1/2)*tan(e*x+d),x, algorithm="ma
xima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume((c-b-a)*(c+b-a)>0)’, see ‘assume?‘

for mor

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a—l—bcot (d + ex) + ccot? (d—i—ez)‘ tan (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*xx+d)+c*cot (exx+d)**2)**(1/2)*tan(exx+d) ,x)
[Out] Integral(sqrt(a + bk*cot(d + e*x) + cxcot(d + exx)**x2)*tan(d + e*x), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="gi
ac")

[Out] integrate(sqrt(c*cot(exx + d)~2 + bxcot(e*x + d) + a)*tan(exx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/tan(d-l—ex) \/ccot(d+ex)2—|-bcot(d—|—ex)—|—a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)*(a + b*cot(d + e*x) + c*xcot(d + e*x)"2)"(1/2),x)

[Out] int(tan(d + e*x)*(a + b*cot(d + exx) + cxcot(d + e*x)"2)"(1/2), x)
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3.10 [ \/a+bcot(d + ex) + ccot?(d + ex) tan3(d+
er)dz

Optimal. Leaf size=691

\/a2—|—b2+c<c+ \/a2+b2—2ac—|—02‘> —a(2c—|— \/a2+b2—2ac+02‘> ArcTan
V2' Va2 + b2 — 2a

V2

[Out] -1/8%(-4*axc+b”2)*arctanh(1/2*(2*a+bxcot(e*x+d))/a”~(1/2)/(atb*cot (e*x+d)+cx*
cot (e*x+d)~2)~(1/2))/a~(3/2) /e-arctanh(1/2*(2*a+b*cot (exx+d))/a~(1/2)/(a+b*
cot (exx+d)+cxcot (exx+d) ~2) ~(1/2))*a~(1/2) /e+1/2*arctanh(1/2* (b~ 2+b*cot (e*xx+
d) *(a~2-2xaxc+b~2+c"2) " (1/2)+(a-c) *(a-c+(a~2-2xa*xc+b~2+c~2) ~(1/2)))/(a~2-2%
a*xc+b~2+c”2) " (1/4)*27(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) "2) ~(1/2) /(a"2+b"2+c
*(c-(a"2-2%axc+b”~2+c"2) " (1/2)) -a* (2*xc-(a~2-2*a*c+b~2+c~2) " (1/2)))~(1/2))*(a
~2+b~2+c* (c-(a~2-2*a*c+b~2+c”2) " (1/2) ) —a*x (2*c-(a~2-2*a*c+b~2+c~2) " (1/2)) )~ (
1/2)/(a~2-2%a*xc+b~2+c~2) ~(1/4) /ex2~(1/2)-1/2*arctan(1/2*(b~2+(a-c) *(a-c-(a~
2-2%axc+b”~2+c~2) ~(1/2) ) -b*cot (e*x+d) * (a~2-2*%axc+b~2+c~2) ~(1/2) )/ (a~2-2*ax*c+
b~2+c"2)~(1/4) %27 (1/2) / (a+b*cot (exx+d) +c*cot (exx+d) "2) ~(1/2) / (a~2+b~2+c* (c+
(a™2-2*%a*c+b™2+c”2) " (1/2) ) —a* (2xc+(a~2-2*a*xc+b~2+c~2) " (1/2)))~(1/2))*(a~2+b
~2+c* (c+(a~2-2%axc+b~2+c"2) " (1/2) ) —ax (2*c+(a"2-2*a*xc+b~2+c~2)~(1/2)))~(1/2)
/(@a~2-2*%a*xc+b~2+c~2) " (1/4) /ex2” (1/2)+1/4x (2*a+b*cot (exx+d) ) * (a+b*cot (e*x+d)
+cxcot (exx+d) ~2) " (1/2) *tan(exx+d) “2/a/e

Rubi [A]

time = 23.24, antiderivative size = 691, normalized size of antiderivative = 1.00, number of

steps used = 21, number of rules used = 14, integrand size = 33, number of rules _ 0.424,
integrand size

Rules used = {3782, 6857, 734, 738, 212, 748, 857, 635, 1035, 1092, 1050, 1044, 214, 211}

Antiderivative was successfully verified.
[In] Int([Sqrtl[a + b*Cot[d + e*xx] + c*Cot[d + exx]~2]*Tan[d + exx]~3,x]

[Out] -((Sqrt[a”2 + b~2 + c*(c + Sqrt[a™2 + b™2 - 2*%axc + c~2]) - ax(2xc + Sqrtla
"2 + b72 - 2xaxc + c"2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
xaxc + c”2]) - b*Sqrt[a™2 + b~2 - 2*%axc + c"2]*Cot[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2*%axc + ¢72)"(1/4)*Sqrt[a”2 + b™2 + c*(c + Sqrt[a”™2 + b™2 - 2xaxc +
c™2]) - ax(2%c + Sqrt[a”2 + b~2 - 2%a*xc + c~2])]*Sqrt[a + bxCot[d + exx] +
cxCot[d + e*x]72])]1)/(Sqrt[2]*(a"2 + b2 - 2%a*c + c~2)"(1/4)*e)) - (Sqrtl[
al]*ArcTanh[(2*a + b*Cot[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Cot[d + e*xx] + c*Co
tld + exx]"2])])/e - ((b™2 - 4xa*c)*ArcTanh[(2*a + b*Cot[d + exx])/(2%Sqrt[
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a]*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(8*xa~(3/2)*e) + (Sqrt[a~2
+ b"2 + cx(c - Sqrt[a™2 + b2 - 2xaxc + c¢72]) - ax(2xc - Sqrt[a”2 + b"2 -

2%axc + c¢"2])]*ArcTanh[(b"2 + (a - c)*(a - c + Sqrt[a™2 + b~2 - 2xaxc + c~2
1) + b*Sqrt[a~2 + b™2 - 2*xa*xc + c~2]*Cot[d + e*x])/(Sqrt[2]*(a~2 + b~2 - 2%
axc + ¢c~2)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a™2 + b~2 - 2%a*c + c72]) - a
*x(2%c - Sqrt[a”2 + b™2 - 2%a*xc + c~2])]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d +
exx]~2])1)/(Sqrt[2]*(a”2 + b™2 - 2xa*c + c~2)7(1/4)*e) + ((2*a + bxCot[d +
e*xx])*Sqrt[a + bxCot[d + exx] + c*Cot[d + e*x]~2]*Tan[d + ex*x]~2)/(4*axe)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, O]

Rule 734

Int[((d_.) + (e_.)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(-(d + e*x)~(m + 1))*(d*b - 2%xa*e + (2%c*d - b*xe)*x)*((a + b
*x + c*xx”2)"p/(2*x(m + 1)*(c*d"2 - b*d*e + a*xe”2))), x] + Dist[p*x((b~"2 - 4x*a
*xc)/(2x(m + 1)*(cxd™2 - b*d*e + a*e”2))), Int[(d + e*x)"(m + 2)*(a + bxx +
cxx”2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0]

&& NeQ[cxd™2 - bxdxe + a*e™2, 0] && NeQ[2*c*d - bxe, 0] && EqQ[m + 2*p + 2,
0] && GtQ[p, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
*xaxe - bxd - (2%cxd - bkxe)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]
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Rule 748

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*((a + b*x + c*x"2)"p/(ex(m + 2%p + 1))), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*x) m*Simp[b*d - 2*a*xe + (2%cxd - b
*xe)*x, x]*(a + bkx + c*x~2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - bkxd*e + axe”2, 0] && NeQ[2*c*d - bxe
, 0] && GtQ[p, O] &% NeQ[m + 2%p + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) &
& I'ILtQ[m + 2*p, O] &% IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 857

Int [((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)"p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - b*d*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1035

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + f*x~2)"(q +
1)/(2xfx(p + q + 1))), x] - Dist[1/(2%f*(p + q + 1)), Int[(a + b*x + c*xx"2
)"(p - D*(d + £xx72) “q*Simp [h*p* (b*d) + a*x(-2xgxf)*(p + q + 1) + (2xhxpx*(c
*xd - axf) + bx(-2xg*f)*(p + q + 1))*x + (h*xp*x((-b)*f) + c*x(-2xgxf)*(p + q +
1)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4xa
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2xg*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]]1, x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_)*(x_))/(((a) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (h*(cxd - a*f + q) - g*c*
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*xe - gx(c*d - a*f + q) + (h*x(cxd - a*xf - q) - gxcxe)*x, x1/((a + ¢
*xx"2)*Sqrt[d + exx + f*x~2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)x*c]

Rule 1092
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Int[((A_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)x(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + £
*x~2], x], x] + Dist[1/c, Int[(A*xc - a*C + Bxc*x)/((a + c*x~2)*Sqrt[d + e*x
+ fxx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e”2 - 4x*dxf
, 0]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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Subst (f Va+botex? g, cot(d + ex))

z3(1+x2)

/ \/a—i- beot(d + ex) + ccot?(d + ex)‘ tan®(d + ex) dr = — .

Subst(f <\/a+bxx3+ca:2 _ \/a—i-bggc—i-calc2

e

Subst (f Vat bmxg tez? gp o, cot(d + ex))

e

(2a + beot(d + ex)) \/a + beot(d + ex) + ccot’

4ae

(2a + beot(d + ex)) \/a + beot(d + ex) + ccot?

4ae
(b — 4ac) tanh ™! 2a-+bcot(d+e
2v/a’ \/a + beot(d + ex) -
- 8a3/%e
\/67 tanh ™! 2a+-b cot(d+-ex)
2\/67 \/CI/ + bCOt(d + €$) + cco

(&

\/a2+b2+c<c+ \/a2+b2—2ac+c2‘> —C

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 44.80, size = 465721, normalized size = 673.98

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Cot[d + exx] + c*Cot[d + exx]~2]*Tan[d + e*x]~3,x]
[Out] Result too large to show
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Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 51.36, size = 2710966, normalized size = 3923.25

method | result size
default | Expression too large to display | 2710966

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2)*tan(e*x+d) ~3,x,method=_RETURNVERB
0SE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
maxima")

[Out] integrate(sqrt(cxcot(x*e + d)~2 + b*cot(x*e + d) + a)*tan(xxe + d)~3, x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cot(e*xx+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a—l- bceot (d + ex) + ccot? (d—l—eﬂv)‘ tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*xx+d)+c*cot (exx+d)**2)**(1/2)*tan(exx+d)**3,x)

[Out] Integral(sqrt(a + b*cot(d + e*x) + cxcot(d + exx)**2)*tan(d + e*x)**3, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d)+c*cot(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
giac")
[Out] integrate(sqrt(c*cot(exx + d)~2 + bkcot(e*x + d) + a)*tan(exx + d)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/tan(d+6x)3 \/ccot (d+ex)® +beot(d+ex)+a dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + exx)~3*(a + bk*cot(d + e*x) + c*cot(d + e*x)~2)~(1/2),x)
[Out] int(tan(d + e*x)~3*(a + b*cot(d + exx) + cxcot(d + e*xx)~2)"(1/2), x)
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cot’ (d+ex)
3-11 f (a-+b cot(d+ezx)+c cot2(d+ex))3/ 2 dx

Optimal. Leaf size=1189

3btanh™! bt2ccot(dter) ‘ 5b(7b% — 12ac) tanh ™ b+2ccot(d
2\/3\/a+bcot(d+ex)+ccot2(d+ex) 2\/5\/a+bcot(d+ea
2c5/2¢ + 16¢%2¢

[Out] -3/2#b*arctanh(1/2*(b+2*cxcot(e*xx+d))/c”~(1/2)/(atb*cot (e*xx+d)+c*cot (exx+d)”
2)7(1/2))/c”(5/2) /e+5/16%bx (—12*%a*c+7*b~2) *arctanh (1/2* (b+2*c*cot (e*x+d))/c
~(1/2) / (at+b*cot (exx+d) +cxcot (exx+d) ~2) ~(1/2)) /c~(9/2) /e-2* (2*xa+b*xcot (e*x+d)
)/ (~4*axc+b~2) /e/ (a+b*cot (exx+d) +cxcot (e*xx+d) ~2) ~(1/2) +2*cot (e*xx+d) ~2* (2xa+
bxcot (exx+d) )/ (-4*a*c+b~2) /e/ (a+b*cot (exx+d)+c*cot (e*xx+d) ~2) ~(1/2) -2*cot (e*
x+d) "4 (2*at+bxcot (exx+d) )/ (-4*a*xc+b~2) /e/ (atb*cot (exx+d)+c*cot (e*x+d) ~2) ~(1
/2)+2x(a*x (b~2-2x(a—-c) *c) +bxc*x (a+c) *cot (exx+d) ) / (b~2+(a-c) "2) / (-4*xa*c+b~2) /e
/ (a+b*cot (exx+d) +cxcot (e*xx+d) "2) ~(1/2)-1/3* (-16*a*xc+7*b"2) *cot (exx+d) ~2* (a+
b*xcot (exx+d)+c*xcot (exx+d) ~2) ~(1/2) /c”2/ (-4*axc+b~2) /e+2xb*xcot (e*x+d) “3* (a+b
*cot (e*x+d)+ckxcot (exx+d) “2) ~(1/2) /c/ (—4*a*c+b~2) /e+(3*b~2-8*a*xc-2*b*c*cot (e
*xx+d) ) * (a+b*cot (exx+d) +c*xcot (exx+d) ~2) ~(1/2) /c~2/ (-4*axc+b~2) /e-1/24% (105%b
~4-460*a*b"2xc+256%a"2*%c"2-2*%b*c* (—-116*a*c+35%b~2) *cot (e*x+d) ) * (a+b*cot (e*xx
+d)+cxcot (exx+d) "2)~(1/2) /c~4/ (-4*xa*c+b~2) /e-1/2*arctanh(1/2* (b~2-(a-c) *(a-
c-(a~2-2*a*c+b~2+c”2) ~(1/2) ) -b*cot (exx+d) * (2*a-2*c+(a”~2-2*a*c+b~2+c~2) ~(1/2
)))*27(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) / (2*a-2*c+(a”~2-2*a*c+b~2+c
~2)7(1/2))°(1/2)/ (a~2-b"2-2*a*c+c”2-(a-c) *(a"2-2*a*xc+b~2+c~2)~(1/2))~(1/2))
* (2*a-2*c+(a”~2-2%axc+b~2+c~2) " (1/2)) " (1/2) *(a~2-b~2-2*xa*xc+c~2-(a-c) * (a~2-2*
axc+b~2+c”2) " (1/2))~(1/2) / (a~2-2*a*c+b~2+c~2) " (3/2) /ex2~ (1/2)+1/2*arctanh (1
/2% (b~2-b*cot (exx+d) * (2*a-2*xc—-(a"2-2*a*xc+b”~2+c"2) ~(1/2)) -(a-c) *(a-c+(a~2-2x%
a*xc+b~2+c”2)~(1/2)))*27(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) / (2*a-2*c
-(a™2-2xa*c+b”2+c~2)~(1/2))~(1/2)/(a~2-b~2-2*a*c+c~2+(a-c) *(a~2-2*a*xc+b~2+c
~2)7(1/2))°(1/2) ) *x(2*xa-2*c-(a"2-2*a*xc+b™2+c~2) ~(1/2)) " (1/2) ¥ (a~2-b~2-2*a*xc+
c~2+(a-c)*(a~2-2*xa*xc+b™2+c"2) " (1/2))~(1/2) /(a"2-2*a*xc+b~2+c~2) ~(3/2) /ex2~ (1
/2)

Rubi [A]

time = 4.47, antiderivative size = 1189, normalized size of antiderivative = 1.00, number of

steps used = 20, number of rules used = 12, integrand size = 33, number of rules _ 0.364,
integrand size

Rules used = {3782, 6857, 650, 752, 793, 635, 212, 846, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
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[In] Int[Cot[d + e*x]"7/(a + b*Cot[d + e*x] + c*xCot[d + e*x]~2)~(3/2),x]

[Out] (-3*bxArcTanh[(b + 2*cxCot[d + exx])/(2xSqrt[c]*Sqrt[a + b*Cot[d + exx] + c
*Cot [d + exx]~2])]1)/(2%c™(5/2)*e) + (6xb*(7*b~2 - 12%a*c)*ArcTanh[(b + 2*c*
Cot[d + e*x])/(2*Sqrt[cl*Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(16
xc~(9/2)*e) + (Sqrt[2*a - 2xc - Sqrt[a™2 + b~2 - 2*axc + c~2]]1*Sqrt[a”2 - b
"2 - 2xaxc + ¢c”2 + (a - c)*Sqrt[a”2 + b~2 - 2xaxc + c”2]]*ArcTanh[(b"2 - (a
- c)*(a - ¢ + Sqrt[a™2 + b2 - 2xaxc + c¢72]) - b*(2%a - 2%c - Sqrt[a™2 + b
~2 - 2%axc + c"2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*xc - Sqrt[a™2 + b~2 -
2%axc + c~2]]1*Sqrt[a”2 - b™2 - 2xa*xc + c”2 + (a - c)*Sqrt[a”2 + b"2 - 2xax
c + c”2]]*Sqrt[a + b*Cot[d + e*xx] + cxCot[d + exx]~2])]1)/(Sqrt[2]*(a~2 + b~
2 - 2%a*xc + ¢72)7(3/2)*e) - (Sqrt[2*a - 2%c + Sqrt[a™2 + "2 - 2*a*xc + c~2]
1*Sqrt[a”2 - b™2 - 2xa*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b™2 - 2xa*xc + c~2]]*Arc
Tanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2]) - bx(2%a - 2%*c
+ Sqrt[a”2 + b™2 - 2xa*c + c~2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2*c + Sq
rt[a”2 + b™2 - 2%axc + c"2]]*Sqrt[a”2 - b"2 - 2xa*c + ¢c”2 - (a - c)*Sqrt[a”
2 + b™2 - 2%axc + c~2]]*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~2])])/(Sqr
t[2]*(a”2 + b™2 - 2%axc + c72)7(3/2)xe) - (2x(2*%a + b*Cot[d + e*x]))/((b~2
- 4xaxc)*exSqrt[a + b*Cot[d + e*x] + c*Cot[d + e*xx]~2]) + (2*Cot[d + e*x]~2
*x(2%a + b*xCot[d + exx]))/((b"2 - 4xaxc)*exSqrt[a + b*Cot[d + e*x] + c*Cot[d
+ exx]”2]) - (2xCot[d + exx]~4x(2*a + b*Cot[d + ex*x]))/((b"2 - 4xaxc)*ex*Sq
rt[a + b*Cot[d + e*x] + cxCot[d + exx]~2]) + (2x(ax(b”2 - 2*%(a - c)*c) + bx
cx(a + c)*Cot[d + exx]))/((p"2 + (a - c)"2)*(b"2 - 4*a*c)*exSqrt[a + b*Cot[
d + exx] + cxCot[d + exx]"2]) - ((7*#b"2 - 16*xaxc)*Cot[d + e*x] 2*Sqrt[a + b
*Cot [d + exx] + c*Cot[d + e*x]~2])/(3*c™2%(b"2 - 4*axc)*e) + (2xbxCot[d + e
*xx] “3*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])/(c*x(b~2 - 4*axc)*e) + ((
3*b~2 - 8%akc - 2xb*c*Cot[d + e*x])*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x
1721)/(c™2x(b~2 - 4*a*xc)*e) - ((105%¥b~4 - 460*a*b~2xc + 266%a~2%c”™2 - 2xb*c
*(35%b~2 - 116%axc)*Cot[d + e*x])*Sqrt[a + b*Cot[d + e*x] + cxCot[d + exx]~
2])/(24%c™4*x(b™2 - 4xaxc)xe)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, O]
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Rule 650

Int[((d_.) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[-2*((bxd - 2*a*e + (2xcxd - b*e)*x)/((b"2 - 4xaxc)*Sqrt[a + b*x
+ c*x~2])), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 752

Int[((d_.) + (e_)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)~(m - 1)*(d*b - 2*axe + (2xc*d - bxe)*x)*((a + bx*x
+ cxx”2)"(p + 1)/((p + D*(b"2 - 4*a*xc))), x] + Dist[1/((p + 1)*(b"2 - 4xax
c)), Int[(d + e*x)”"(m - 2)*Simp[ex(2*xa*ex(m - 1) + bxd*(2*%p - m + 4)) - 2*c
*d"2%(2xp + 3) + ex(b*e - 2xdxc)*(m + 2xp + 2)*x, x]*(a + bxx + c*x"2) " (p +

1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~
2 - bxd*e + axe”2, 0] && NeQ[2*cxd - b*e, 0] && LtQlp, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, c, 4, e, m, p, x]

Rule 793

Int[((d_.) + (e_)*x(x_))*((f_.) + (g_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexg*(p + 2) - c*(exf + dxg)*(2*p + 3) -
2xcxexgx(p + 1)*x))*((a + bxx + c*xx"2)"(p + 1)/(2%c™2*x(p + 1)*(2xp + 3))),
x] + Dist[(b™2*exgx(p + 2) - 2xaxckexg + c*x(2xcxd*f - bx(exf + dxg))*(2*p
+ 3))/(2%c™2x(2%p + 3)), Int[(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c,

d, e, f, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 846

Int[((d_.) + (e_.)*(x))"(m_)*x((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_Ox(x )7"2)"(p_.), x_Symbol] :> Simp[g*(d + exx) m*x((a + b*x + cxx~2)"(p +

1)/(cx(m + 2xp + 2))), x] + Dist[1/(c*(m + 2*p + 2)), Int[(d + exx)"(m - 1)
*(a + bxx + c*x”~2) p*xSimp[m*(ckd*f - akxexg) + d*x(2kcxf - b*xg)*(p + 1) + (m*
(ckxexf + cxd*g - bxexg) + ex(p + 1)*(2*cxf - bxg))*x, x], x], x] /; FreeQ[{
a, b, c, d, e, £, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a
xe~2, 0] && GtQ[m, 0] &% NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2*p]) && !(IGtQ[m, 0] && EqQ[f, 01)

Rule 1032

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_I)*(x_)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*xx~2)~
(@ + 1)/((b72 - 4xaxc)*(b~2xd*f + (c*d - a*f)~2)*(p + 1)))*((g*c)*((-b)*(c*
d + axf)) + (g*xb - a*h)*(2*%c™2+d + b™2*xf - cx(2%a*xf)) + c*x(g*x(2*%c™2xd + b~2
xf - cx(2%a*xf)) - hx(b*ckd + axb*f))*x), x] + Dist[1/((b~2 - 4xa*c)*(b~2*dx*
f + (cxd - a*xf)"2)*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + £*x72) "g*Si
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mp [(b*h - 2xg*c)*((c*d - a*xf)~2 - (bxd)*((-b)*£))*(p + 1) + (b~2*(g*f) - b*
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*f)))*(axf*(p + 1) - c*dx(p + 2)) - (2xfx(
(gxc)*((-b)*(c*d + a*f)) + (gxb - axh)*(2%c™2%d + b~2xf - cx(2%axf)))*(p +
q + 2) - (b"2x(gxf) - bx(hkcxd + axh*xf) + 2kx(gkck(ckd - axf)))*(bxfx(p + 1)
))*x — cxfx(b™2x(g*f) - bx(h*c*d + a*xh*f) + 2x(gkc*(cxd - axf)))*(2*xp + 2%q
+ B)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4%
axc, 0] && LtQlp, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !( !'IntegerQlp
1 && ILtQ[q, -11)

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2xg*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si

mp[(-a)*h*xe - g*(c*xd - axf + q) + (hx(cxd - a*xf - q) - gxcxe)*x, x]/((a + ¢
*x~2)*Sqrt[d + e*x + f*xx72]), x], x]] /; FreeQl{a, c, d, e, f, g, h}, x] &&
NeQ[e~2 - 4*dxf, 0] && NegQ[(-a)=*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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1:7
/ cot”(d + ex) P (f oty oo cotld + o))
(a + bcot(d + ex) + ccot?(d + 693))3/2 ¢

T z? z°
_ _SubSt (f ((a+bx+cm2)3/2 T (atbotea?)’? + (atbotea?)®? (144

e
_ _SUbSt (f m d.’E, x, COt(d + ea:)) N Subst (f (a+bo

e
2(2a + beot(d + ex))

=— .
(b2 — 4dac) e\/a + beot(d + ex) + ceot?(d +ex)  (b% —¢

_ 2(2a + beot(d + ex)) +

(b2 — 4ac) e\/a +beot(d + ex) + ccot’(d +ex) (b — 4

_ 2(2a + beot(d + ex)) .

(b2 — 4ac) \/ + beot(d + ex) + ceot?(d +ex) (b2 —«

3btanh ™" b+2c cot(d+ex)
2v/e \/“ + beot(d + ex) + ccot?(d + ex)

2c5/2¢

2c5/%¢

3btanh™! b+2c cot(d+ex)
2v/e \/a + beot(d + ex) + ccot®(d + e;c)

3btanh ™" b+2c cot(d+ex)
2y/c \/a + beot(d + ex) + ccot?(d + ex)

2c5/2¢

Mathematica [C] Result contains complex when optimal does not.
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time = 45.16, size = 5618, normalized size = 4.72

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~7/(a + bxCot[d + exx] + c*Cot[d + e*x]~2)~(3/2),x]
[Out] Result too large to show

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.51, size = 13067599, normalized size = 10990.41

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "7/ (a+b*cot (e*x+d)+c*xcot (exx+d)~2)~(3/2),x)
[Out] result too large to display
Maxima [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "7/ (atb*cot (exx+d)+cxcot(e*xx+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)~7/(a+bxcot (e*x+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d)**7/(atbxcot (e*xx+d)+c*kcot (e*xx+d)**2)**(3/2),x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)~7/(atbxcot(exx+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
giac")
[Out] sageO*x

Mupad [F(-1)]
time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~7/(a + b*cot(d + exx) + cxcot(d + e*x)~2)~(3/2),x)

[Out] \text{Hanged}
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cotd (d+ex)
3.12 f (a+b cot(d+ex)—|—ccot2(d+ex))3/ 2 dx

Optimal. Leaf size=865

3btanh™? b+2ccot(d+ex) ‘ \/2(1 —2—VaZ+b2—2ac+c2 /a2 —b2 —

2¢/C \/a + beot(d + ex) + ccot?(d + ex)

2c5/2¢

[Out] 3/2*b*arctanh(1/2*(b+2*xc*xcot(e*x+d))/c”(1/2)/(a+b*cot (e*xx+d)+c*cot (exx+d) "2
)=(1/2))/c”(5/2) /e+2* (2xa+b*cot (exx+d) ) / (-4*a*xc+b~2) /e/ (atb*cot (e*x+d) +c*co
t (e*xx+d) ~2) " (1/2) -2*cot (e*x+d) “2*x (2*a+b*cot (exx+d) ) / (-4*a*xc+b~2) /e/ (a+b*cot
(exx+d)+cxcot (exx+d) ~2) ~(1/2) -2* (a*x (b~2-2* (a-c) *c) +b*c* (a+c) *cot (e*x+d) ) /(b
~2+(a-c)"2)/ (-4*xaxc+b~2) /e/ (a+b*cot (exx+d) +c*xcot (exx+d) ~2) ~(1/2) - (3*b~2-8*a
*c—2xb*xc*cot (exx+d) ) * (a+b*cot (e*xx+d) +cxcot (e*x+d) ~2) ~(1/2) /c~2/ (-4*a*c+b~2)
/e+1/2xarctanh(1/2*(b~2-(a-c)*(a-c-(a~2-2*xa*xc+b~2+c~2) " (1/2) ) -b*cot (e*x+d) *
(2xa-2*c+(a~2-2*%a*c+b™2+c~2) " (1/2)))*27(1/2) / (a+b*cot (e*x+d) +c*cot (exx+d) "2
)= (1/2)/ (2*%a-2*c+(a~2-2*a*xc+b~2+c"2)~(1/2))~(1/2) / (a~2-b~2-2*a*c+c~2-(a-c) *
(a”2-2*a*c+b~2+c”2) " (1/2) )~ (1/2) ) *(2*xa-2*c+(a~2-2*a*c+b~2+c~2) " (1/2))~(1/2)
*(a~2-b"2-2%axc+c”2-(a-c)*(a~2-2*a*xc+b~2+c”2) ~(1/2))~(1/2) / (a~2-2*a*c+b~2+c
~2)7(3/2) /ex2~(1/2)-1/2*arctanh (1/2* (b~2-b*cot (exx+d) * (2¥a-2*xc—-(a"~2-2*a*c+b
~2+c”2) " (1/2))-(a-c) *(a—c+(a"2-2*a*xc+b~2+c"2) ~(1/2))) *2~(1/2) / (a+b*cot (exx+
d)+cxcot (exx+d) ~2) ~(1/2) / (2*a-2xc-(a"2-2*a*xc+b~2+c~2)~(1/2))~(1/2)/(a"2-b"2
-2%xaxc+c”2+(a-c)*(a"2-2*a*xc+b"2+c”2) " (1/2) )~ (1/2) ) *(2*xa-2*c-(a~2-2*a*c+b~2+
c~2)"(1/2))"(1/2)*(a"2-b"2-2*xa*xc+c™2+(a-c) * (a"2-2*xaxc+b~2+c~2) ~(1/2))~(1/2)
/ (a~2-2*xa*xc+b~2+c~2) " (3/2) /ex2"(1/2)

Rubi [A]

time = 3.57, antiderivative size = 865, normalized size of antiderivative = 1.00, number of

steps used = 14, number of rules used = 11, integrand size = 33, Zumber of rules _ ) 335
integrand size

Rules used = {3782, 6857, 650, 752, 793, 635, 212, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]~"5/(a + b*Cot[d + exx] + c*Cot[d + e*x]~2)~(3/2),x]

[Out] (3*b*ArcTanh[(b + 2*c*Cot[d + e*x])/(2*Sqrt[c]l*Sqrt[a + b*Cot[d + e*xx] + cx
Cot[d + e*x]~2])]1)/(2*%c~(5/2)*e) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2xaxc
+ c"2]]*Sqrt[a”2 - b™2 - 2%a*c + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2%axc + c~
2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c~2]) - bx(2*a
- 2xc - Sqrt[a”™2 + b~2 - 2*a*xc + c~2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2
xc — Sqrt[a”™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b™2 - 2%axc + c”2 + (a - c)*
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Sqrt[a®2 + b2 - 2*%axc + c~2]]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])
1)/(8qrt[2]*(a"2 + b~2 - 2*axc + c~2)"(3/2)*e) + (Sqrt[2*a - 2xc + Sqrt[a~2
+ b72 - 2*%axc + c¢"2]]*Sqrt[a”2 - b"2 - 2xaxc + c”2 - (a - c)*Sqrt[a”2 + b~
2 - 2xaxc + c"2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2%a*c +
c™2]) - b*x(2xa - 2xc + Sqrt[a”2 + b~2 - 2%axc + c~2])*Cot[d + exx])/(Sqrt[2
1*Sqrt[2*xa - 2*%c + Sqrt[a™2 + b™2 - 2xaxc + c"2]]*Sqrt[a”2 - b~2 - 2%a*c +
c™2 - (a - c)*Sqrt[a”2 + b2 - 2xaxc + c"2]]*Sqrt[a + b*Cot[d + e*x] + c*Co
tld + exx]172])]1)/(Sqrt[2]*(a”2 + ™2 - 2xaxc + c~2)7(3/2)*e) + (2x(2xa + b*
Cot[d + e*x]))/((b"2 - 4*axc)*exSqrt[a + bxCot[d + exx] + cxCot[d + exx]~2]
) - (2xCot[d + exx]~2x(2*a + b*Cot[d + e*x]))/((b~2 - 4*axc)*exSqrt[a + b*C
ot[d + exx] + c*Cot[d + e*x]~2]) - (2*(ax(b”2 - 2x(a - c)*c) + bkck(a + c)*
Cot[d + e*x]))/((p"2 + (a - c)"2)*(b"2 - 4xaxc)*exSqrt[a + b*Cot[d + e*x] +
cxCot[d + e*x]"2]) - ((3%¥b~2 - 8*xaxc - 2*bxcxCot[d + exx])*Sqrt[a + b*Cot[
d + e*xx] + cxCot[d + exx]72])/(c™2%x(b"2 - 4*axc)*e)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x2), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 650

Int[((d_.) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[-2*%((bxd - 2*a*xe + (2*cxd - b*e)*x)/((b"2 - 4xaxc)*Sqrt[a + b*x
+ c*x72])), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b
=2 - 4xaxc, 0]

Rule 752

Int[((d_.) + (e_.)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p.), x_S
ymbol] :> Simp[(d + exx)”"(m - 1)*(d*b - 2*axe + (2xc*d - bxe)*x)*((a + bx*x
+ cxx72)"(p + 1)/((p + 1)*(b™2 - 4*a*xc))), x] + Dist[1/((p + 1)*(b"2 - 4*ax
c)), Int[(d + e*x)"(m - 2)*Simp[ex(2*a*ex(m - 1) + bxd*(2*p - m + 4)) - 2*c
*d"2%(2xp + 3) + ex(b*e - 2xdxc)*(m + 2xp + 2)*x, x]*(a + bxx + c*x"2) " (p +

1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 - 4xaxc, 0] && NeQ[c*xd™
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2 - bxd*e + axe”2, 0] && NeQ[2*cxd - b*xe, 0] && LtQlp, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 793

Int[((d_.) + (e_.)*x(x_))*((f_.) + (g_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexg*(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2%cxexgx(p + 1)*x))*((a + b*x + cxx™2)"(p + 1)/(2*c™2x(p + 1)*(2%p + 3))),
x] + Dist[(b™2%exgx(p + 2) - 2xaxckexg + c*x(2xcxd*f - bx(exf + dxg))*(2*p
+ 3))/(2%c™2%(2%p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c,

d, e, f, g, p}, x] && NeQ[b~2 - 4xa*xc, 0] && !'LeQ[p, -1]

Rule 1032

Int[((g_.) + (h_.)*(x_))*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*(x_)"2)"(q_), x_Symbol] :> Simp[(a + b*xx + c*x"2) " (p + 1)*((d + £*xx~2)~
(q + 1)/((172 - 4*axc)*(b~2%d*xf + (c*kd - axf)~2)x(p + 1)))*((gxc)*((-b)*(cx*
d + axf)) + (g*b - axh)*(2%c™2xd + b~2*f - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
xf — c*(2%a*f)) - hx(bxcxd + axbxf))*x), x] + Dist[1/((b~2 - 4*axc)*(b~2%dx*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*x72)"(p + 1)*(d + f*x~2) g*Si
mp [(bxh - 2xgxc)*((c*d - a*f)~"2 - (b*xd)*((-b)*£))*(p + 1) + (b~2x(g*f) - bx
(hxcxd + axhxf) + 2x(gxcx(cxd - a*f)))*(axf*x(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(cxd + a*f)) + (gxb - a*h)*(2xc~2*d + b~2xf - c*x(2*a*xf)))*(p +

q + 2) - (b"2x(gxf) - bx(h*cxd + axh*f) + 2kx(gkck(ckd - axf)))*x(bxfx(p + 1)
))xx — ckfx(b™2%(g*f) - bk (h*c*d + axhxf) + 2% (gxc*x(cxd - a*xf)))*(2%p + 2xq
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !( !IntegerQl[p
1 && ILtQlq, -11)

Rule 1044

Int[((g_ ) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + f*x~2]]1, x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a ) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gxcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2xq), Int[Si
mp[(-a)*h*e - gx(cxd - axf + q) + (h*(c*d - axf - q) - gkcxe)*x, x]/((a + ¢
*xx~2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]
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Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

z3

(a+bz+ca

Rubi steps
:E5
/ cot®(d + ex) e _Subst (f o) (et barea?)?? dz, x,cot(d + ez))
(a + beot(d + ex) + ccot?(d + ex))*/? e
x .’133 x
_ _SUbSt (f <_ (a+bz+cx2)3/? + (a+bz+cx2)3/? + (1+22)(a+bz+cx2)?/?
e
B Subst (f bt 05, T, cot(d + ex)) - Subst (f
e
2(2a + bceot(d + ex))

2

(b2 —4ac)e\/a+bcot(d—|—ew) +ccot2(d—|—em)‘ (2 —4a

2(2a + beot(d + ex))

2

(b2 —4ac)e\/a+bcot(d+e:c) +ccot2(d+ez)‘ (b2 — 4a

2(2a + beot(d + ex))

2

(b2 —4ac)e\/a+bcot(d+ex) +ccot2(d+em)‘ (b2 — 4a

3btanh™? ( b+2c cot (d+ex)

2¢/c \/a + beot(d + ex) + ccot?(d + ex)‘

2c5/2¢
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Mathematica [C] Result contains complex when optimal does not.
time = 32.72, size = 737, normalized size = 0.85

) |

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~5/(a + bxCot[d + exx] + c*Cot[d + e*x]~2)~(3/2),x]

[Out] (Sqrt[(-a - c + a*Cos[2*(d + e*x)] - c*xCos[2*(d + exx)] - b*Sin[2*(d + e*x)
1)/(-1 + Cos[2*x(d + e*x)])]*(-((-3*a~3*b"2 - 3*a*xb~4 + 8*a~4*c + 15*%a~2%b"2
*C + bT4*c - 16*a”3%c”2 - T*xaxb"2%c”2 + 12*%a"2%c”3 + b"2%c”3 - 4x*xa*xc”4)/((a
- c)x(a - I*b - c)*(a + I*b - c)*c™2*x(-b~2 + 4*axc))) - (2%(-2*xa"3*b"2 - 2
*a*xb~4 + 4*a~4dkc + 8*a"2xb"2xc - 4*a”3*c”2 - a"4xbxSin[2*x(d + e*x)] - 2*a"2
*b~3*Sin[2*(d + e*x)] - b~5*Sin[2*(d + e*x)] + 6*a”~3*b*c*Sin[2*(d + exx)] +
5*xa*xb~3*ckSin[2*x(d + exx)] - 5*a~2*b*c”~2*Sin[2*(d + ex*x)]))/((a - c)*(a -
I¥b - c)*(a + I*b - c)*cx(-b"2 + 4xaxc)*(-a - ¢ + a*Cos[2*x(d + e*x)] - c*Co
s[2%(d + exx)] - b*Sin[2*x(d + e*x)]))))/e - (((Ix(a + I*b - c)*c~(5/2)*ArcT
an[(Ixb + 2%c + ((2*I)*a + b)*Tan[d + e*x])/(2*Sqrt[a - I*b - c]*Sqrt[c + T
an[d + e*xx]*(b + axTan[d + e*x])])])/Sqrt[a - I*b - c] + (c"(5/2)*(-a + I*b
+ c)*ArcTanh[(b + (2*I)*c + (2%a + I*b)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]
xSqrt[c + Tan[d + exx]*(b + axTan[d + exx])])])/Sqrt[a + I*b - c] - 3*bx(a”
2 + b2 - 2*%axc + c”2)*ArcTanh[(2*c + b*Tan[d + exx])/(2+Sqrt[c]*Sqrt[c + T
an[d + exx]*(b + a*xTan[d + e*x])])])*Sqrt[a + b*Cot[d + exx] + c*Cot[d + ex
x]"2]*Tan[d + e*x])/(2*%c”(5/2)*(a"2 + b2 - 2xaxc + c~2)*exSqrt[c + Tan[d +
exx]*(b + axTan[d + exx])])

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.62, size = 13066867, normalized size = 15106.20

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "5/ (a+b*cot (e*x+d)+c*cot (exx+d)~2)~(3/2),x)
[Out] result too large to display

Maxima [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "5/ (a+bxcot (e*x+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out
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Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (a+b*cot (exx+d)+cxcot(e*xx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

cot® (d + ex)

dx
/ (a+ beot (d + ex) + ccot? (d + ex))

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**5/(atbxcot (e*xx+d)+c*kcot (e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)*x5/(a + bkcot(d + e*x) + cxcot(d + exx)**x2)*x(3/2), x
)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (atb*cot (exx+d)+cxcot(e*xx+d)~2)~(3/2),x, algorithm="
giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ cot(d +ex)’ i
(ccot (d+ ex)’ +bcot (d+ex) + a)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~5/(a + b*cot(d + e*xx) + cxcot(d + e*x)~2)~(3/2),x)
[Out] int(cot(d + e*x)"5/(a + b*cot(d + exx) + c*xcot(d + e*x)~2)"(3/2), x)
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cot3(d+ex)
3.13 f (a+b cot(d+ex)—|—ccot2(d+ex))3/ 2 dx

Optimal. Leaf size=686

\/2a—2c—\/a2+b2—2ac+c2‘ \/a2—b2—2ac—|—c2+(a—c)\/a2+b2—2ac+c2‘ tanh ™' | ———
VI /2
2 (a

V2

[Out] -2*x(2*a+b*cot(e*xx+d))/(-4*a*xc+b~2)/e/(a+b*cot (exx+d)+c*cot (exx+d) ~2)~(1/2)+
2% (ax (b~2-2* (a-c) *c)+b*c* (a+c) *cot (e*x+d) )/ (b~ 2+(a-c) ~2) / (-4*axc+b~2) /e/ (a+
b*xcot (e*xx+d)+c*xcot (exx+d) ~2) ~(1/2)-1/2*arctanh(1/2*(b~2-(a-c) *(a-c-(a~2-2*a
*Cc+b~2+c”2) " (1/2) ) -b*cot (exx+d) * (2*¥a-2xc+(a~2-2*axc+b~2+c~2)~(1/2)))*2~(1/2
)/ (a+b*cot (exx+d) +cxcot (e*xx+d) ~2) ~(1/2) / (2*a-2*xc+(a~2-2%a*c+b~2+c~2) " (1/2))
~(1/2)/(a~2-b"2-2*xaxc+c~2-(a-c) *(a~2-2*a*xc+b~2+c~2) ~(1/2) )~ (1/2) ) *(2*%a-2*c+
(a"2-2*a*c+b~2+c”2) " (1/2)) " (1/2)*(a~2-b"2-2*a*c+c”2-(a-c) *(a"2-2*a*c+b~2+c”
2)°(1/2))°(1/2)/ (a~2-2*a*c+b"2+c~2) ~(3/2) /ex2~(1/2)+1/2*arctanh (1/2* (b~ 2-bx*
cot (e*x+d) * (2*a-2*xc—-(a~2-2*xa*xc+b~2+c"2) ~(1/2) ) -(a-c) *(a—c+(a~2-2*a*c+b~2+c”
2)7(1/2)))*27(1/2) / (a+b*cot (exx+d) +c*cot (exx+d) ~2) ~(1/2) / (2*a-2*c-(a~2-2*ax*
c+b™2+c~2)~(1/2))"(1/2) / (a~2-b~2-2*a*c+c~2+(a-c) * (a~2-2*a*xc+b~2+c~2) ~(1/2))
~(1/2)) % (2*a-2*xc—-(a"2-2*a*xc+b”"2+c"2) "~ (1/2)) " (1/2)*(a~2-b"2-2*a*c+c~2+(a-c) *
(a™2-2%a*c+b™2+c~2)~(1/2))~(1/2) / (a~2-2*a*c+b~2+c~2) ~(3/2) /ex2~(1/2)

Rubi [A]

time = 3.29, antiderivative size = 686, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.212,

steps used = 10, number of rules used = 7, integrand size = 33,
Rules used = {3782, 6857, 650, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]~3/(a + b*Cot[d + e*x] + cxCot[d + exx]~2)~(3/2),x]

[Out] (Sqrt[2xa - 2*c - Sqrt[a™2 + b™2 - 2%a*c + c~2]]*Sqrt[a”2 - b™2 - 2*a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b"2 - (a - c)*x(a - c +
Sqrt[a™2 + b2 - 2%axc + c¢72]) - b*(2%xa - 2%c - Sqrt[a”2 + b72 - 2%a*c + c
~2])*Cot[d + ex*x])/(Sqrt[2]*Sqrt[2*xa - 2*c - Sqrt[a”2 + b~2 - 2%a*c + c~2]]
*Sqrt[a”2 - b™2 - 2xa*c + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2%a*c + c~2]]*Sqrt
[a + bxCot[d + exx] + c*Cot[d + e*x]72]1)])/(Sqrt[2]*(a"2 + b2 - 2%a*c + c~
2)~(3/2)*e) - (Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2xa*c + c~2]]1*Sqrt[a™2 - b
2 - 2xa*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b~2 - 2%axc + c~2]]*ArcTanh[(b"2 - (a
- c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xaxc + c”2]) - b*(2%a - 2%c + Sqrt[a™2 + b
~2 - 2%axc + c"2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*xc + Sqrt[a™2 + b~2 -
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2%axc + c¢"2]]1*Sqrt[a”2 - b™2 - 2xa*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b"2 - 2xax

c + c~2]]*Sqrt[a + b*Cot[d + e*xx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a~2 + b~
2 - 2*%axc + c¢72)7(3/2)xe) - (2x(2*a + b*Cot[d + e*x]))/((b"2 - 4*a*c)*exSqr
t[a + bxCot[d + e*xx] + c*Cot[d + exx]~2]) + (2x(a*x(b”2 - 2x(a - c)*c) + b*c
*(a + c)*Cot[d + exx]))/((1"2 + (a - ¢c)~2)*(b"2 - 4xaxc)*exSqrt[a + b*Cot[d
+ e*xx] + cxCot[d + exx]~2])

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 650

Int[((d_.) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[-2%((b*d - 2%axe + (2*%c*d - b*e)*x)/((b"2 - 4*a*xc)*Sqrt[a + b*x
+ c*x~2])), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 1032

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_I)*x(x_)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*x~2)~
(@ + 1)/((b72 - 4xaxc)*(b~2xd*xf + (c*d - a*f)~2)*(p + 1)))*((g*c)*((-b)*(c*
d + a*xf)) + (g*b - axh)*(2*c”2xd + b"2xf - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
*f - cx(2%axf)) - hx(bkcxd + axbxf))*x), x] + Dist[1/((b"2 - 4x*xaxc)*(b~2*d*
f + (cxd - a*f)"2)*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + £*x72) g*Si
mp [(b*h - 2xg*c)*((c*d - a*xf)~2 - (bxd)*((-b)*£))*(p + 1) + (b~2*(g*f) - bx
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*f)))*(axf*(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(c*d + a*f)) + (gxb - axh)*(2%c™2%d + b™2xf - cx(2%axf)))*(p +

q + 2) - (b™2%(g*f) - bx(h*ckd + a*xh*f) + 2x(gxcx(cxd - a*f)))*(b*xf*(p + 1)
))*x — cxfx(b™2x(g*f) - bx(h*c*kd + a*xh*f) + 2x(gkc*x(cxd - axf)))*(2xp + 2%q
+ B)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4%
axc, 0] && LtQ[p, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !( !'IntegerQlp
1 && ILtQ[q, -11)

Rule 1044

Int[((g_ ) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, O]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol]l :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Dist
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[1/(2*%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*xe - g*(c*xd - axf + q) + (hx(cxd - a*xf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + f*xx72]), x], x]] /; FreeQl{a, c, d, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)=*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(da_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6857

Int[(u_)/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Int[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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z3
/ cot®(d + ex) e = — Subst (f (1527 (at-bat ca2)? 2 dz, z,cot(d + 61’))
(a + beot(d + ex) + ccot?(d + ex))/? e
_ _Subst (f <(a+bw+cx2)3/2 — (1+x2)(a+bx+w2)3/2> dz,z,cot(d +
e
_ _SUbSt (f m d.’E, Z, COt(d + ea:)) N Subst (f m
e

_ 2(2a + beot(d + ex)) +

(b2 — 4ac) e\/a + beot(d + ex) + ceot?(d + ex)‘ (6% + (
. 2(2a + beot(d + ex)) +

(b2 — 4ac)e\/a+bcot(d+ez) +ccot2(d—|—ex)‘ (b2 + (
_ 2(2a + beot(d + ex)) +

(b2 — 4ac) e\/a + beot(d + ex) + ccot?(d + ew)‘ (6% + (

\/2a—20—\/a2+b2—2ac+c2‘ \/aQ—b2—2ac+02+(o

Mathematica [C] Result contains complex when optimal does not.
time = 30.76, size = 382, normalized size = 0.56

“.,.,K,Araan( A Tan(

ines ] iz ]
Vatib—c e+ tan(d+ ez)(b+atan(d + ex)) ) 2Va—ib=c o+ tan(d-+ er)b-+ atan@-+ ex)) ) |\ /i yeot(d + ex) + coot?(d + ea) smaaser)
a+ib—c a—ib—c
4V/2 (0(20% 112~ 200) (412 S0c) cor(d ex)) _
(a=ib—c)(a+ib—c)(~b+4ac) /csc?(d + ex)(a + ¢ + (—a + c) cos(2(d + ex)) + bsin(2(d + ex))) (a?+5*~2ac+?) \/c + tan(d + ex) (b + atan(d + ex))
2

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]~3/(a + b*Cot[d + e*xx] + cxCot[d + e*xx]~2)~(3/2),x]

[Out] ((4*Sqrt[2]*(a*x(2*xa~2 + ™2 - 2%a*c) + b*(a"2 + b~2 - 3*a*xc)*Cot[d + e*x]))
/((a - Ixb - c)*x(a + Ixb - c)*(-b"2 + 4xa*c)*Sqrt[Csc[d + exx]"2x(a + c + (
-a + c)*Cos[2*%(d + exx)] + bxSin[2*(d + e*x)])]) - ((((I*a + b - I*c)*ArcTa
n[((-I)*b + 2%c + ((-2*I)*a + b)*Tanl[d + e*x])/(2*Sqrt[a + Ix*b - cl*Sqrtlc
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+ Tan[d + exx]*(b + a*Tan[d + e*x])])])/Sqrt[a + Ixb - c] + (((-I)*a + b +
I*xc)*ArcTan[(Ixb + 2*%c + ((2+I)*a + b)*Tan[d + exx])/(2+Sqrt[a - I*b - c]*S
grtlc + Tan[d + exx]*(b + a*Tan[d + e*x])])])/Sqrt[a - Ixb - c])*Sqrt[a + b
*Cot[d + exx] + cxCot[d + exx] 2]*Tan[d + e*x])/((a”2 + P72 - 2%a*c + c™2)x*
Sqrt[c + Tan[d + e*x]*(b + a*Tan[d + exx])]))/(2xe)

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.57, size = 13067316, normalized size = 19048.57

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 3/ (at+b*cot (exx+d)+c*cot (exx+d)~2)~(3/2),x)
[Out] result too large to display
Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "3/ (a+bxcot (e*x+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d) 3/ (atb*cot(exx+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
cot?® (d + ex)

dx
/ (a+ bceot (d+ ex) + ccot? (d + ex))

3
2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cot(e*x+d)**3/(atbxcot (e*xx+d)+ckcot (e*xx+d)**2)**(3/2),x)
[Out] Integral(cot(d + e*x)#*x3/(a + b*cot(d + e*x) + c*cot(d + e*x)**2)*x(3/2), x

)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3/(atb*cot (exx+d)+cxcot(e*xx+d)~2)~(3/2),x, algorithm="
giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ cot(d +ex)® p
2 3/2 z
(ccot (d+ ex)” +bceot (d+ ex) +a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)~3/(a + bxcot(d + e*xx) + ckxcot(d + e*x)~2)~(3/2),x)
[Out] int(cot(d + exx)~3/(a + b*cot(d + exx) + c*xcot(d + e*x)~2)"(3/2), x)
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cot(d+ex)
3.14 f (a+b cot(d+ex)+ccot2(d+ex))3/ 2 dz

Optimal. Leaf size=635

\/2a—2c— Va2 + b2 — 2ac+c2 \/aQ—bz—2ac—|—02+(a—c)\/a2+b2—2ac—|—c2‘ tanh ™"

VT
V2

[Out] -2*x(a*x(b~2-2*(a-c)*c)+bxcx(a+c)*cot (exx+d) )/ (b~2+(a-c) ~2)/(-4*xa*xc+b~2) /e/(a
+b*cot (exx+d) +c*xcot (exx+d) ~2) ~(1/2)+1/2*arctanh(1/2*(b~2-(a-c) *(a-c-(a~2-2%
a*xc+b~2+c”2) " (1/2) ) -b*cot (exx+d) * (2*a-2xc+(a”~2-2*axc+b~2+c~2)~(1/2)))*2~(1/
2) / (a+b*cot (exx+d) +cxcot (exx+d) ~2) ~(1/2) / (2*a-2xc+(a~2-2*a*c+b~2+c~2) ~(1/2)
)" (1/2)/(a™2-b"2-2*a*xc+c”2-(a-c) *(a~2-2*a*c+b~2+c”2) ~(1/2)) ~(1/2) ) * (2*xa-2*c
+(a"2-2xaxc+b"2+c"2) " (1/2)) "~ (1/2)*(a"2-b"2-2*xa*c+c"2-(a-c) * (a"2-2*a*xc+b~2+c
~2)7(1/2))°(1/2) / (a~2-2xaxc+b~2+c"2) ~(3/2) /ex2~(1/2)-1/2*arctanh (1/2%(b~2-b
*cot (e*x+d) * (2%a-2*xc—-(a~2-2*xa*xc+b~2+c~2) " (1/2) ) -(a-c) *(a—c+(a~2-2*a*c+b~2+c
~2)7(1/2)))*27(1/2) / (a+b*cot (e*x+d) +cxcot (exx+d) ~2) ~(1/2) / (2%a-2*c-(a"~2-2*a
*c+b"2+¢”2) " (1/2))~(1/2) / (a~2-b"2-2*a*c+c”2+(a-c) *(a~2-2*a*xc+b~2+c~2) " (1/2)
)~ (1/2))*(2*xa-2*c-(a~2-2*a*xc+b~2+c~2) " (1/2))~(1/2) *(a~2-b"2-2*a*c+c~2+(a-c)
*(a~2-2*a*c+b~2+c”2) " (1/2))~(1/2) / (a~2-2*xa*xc+b~2+c~2) " (3/2) /ex2~(1/2)

Rubi [A]
time = 2.79, antiderivative size = 635, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.161,

steps used = 7, number of rules used = 5, integrand size = 31,
Rules used = {3782, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]/(a + b*Cot[d + e*x] + c*xCot[d + e*x]"2)~(3/2),x]

[Out] -((Sqgrt[2*a - 2*xc - Sqrt[a”™2 + b~2 - 2*a*c + c~2]]1*Sqrt[a”2 - b2 - 2*axc +
c™2 + (a - c)*Sqrt[a™2 + b2 - 2*xaxc + c"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”2 + b™2 - 2%a*xc + c72]) - b*(2*%a - 2%c - Sqrt[a”2 + b"2 - 2*axc +
c"2])*Cot[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqrt[a™2 + b~2 - 2*axc + c~2
11#Sqrt[a™2 - b™2 - 2*%axc + c”2 + (a - c)*Sqrt[a™2 + b2 - 2*xaxc + c~2]]*Sq
rt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a"2 + b~2 - 2*axc +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*a*xc + c~2]]*Sqrt[a~2
- b72 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c~2]]*ArcTanh[(b"2 -
(a - c)x(a - c - Sgrt[a™2 + b™2 - 2xa*c + c~2]) - b*(2*a - 2*c + Sqrt[a~2
+ b™2 - 2%axc + c~2])*Cot[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a"2 + b~
2 - 2xaxc + c~2]]*Sqrt[a™2 - b”2 - 2*axc + c”2 - (a - c)*Sqrt[a”2 + b2 - 2
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*xaxc + c~2]]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*xx]~2])])/(Sqrt[2]*(a~2 +

b~2 - 2xaxc + c72)7(3/2)*e) - (2x(ax(b”2 - 2x(a - c)*c) + b*c*(a + c)*Cot[
d + exx]))/((b”2 + (a - c)72)*(b~2 - 4xaxc)*e*Sqrt[a + b*Cot[d + e*xx] + cxC
ot[d + exx]"2])

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 1032

Int[((g_.) + (h_.)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*x(x_)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*xx~2)~
(@ + 1)/((b72 - 4xaxc)*(b~2xd*f + (c*d - a*f)~2)*(p + 1)))*((g*c)*((-b)*(c*
d + a*xf)) + (g*b - axh)*(2*c™2xd + b~2xf - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
*f - cx(2%axf)) - hx(bxcxd + axb*f))*x), x] + Dist[1/((b~2 - 4xaxc)*(b~2%dx*
f + (cxd - a*xf)"2)*(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + £*x72) g*Si
mp [(b*h - 2kgxc)*((ckd - axf)~2 - (bxd)*((-b)*f))*(p + 1) + (b™2x(g*f) - bx
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*f)))*(axf*(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(cxd + a*xf)) + (gxb - a*h)*(2xc™2*d + b~2xf - c*x(2*a*xf)))*(p +

q + 2) - (0"2x(gxf) - bx(h*cxd + axh*f) + 2kx(gkck(c*d - axf)))*x(bxfx(p + 1)
))*x — ckfx(b"2%(g*f) - bk(h*ckd + axhxf) + 2% (gxckx(cxd - a*xf)))*(2%p + 2xq
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d, £, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !( !'IntegerQlp
1 && ILtQlq, -11)

Rule 1044

Int[((g_ ) + (_D*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_.)*(x_)"2]), x_Symbol] :> Dist[-2*a*gxh, Subst[Int[1/Simp[2*a~2*g*h*c + ax*
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQ[a*xh™2%e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si

mp[(-a)*h*e - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + c
*xx~2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e~2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll]
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:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(f°2 + x72)), x
1, x, fxCotld + e*x]], x] /; FreeQl{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rubi steps

/ cot(d + ex) i Subst (f (1+w2)(a+z:c+cz2)3/2 dz, x,cot(d + ez))
(a + beot(d + ex) + ccot?(d + ex))*/? e

2(a(® — 2(a — ¢)c) + be(a + ¢) cot(d + ex))
(b2 + (a — ¢)?) (b2 — 4ac) e\/a + beot(d + ex) + ccot?(d

2(a(d® — 2(a — ¢)c) + be(a + ¢) cot(d + ex))
(&2 + (a — ¢)?) (b2 — 4ac) e\/a + beot(d + ex) + ccot?(d

2(a(b? — 2(a — ¢)c) + be(a + ¢) cot(d + ex))
(6% + (a — ¢)?) (b — 4ac) e\/a + beot(d + ex) + ccot?(d

\/2a—20—\/a2+bz—2ac+02‘ \/a2—bz—2ac+c2—

Mathematica [C] Result contains complex when optimal does not.
time = 30.18, size = 375, normalized size = 0.59

+ioArcTan

asn u)Arr,Tan[

T Ve (i s e ramErey) " Wa-ib—¢ \/c+btan((l+er)(b+atan(d+er)) ) ot beot(d+ ea) + cool i+ ox) tase)
—ih—c

a+ib—c

4V2 (a4 20(a-c)e-belato) cotfdre)) 4
o e /e (d & ca)(a t o+ (~at o) cos(2(d T ex)) T bem(2(d 1 ex))) Ty
%

o+ tan(d + ex) (b + atan(d + cx))

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/(a + b*Cot[d + exx] + c*Cot[d + e*x]~2)~(3/2),x]

[Out] ((-4#Sqrt[2]*(-(a*b~2) + 2xax(a - c)*c - b*cx(a + c)*Cot[d + e*x]))/((a - I
xb - c)x(a + I*b - c)*(-b~2 + 4*axc)*Sqrt[Cscl[d + e*x]"2x(a + ¢ + (-a + c)*
Cos[2x(d + e*x)] + bxSin[2*(d + exx)])]) + ((((I*a + b — I*c)*ArcTan[((-I)=*
b + 2%c + ((-2xI)*a + b)*Tan[d + e*x])/(2xSqrt[a + I*b - c]l*Sqrtl[c + Tan[d
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+ exx]*(b + axTan[d + exx])])])/Sqrt[a + Ixb - c] + (((-I)*a + b + I*c)*Arc
Tan[(I*b + 2*%c + ((2*I)*a + b)*Tan[d + exx])/(2+Sqrt[a - I*b - c]*Sqrtlc +
Tan[d + exx]*(b + a*Tan[d + e*x])])])/Sqrt[a - I*b - c])*Sqrt[a + b*Cot[d +
exx] + cxCot[d + e*xx]~2]*Tan[d + exx])/((a"2 + b2 - 2xaxc + c~2)*Sqrt[c +
Tan[d + exx]*(b + a*Tan[d + e*x])]))/(2%e)

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 0.32, size = 13066366, normalized size = 20576.95

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)/(a+b*cot (exx+d)+c*cot (exx+d) ~2)~(3/2),x)
[Out] result too large to display
Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d)+c*xcot(e*x+d)~2)~(3/2),x, algorithm="ma
xima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a*c-b~2>0)’, see ‘assume?‘ for mo

re deta

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d)+cxcot(e*x+d)~2)~(3/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cot (d + ex)
(a+ bceot (d+ ex) + ccot? (d + ex))

dz

3
2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atbxcot (e*xx+d)+ckcot (e*x+d)**2)**(3/2),x)
[Out] Integral(cot(d + e*x)/(a + b*cot(d + e*x) + ckcot(d + e*x)**x2)**(3/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(a+b*cot (exx+d)+c*cot(exx+d)~2)~(3/2),x, algorithm="gi
ac")

[Out] sageO*x

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
cot(d + e x)

dx
/ (ccot (d+ex)® +beot (d+ex) +a

)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)/(a + b*cot(d + e*x) + c*xcot(d + e*xx)~2)"(3/2),x)
[Out] int(cot(d + e*x)/(a + bxcot(d + e*xx) + c*cot(d + e*x)~2)~(3/2), x)
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tan(d+ex)
315 f (a+b cot(d+ex)+ccot2(d+ex))3/ 2 dz

Optimal. Leaf size=749

tanh~! 2a+b cot(d+ex) | \/2a — 92 — \/&2 + b2 — 2ac+ 2 /a2 —=b2 —2ac

2v/a \/a + beot(d + ex) + ccot?(d + ex)
a’/2e

+

[Out] arctanh(1/2*(2*a+b*cot(exx+d))/a~(1/2)/(a+b*cot (e*xx+d)+c*cot (e*xx+d)~2)~(1/2
))/a~(3/2) /e-2*x(b~2-2*axc+b*c*cot (exx+d) ) /a/ (-4*axc+b~2) /e/ (at+b*cot (exx+d) +
c*xcot (e*x+d) ~2) ~(1/2) +2* (a*x (b~2-2* (a—c) *c) +b*c* (a+c) *cot (exx+d) ) / (b~ 2+(a-c)
~2) / (-4*xa*xc+b~2) /e/ (a+bxcot (exx+d) +cxcot (e*xx+d) ~2) ~(1/2)-1/2*arctanh(1/2* (b
~2-(a-c)*(a-c-(a"2-2*a*c+b~2+c”2) ~(1/2) ) -b*cot (exx+d) * (2*a-2*c+(a~2-2*a*xc+b
~2+¢c”2)7(1/2)))*27(1/2) / (a+b*cot (e*x+d) +c*xcot (exx+d) ~2) ~(1/2) / (2*xa-2*c+(a”~2
-2%xaxc+b”~2+c"2)~(1/2))"(1/2)/(a~2-b"2-2*axc+c”2-(a-c) *(a”~2-2*a*xc+b~2+c~2) ~(
1/2))7(1/2) ) *(2*a-2xc+(a”~2-2*a*xc+b~2+c~2)~(1/2) )~ (1/2)*(a~2-b~2-2*a*c+c”2-(
a-c)*(a~2-2xaxc+b~2+c~2) " (1/2))~(1/2)/(a~2-2*%a*c+b~2+c~2) ~(3/2) /e*2~(1/2)+1
/2*arctanh(1/2*(b~2-b*cot (e*x+d) * (2*a-2*%c-(a~2-2*xa*xc+b~2+c~2) ~(1/2))-(a-c)*
(a—c+(a™2-2xa*xc+b™2+c~2)~(1/2)))*2~(1/2) / (a+b*cot (exx+d) +c*xcot (e*xx+d) ~2) ~ (1
/2)/ (2xa-2*c-(a~2-2*%a*c+b~2+c~2) " (1/2))~(1/2) /(a~2-b~2-2*a*c+c~2+(a-c) *(a~2
-2¥axc+b”~2+c"2)~(1/2)) " (1/2) ) *(2*a-2*c-(a~2-2*a*c+b~2+c~2)~(1/2))~(1/2)*(a~
2-b"2-2xa*c+c”2+(a-c)*(a~2-2*%axc+b~2+c”2) " (1/2)) " (1/2) / (a~2-2*a*xc+b~2+c"2) "
(3/2)/ex2~(1/2)

Rubi [A]

time = 3.40, antiderivative size = 749, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 13, number of rules used = 10, integrand size = 31, integrand size — 0.323,

Rules used = {3782, 6857, 754, 12, 738, 212, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Tan[d + e*x]/(a + b*Cot[d + e*x] + cxCot[d + exx]~2)~(3/2),x]

[Out] ArcTanh[(2*a + b*Cot[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Cot[d + exx] + cxCot[d
+ exx]"2])]1/(a~(3/2)*e) + (Sqrt[2*a - 2%c - Sqrt[a”2 + b2 - 2xaxc + c~2]]
xSqrt[a”2 - b72 - 2%a*c + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2%a*c + c~2]]*ArcT
anh[(b”2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c”2]) - b*(2xa - 2xc -
Sqrt[a~2 + b™2 - 2xaxc + c~2])*Cot[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqr
t[a™2 + b™2 - 2%a*xc + c"2]]*Sqrt[a”2 - b"2 - 2*axc + c”2 + (a - c)*Sqrt[a~2

+ b~2 - 2%axc + c”2]]*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(Sqrt
[2]*(a”2 + b2 - 2xaxc + c~2)7(3/2)*e) - (Sqrt[2*a - 2%c + Sqrt[a”2 + b™2 -
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2%axc + c¢"2]]1*Sqrt[a”2 - b™2 - 2xa*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b"2 - 2xax
c + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b~2 - 2%a*xc + c~2]) -
bx(2xa - 2%c + Sqrt[a”2 + b~2 - 2*a*c + c"2])*Cot[d + ex*x])/(Sqrt[2]*Sqrt[2
*a — 2%c + Sqrt[a”2 + b™2 - 2xaxc + c”2]]*Sqrt[a”2 - b72 - 2*axc + c”2 - (a

- c)*Sqrt[a”2 + b~2 - 2xa*xc + c~2]]1*Sqrt[a + bxCot[d + exx] + cxCot[d + ex
x]172]1)1)/(Sqrt[2]1*(a~2 + b™2 - 2%a*c + c~2)7(3/2)*e) - (2x(b"2 - 2%a*c + bx
cxCot[d + e*x]))/(ax(b~2 - 4*axc)*exSqrt[a + b*Cot[d + exx] + c*Cot[d + e*x
172]) + (2x(a*x (™2 - 2%(a - c)*c) + bkckx(a + c)*Cot[d + e*x]))/((b"2 + (a -

c)"2)*(b"2 - 4xaxc)*exSqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh [Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd™2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
kaxe — bkd - (2%cxd - bke)*x)/Sqrt[a + bkx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*cxd - bxe, 0]

Rule 754

Int [((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*(bxc*d - b~2%e + 2%akxcke + c*(2*c*d - bxe)
xx)*((a + b*x + cxx"2)"(p + 1)/((p + 1)*(b"2 - 4*a*xc)*(cxd"2 - bxdxe + a*xe”
2))), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)), Int[(d +
e*x) “m*Simp [b*c*d*e*x(2%p - m + 2) + b™2xe”2x(m + p + 2) - 2xc”2xd"2x(2*p +
3) - 2xaxc*xe”2%(m + 2%p + 3) - cke*(2%c*d - bxe)*(m + 2%p + 4)*x, x]*(a +
bxx + cxx~2)~(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 1032



120

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_O*(x_)7"2)7(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*x~2)~
(@ + 1)/((b72 - 4xaxc)*(b~2xd*xf + (c*d - a*f)~2)*(p + 1)))*((g*c)*((-b)*(c*
d + axf)) + (g*b - axh)*(2%c™2xd + b~2*f - c*(2xa*xf)) + cx(gx(2%c™2xd + b~2
*f - cx(2%a*f)) - h*x(bxcxd + axbxf))*x), x] + Dist[1/((b72 - 4*a*c)*(b~2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xg*c)*((c*d - axf)~"2 - (bxd)*((-b)*£))*(p + 1) + (b~2*x(g*f) - b*
(h*c*d + axh*f) + 2*(gkck(ckd - axf)))*x(axfx(p + 1) - ckd*(p + 2)) - (2xf*(
(gxc)*((-b)*(cxd + a*xf)) + (gxb - axh)*(2xc~2*d + b~2xf - c*x(2*axf)))*(p +

q + 2) - (b72*%(gxf) - b*(h*cxd + axhxf) + 2x(gkckx(cxd - axf)))*(bxfx(p + 1)
))xx — ckxfx(b~2x(g*f) - bx(hkckxd + axh*f) + 2% (gxckx(cxd - a*xf)))*(2xp + 2%q
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4*
axc, 0] && LtQlp, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !'( !'IntegerQlp
1 && ILtQlq, -11)

Rule 1044

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(cxd - a*xf - q) + (hx(c*d - a*f + q) - gkcx
e)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2%q), Int[Si
mp[(-a)*h*e - gx(cxd - a*f + q) + (h*x(c*xd - axf - q) - gkcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Rubi steps
1
/ tan(d + ex) e Subst (f e b o) dz, z, cot(d + ex))
(a + beot(d + ex) + ccot?(d + ex))*/? e
_ _ Subst (f (:c(a+sz—cz2)3/2 - (1+x2)(a+ix+012)3/2> dz, z, COt(d
e
_ _SUbSt (f m dz,z,cot(d + ew)) . Subst (f o
e

o 2(b? — 2ac + becot(d + ex)) L

a (b? — 4ac) e\/a + beot(d + ex) + ccot?(d +ex) (b2

. 2(b* — 2ac + becot(d + ex)) L

a (b2 — 4ac) e\/a +bceot(d + ex) + ccot?(d +ex) (b2

. 2(b% — 2ac + becot(d + ex)) b

a (b? — 4ac) e\/a + beot(d + ex) + ccot?(d +ex) (b2

2a+b cot(d+ex)

tanh_l T \/
2v/a’ \/a + beot(d + ex) + ccot?(d + ex)

a3/?e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 39.44, size = 558961, normalized size = 746.28

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]/(a + b*Cot[d + e*x] + c*Cot[d + e*x]~2)~(3/2),x]

[Out] Result too large to show

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 61.68, size = 21338039, normalized size = 28488.70
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method | result size
default | Expression too large to display | 21338039

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(ex*x+d)/(at+b*cot (e*x+d)+c*cot(e*x+d)~2)~(3/2),x,method=_RETURNVERBOS
E)

[Out] result too large to display

Maxima [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="ma
xima")

[Out] Timed out

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)+c*xcot(e*x+d)~2)~(3/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ tan (d + ex)
(a+ bceot (d+ ex) + ccot? (d + ex))

dz

3
2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(tan(e*x+d)/(atb*cot(exx+d)+c*cot (exx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)/(a + bxcot(d + exx) + c*cot(d + e*x)**2)*%(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(at+b*cot(e*xx+d)+cxcot(e*x+d)~2)~(3/2),x, algorithm="gi
ac")

[Out] sageOx*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

tan(d + e x)
5 372 dz
(ccot (d+ ex)” +bceot (d+ ex) +a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)/(a + b*cot(d + e*x) + c*xcot(d + e*x)"2)"(3/2),x)
[Out] int(tan(d + e*x)/(a + b*cot(d + e*xx) + cxcot(d + e*x)"2)"(3/2), x)
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3
tan®(d+ex
(a+bcot(d+ex)+ccot?(d+ex))
Optimal. Leaf size=1008
tanh_l 2a+b cot(d+ex) ‘ 3(5b2 _ 4(10) tanh_l 2a+b cot(d+ex)
2v/a’ \/a + beot(d + ex) + ccot?(d + ex) 2v/a’ \/a + beot(d + ex) +
B a’/?e + 8a"/2e

[Out] -arctanh(1/2*(2*a+b*cot(exx+d))/a~(1/2)/(a+b*cot (e*xx+d)+cxcot (e*x+d)~2)~(1/
2))/a”~(3/2) /e+3/8*(—4*a*c+5xb~2) *arctanh (1/2* (2*a+bxcot (e*x+d))/a~(1/2)/(a+
bxcot (e*xx+d)+c*xcot (exx+d) ~2) ~(1/2))/a~(7/2) /e+2x (b~ 2-2*a*c+b*c*xcot (exx+d))/
a/ (-4*xaxc+b~2) /e/ (atb*cot (e*x+d)+c*cot (e*xx+d) ~2) ~(1/2)-2* (a*x (b~2-2* (a-c) *c)
+b*c* (a+c) *cot (exx+d) )/ (b~2+(a-c) ~2) / (-4*a*xc+b~2) /e/ (atb*cot (exx+d) +c*cot (e
*x+d) ~2) ~(1/2)+1/2*xarctanh (1/2* (b~2-(a-c) *(a-c-(a~2-2xaxc+b~2+c~2) ~(1/2))-b
*cot (exx+d) * (2¥a-2*c+(a"2-2xa*c+b”"2+c~2) ~(1/2)))*27(1/2) / (a+b*cot (exx+d) +c*
cot (exx+d) ~2)~(1/2) / (2*¥a-2xc+(a"2-2*a*xc+b~2+c"2)~(1/2))~(1/2)/(a~2-b"2-2*xax
c+c”2-(a-c)*(a~2-2*xaxc+b~2+c~2)~(1/2)) " (1/2) ) *(2*xa-2*xc+(a~2-2*a*c+b"2+c~2) "
(1/2))°(1/2)*(a~2-b~2-2*axc+c"2-(a-c) * (a~2-2*a*c+b~2+c~2) " (1/2))~(1/2)/(a~2
-2%axc+b~2+c"2) " (3/2) /ex2~(1/2)-1/2*arctanh (1/2* (b~ 2-b*cot (e*x+d) * (2%a-2*c-
(a"2-2*a*c+b~2+c”2) " (1/2))-(a-c) *(a-c+(a"2-2*a*xc+b~2+c"2) " (1/2)))*2"(1/2) /(
a+bxcot (exx+d)+cxcot (e*xx+d) ~2) ~(1/2) / (2*xa-2*c-(a~2-2*axc+b~2+c~2)~(1/2))~ (1
/2)/(a~2-b"2-2xaxc+c”2+(a-c)*(a”~2-2*a*xc+b~2+c"2) " (1/2)) " (1/2) ) *(2*a-2*c-(a~
2-2xaxc+b”2+c"2) " (1/2)) " (1/2)*(a"2-b"2-2*xa*xc+c~2+(a-c) *(a"2-2*xaxc+b~2+c~2) "
(1/2))~(1/2) / (a~2-2%a*c+b~2+c~2) " (3/2) /e*27 (1/2) -1/4%b* (-52*a*c+15%b~2) * (a+
b*xcot (e*xx+d)+c*xcot (exx+d) ~2) ~(1/2) *tan(e*x+d) /a~3/ (-4*a*xc+b~2) /e-2* (b~ 2-2*a
*c+bxckxcot (exx+d) ) *tan (exx+d) ~2/a/ (-4*a*xc+b~2) /e/ (a+b*cot (exx+d) +c*cot (exx+
d)~2) " (1/2)+1/2*% (-12*a*c+5*%b~2) * (a+b*cot (e*x+d) +cxcot (exx+d) "2) ~(1/2) *tan(e
*x+d) "2/a"2/ (-4*xa*xc+b~2) /e

Rubi [A]

time = 3.64, antiderivative size = 1008, normalized size of antiderivative = 1.00, number of

steps used = 18, number of rules used = 12, integrand size = 33, number of rules _ 0.364,
integrand size

Rules used = {3782, 6857, 754, 848, 820, 738, 212, 12, 1032, 1050, 1044, 214}

Antiderivative was successfully verified.
[In] Int[Tan[d + e*x]~3/(a + b*Cot[d + exx] + c*xCot[d + e*x]~2)~(3/2),x]

[Out] -(ArcTanh[(2*a + b*Cot[d + exx])/(2xSqrt[al*Sqrt[a + b*Cot[d + e*x] + cx*Cot
[d + exx]~2])]1/(a~(3/2)*e)) + (3*%(5xb~2 - 4*axc)*ArcTanh[(2*a + b*Cot[d + e
*xx])/(2xSqrt [a]l*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(8*a~(7/2)*e
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) - (Sgrt[2*a - 2*c - Sqrt[a™2 + b~2 - 2%a*c + c~2]]1*Sqrt[a™2 - b~2 - 2*axc
+ c”2 + (a - c)*Sqrt[a”2 + b™2 - 2%a*c + c”2]]*ArcTanh[(b"2 - (a - c)*(a -
c + Sqrt[a™2 + b™2 - 2*axc + c72]) - b*(2xa - 2xc - Sqrt[a™2 + b2 - 2¥a*c
+ c"2])*Cot [d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c - Sqrt[a”2 + b"2 - 2*a*c + ¢

~2]1*Sqrt[a”2 - b"2 - 2xa*c + c”2 + (a - c)*Sqrt[a”2 + b~2 - 2xa*xc + c”2]]*

Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2])])/(Sqrt[2]*(a"2 + b~2 - 2*axc

+ ¢c72)7(3/2)*e) + (Sqrt[2xa - 2*c + Sqrt[a™2 + b"2 - 2%a*c + c~2]]1*Sqrt[a~2
- b"2 - 2%a*c + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2*a*xc + c~2]]*ArcTanh[(b~2

- (a-c)*(a - c - Sqrt[a™2 + b™2 - 2xa*xc + c72]) - b*(2*%a - 2xc + Sqrt[a™2
+ b™2 - 2*%a*xc + c~2])*Cot[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a”2 + b

~2 - 2%akxc + c”2]]1*Sqrt[a”2 - b"2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 -

2xaxc + c~2]]1*Sqrt[a + b*Cot[d + e*x] + c*Cot[d + e*x]~2])])/(Sqrt[2]*(a~2

+ b72 - 2xaxc + ¢c72)7(3/2)*%e) + (2%x(b~2 - 2%axc + bkcxCot[d + ex*x]))/(ax(b”

2 - 4xaxc)*exSqrtla + bxCot[d + e*xx] + cxCot[d + exx]~2]) - (2x(ax(b"2 - 2%

(a - c)*c) + bxck(a + c)*Cotld + exx]))/((b72 + (a - ¢c)72)*(b72 - 4*axc)*ex

Sqrt[a + bxCot[d + exx] + cxCot[d + exx]~2]) - (b*(15%b~2 - 52*axc)*Sqrt[a

+ b*Cot[d + e*x] + cxCot[d + exx]~2]*Tan[d + e*x])/(4*a"3*(b~2 - 4*axc)*e)

- (2%(b~2 - 2xaxc + bkxcxCot[d + exx])*Tan[d + exx]~2)/(a*(b~2 - 4*axc)*exSq

rt[a + bxCot[d + exx] + c*Cot[d + e*x]~2]) + ((5%¥b~2 - 12%axc)*Sqrt[a + bxC

ot[d + e*x] + cxCot[d + e*x]~2]*Tan[d + e*x]~2)/(2*%a~2*(b~2 - 4*a*c)*e)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xa*xe - bxd - (2%cxd - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 754

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*xx)~(m + 1)*(bxc*d - b~2%e + 2%akxcke + c*(2xc*d - bxe)
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xx)*((a + b*x + cxx"2)"(p + 1)/((p + 1)*(b"2 - 4*a*xc)*(cxd"2 - bxdxe + a*xe”
2))), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)), Int[(d +
e*x) “m*Simp [b*c*kd*e*x(2%p - m + 2) + b™2xe”2x(m + p + 2) - 2xc”2xd"2x(2*p +
3) - 2%axc*xe”2%(m + 2%p + 3) - c*e*(2%c*d - bxe)*(m + 2%p + 4)*x, x]*(a +
b*x + c*x~2)~(p + 1), x], x] /; FreeQl[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 820

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_*(x_)72)"(p_.), x_Symbol] :> Simp[(-(e*f - d*g))*(d + exx)"(m + 1)*((a +
bxx + cxx"2) " (p + 1)/(2x(p + 1)*(c*d™2 - bxdxe + axe”2))), x] - Dist[(b*(e
xf + d*g) — 2k(c*kd*f + axexg))/(2*%(c*d™2 - bxdxe + a*e”2)), Int[(d + e*x)~(
m + 1)*x(a + bkx + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, xl]
&& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && EqQ[Simplify[m

+ 2%p + 3], 0]

Rule 848

Int[((d_.) + (e_.)*(x_))"(m_)*x((£f_.) + (g_.)*(x_))*((a_.) + (b_)*(x_) + (c
_I)x(x_)"2)"(p_.), x_Symbol] :> Simp[(e*f - dxg)*(d + exx)"(m + 1)*((a + bx

X+ cxx”2)"(p + 1)/((m + 1)*(cxd”2 - bxdxe + a*e”2))), x] + Dist[1/((m + 1)
*(c*d™2 - b*d*e + a*xe”2)), Int[(d + exx)"(m + 1)*(a + bxx + c*x~2) p*Simp[(
ckdxf - fxbkxe + axexg)*x(m + 1) + bx(d*g - exf)*(p + 1) - c*(exf - d*xg)*(m +
2xp + 3)*x, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, p}, x] && NeQ[b~2 -

4xaxc, 0] && NeQ[cxd™2 - bxdxe + a*e”™2, 0] && LtQ[m, -1] && (IntegerQ[m] ||
IntegerQ[p] || IntegersQ[2+*m, 2x*p])

Rule 1032

Int[((g_.) + (h_.)*(x_))*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*(x_)72)"(q_), x_Symbol] :> Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*xx~2)~
(@ + 1)/((172 - 4*axc)*(b~2%d*xf + (c*kd - axf)~2)x(p + 1)))*((gxc)*((-b)*(cx*
d + a*xf)) + (g*b - axh)*(2%c™2xd + b~2*f - c*(2xa*xf)) + cx(gx(2*c™2xd + b~2
*f - cx(2%axf)) - h*x(bxcxd + axbxf))*x), x] + Dist[1/((b72 - 4*a*c)*(b~2*dx*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + f*x~2) g*Si
mp[(b*h - 2xg*xc)*((c*d - axf)~2 - (bxd)*((-b)*f))*(p + 1) + (b~ 2x(gxf) - bx
(hxc*xd + axhxf) + 2x(gxcx(cxd - a*f)))*(axf*x(p + 1) - c*xdx(p + 2)) - (2xfx(
(gxc)*((-b)*(cxd + a*f)) + (gxb - a*h)*(2xc™2*d + b~2xf - c*x(2*a*xf)))*(p +

q + 2) - (b"2x(gxf) - bx(h*cxd + axh*f) + 2kx(gkck(ckd - axf)))*x(bxfx(p + 1)
))*x - c*kfx(b"2*(g*f) - bx(h*ckd + axh*xf) + 2x(g*ckx(cxd - axf)))*(2*%p + 2%q
+ 6)*x~2, x], x], x] /; FreeQ[{a, b, c, 4, £, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2xd*xf + (c*d - axf)~2, 0] && !( !'IntegerQl[p
1 && ILtQlq, -11)
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Rule 1044

Int[((g_ ) + (h_D*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]]1, x] /; FreeQl
{a, c, d, e, f, g, h}, x] && EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*c*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gk(cxd - axf - q) + (hx(c*d - a*xf + q) - gkcx
e)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*xx~2]), x], x] - Dist[1/(2*q), Int[Si
mp[(-a)*hxe - g(ckd - axf + q) + (h*x(cxd - a*f - q) - gkc*e)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f£*x"2]), x], x]] /; FreeQl{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)]1*(£_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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tan®(d + ex) . Subst (f x3(1+x2)(aib$+cm2)3/2 dz, z, cot(d + ex))
€r = —

/ (a + beot(d + ex) + ccot?(d + ex))? - ¢

1 1 z
B SUbSt (f (g}S(a+bm+C$2)3/2 - [l:(a+b17+CZ2)3/2 + (1+Z2)(a,+bz+ca:2)3/
e
B _Subst(fmdm,%cot(d—i-ex)) N SUbSt< x(_a-l-
e

2(b* — 2ac + becot(d + ex)) B
a (b —4ac)e\/a+bcot(d+ew)+ccot2(d+ez)‘ (6% + (

2(b? — 2ac + becot(d + ex)) B
a (b — 4ac) e\/a + beot(d + ex) + ccot?(d + eac)‘ (6% + (

2(b% — 2ac + becot(d + ex)) B
a (b2 —4ac)e\/a+bcot(d+em)+ccot2(d+ez)‘ (b2 + (

tanh—l 2a+b cot(d+ex) \

2v/a’ \/a + beot(d + ex) + ccot?(d + ea:)‘
a3/2e

tanh_l 2a+b cot(d+ex) 3

2v/a’ \/a + beot(d + ex) + ccot?(d + e:v)‘

= a3/%e + -

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 44.74, size = 930953, normalized size = 923.56

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/(a + b*Cot[d + e*xx] + cxCot[d + exx]~2)~(3/2),x]
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[Out] Result too large to show

Maple [B] result has leaf size over 500,000. Avoiding possible recursion issues.
time = 252.39, size = 29682798, normalized size = 29447.22

method | result size
default | Expression too large to display | 29682798

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)~3/(atb*cot(e*xx+d)+c*cot(exx+d)~2)~(3/2),x,method=_RETURNVERB
0SE)

[Out] result too large to display

Maxima [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*cot(exx+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(tan(e*x+d)~3/(atb*cot(exx+d)+cxcot(e*xx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ tan® (d + ex) e
(a+ bcot (d + ex) + ccot? (d + ez))%
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)**3/(atbxcot (e*xx+d)+c*kcot (e*xx+d)**2)**(3/2),x)
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[Out] Integral(tan(d + e*x)#*x3/(a + b*cot(d + e*x) + c*cot(d + e*x)**2)*x(3/2), x
)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*cot(exx+d)+c*cot(e*x+d)~2)~(3/2),x, algorithm="
giac")

[Out] sageO*x

Mupad [F(-1)]

time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)~3/(a + b*cot(d + e*xx) + cxcot(d + e*x)~2)~(3/2),x)

[Out] \text{Hanged}
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f cot?(d+ex) dx
v a + beot?(d + ex) + ccot*(d + ex)

Optimal. Leaf size=182

3.17

tanh_l 2a—b+(b—2c) cot?(d+ex) ‘ (b + 20) tanh_l b+2c cot?(c
2vVa—b+c \/a + beot?(d + ex) + ccot?(d + ex) 2¢/c \/a + beot?(d + e
+
2vVa—b+ce 4c3/%e

[Out] 1/4*(b+2*c)*arctanh(1/2*(b+2*c*cot (exx+d) ~2)/c~(1/2)/(at+b*cot (e*xx+d) ~2+c*co
t(exx+d)~4)~(1/2))/c~(3/2) /e+1/2*arctanh (1/2* (2*a-b+(b-2*c) *cot (exx+d) ~2) / (
a-b+c)~(1/2) / (a+b*cot (exx+d) ~2+c*cot (exx+d)~4)~(1/2))/e/(a-b+c) ~(1/2)-1/2*(
a+bxcot (exx+d) “2+c*xcot (e*x+d) ~4)~(1/2)/c/e

Rubi [A]
time = 0.27, antiderivative size = 182, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 8, number of rules used = 7, integrand size = 35,
Rules used = {3782, 1265, 1667, 857, 635, 212, 738}

(b+2c)tanh™ bt 2ccot? (d +ez) : tanh—" 2a+(b—2c) cot? (d-+ez)—b ‘
2¢/c’ \/u+bcot2(d+ez) + ccot(d + ex) \/a+bcot2(d+ez) + ccot?(d + ex) Wa—b+c \/a+bcot2(d+ez) + ccot(d + ex)
+

4c3/%e 2ce 2eva—b+c

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]~5/Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a + b*
Cot[d + e*x]~2 + cxCot[d + exx]~4])]1/(2*Sqrt[a - b + c]*e) + ((b + 2%c)*Arc
Tanh[(b + 2*cxCot[d + exx]~2)/(2#Sqrt[c]*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[

d + e*x]~4]1)]1)/(4*%c”(3/2)*e) - Sqrt[a + b*Cot[d + e*x]~2 + cxCot[d + exx]"4

1/ (2%c*e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4%c - x°2), x], x, (b + 2%c*x)/Sqrt[a + bxx + c*x2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738



132

Int[1/(((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 857

Int[((d_.) + (e_.)*(x)) (@ )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)"p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*xd™2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1265

Int[(x_)"(m_.)*x((d_ ) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1667

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + cxx"2)"(p + 1)/(c*e"(q - 1)*(m + q
+ 2xp + 1))), x] + Dist[1/(cxe”gq*x(m + q + 2%p + 1)), Int[(d + e*x)"m*(a + b
*x + c*xx~2) p*ExpandToSum[c*e~q*(m + q + 2*%p + 1)*Pq - c*f*(m + q + 2%p + 1
)*(d + e*x)"q - £x(d + exx)"(q - 2)*(bxd*ex(p + 1) + a*e™2x(m + q - 1) - c*
d”2x(m + q + 2%p + 1) - ex(2xcxd - b*e)*(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*xd~"2 - bxdxe + axe”2, 0] && !(IGtQ
[m, O] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 01))

Rule 3782

Int[cot[(d_.) + (e_.)*x(x_ )] (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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:ES
/ cot’(d + ex) o _Subst (f Covatti Tt dz, z,cot(d + ex))
\/a + beot?(d + ex) + ccot*(d + ex) e
Subst - - dz, 3, cot?(d + )
e <f (1+z)Va + bz + cx? T, , cot( ez)

2e

\/a + beot?(d + ex) + ccot*(d + ex) - Subst (f o)

2ce

\/a + beot?(d + ex) + ccot*(d + ex) - Subst (f (112)v

2ce

! S'llet (f 4a— 4b+

\/a + beot?(d + ex) + ccot*(d + ex)

2ce

2a—b+(b—2c) cot?(d+ex)
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex
a 2vVa—b+ce

tanh™*

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 34.24, size = 179905, normalized size = 988.49

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~5/Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]~4],x]
[Out] Result too large to show

Maple [A]
time = 0.40, size = 232, normalized size = 1.27

’ method ‘ result
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pin [ Bo(0t (o)
_Va+b(cot’ (ex +d)) +c(cot’ (ez +d)) | ( NG va+b(cot? (ex + d))

2¢c 3
derivativedivides 4c2
o Bre(cetitentd) b (cot? d
_va+b(cot? (ex + d)) + c(cot® (ez + d)) +b1 ( NG +v/a+b(cot? (ex + d))
default ‘ 4c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)~5/(atb*cot(e*xx+d) ~2+c*xcot(exx+d)~4)~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(-1/2/c*(a+b*cot (exx+d) ~“2+c*cot (exx+d) ~4)~(1/2)+1/4%b/c~(3/2)*1n((1/2*b
+ckcot (exx+d) ~2) /c~(1/2) +(a+bkcot (e*xx+d) ~2+ckcot (exx+d) ~4) ~(1/2))+1/2*1n((1
/2*b+cxcot (e*xx+d) ~2) /c” (1/2)+(a+b*cot (exx+d) "2+c*cot (e*xx+d) ~4)~(1/2))/c~(1/
2)+1/2/(a-b+c) " (1/2) *1n((2*a-2*b+2*c+(b-2*c) * (cot (e*xx+d) ~2+1) +2* (a-b+c) ~(1/
2)*(cx(cot (e*xx+d) ~2+1) "2+ (b-2*c) * (cot (exx+d) “2+1)+a-b+c) ~(1/2) )/ (cot (e*x+d)
~2+1)))

Maxima [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 5/ (a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 527 vs.
2(163) = 326.
time = 5.21, size = 2180, normalized size = 11.98

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8*(2xsqrt(a - b + c)*c"2xlog(2*(a”2 - 2*axb + b™2 + 2x(a - b)*c + c~2)*c
0s(2*x*e + 2%d)"2 + 2%a"2 - b™2 + 2xc”2 + 2x((a - b + c)*cos(2xx*e + 2%d) "2
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- (2%a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*co
s(2xx*e + 2%d)~2 - 2%(a - c)*cos(2*x*e + 2*%d) + a + b + c)/(cos(2*x*e + 2xd
)72 - 2%cos(2*x*e + 2*d) + 1)) - 4%(a”2 - a*b + b*c - c~2)*cos(2*x*e + 2*d)
) + (a¥b - ™2 + (2%a - b)*c + 2*%c”2)*sqrt(c)*log(((b”2 + 4x(a - 2*b)*c + 8
*Cc"2)*kcos (2*x*e + 2*%d)"2 + b"2 + 4x(a + 2*b)*c + 8*xc”2 + 4*((b - 2*c)*cos(2
xx*xe + 2%d) "2 - 2xbxcos(2*x*e + 2*%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*c
os(2xx*xe + 2%d)"2 - 2*(a - c)*cos(2*x*xe + 2*d) + a + b + c)/(cos(2*x*e + 2%
d)"2 - 2xcos(2xx*e + 2%d) + 1)) - 2x(b~2 + 4*xa*xc - 8*c”~2)*cos(2*x*e + 2*d))
/(cos(2xx*e + 2%d)~2 - 2xcos(2xx*e + 2*d) + 1)) - 4*x((a - b)*c + c~2)*sqrt(
((a - b + c)*xcos(2*x*e + 2*xd)"2 - 2x(a - c)*cos(2xx*e + 2%d) + a + b + c)/(
cos(2xx*e + 2%d) "2 - 2%cos(2%x*xe + 2*%d) + 1)))*e”~(-1)/((a - B)*c™2 + c~3),
1/4*(sqrt(a - b + c)*c"2*xlog(2*(a~2 - 2*a*b + b™2 + 2x(a - b)*c + c~2)*cos(
2xxke + 2*%d)"2 + 2*xa”2 - b"2 + 2xc”2 + 2*%((a - b + c)*cos(2*xx*e + 2%d)"2 -
(2*%a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2
xx*e + 2%d)"2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2xx*e + 2%d) "2

- 2xcos(2*x*e + 2xd) + 1)) - 4*x(a"2 - axb + b*c - c~2)*cos(2*x*e + 2%d)) +

(axb - b™2 + (2*%a - b)*c + 2*c”2)*sqrt(-c)*arctan(-1/2x((b - 2%c)*cos(2xx*
e + 2xd)~"2 - 2%b*cos(2*x*e + 2xd) + b + 2*c)*sqrt(-c)*sqrt(((a - b + c)*cos
(2xx*e + 2xd)~2 - 2*(a - c)*cos(2*xx*xe + 2*%d) + a + b + c)/(cos(2*x*e + 2xd)
~2 - 2xcos(2*xx*e + 2xd) + 1))/(((a - b)*c + c”2)*cos(2*x*e + 2%d)"2 + (a +
b)*xc + c™2 - 2x(a*c - c"2)*cos(2xx*e + 2*d))) - 2*((a - b)*c + c~2)*sqrt (((
a-b + c)*cos(2xx*e + 2%d)"2 - 2*%(a - c)*cos(2*x*e + 2*d) + a + b + ¢c)/(co
s (2*x*e + 2%d) "2 - 2xcos(2xx*xe + 2*d) + 1)))*e~(-1)/((a - b)*c™2 + ¢c~3), -1
/8x(4*sqrt(-a + b - c)*c”2*xarctan(((a - b + c)*cos(2*x*e + 2*d)~2 - (2*a -
b)*cos(2*x*e + 2*d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*xxxe +

2%d) "2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*xx*e + 2%d) "2 - 2%c
os(2xxxe + 2%d) + 1))/((a”2 - 2*a*b + b~2 + 2*%(a - b)*c + c”2)*cos(2*x*e +
2x%d) "2 + a2 - b72 + 2*xa*xc + c”2 - 2%(a”2 - a*b + b*c - c"2)*cos(2*x*e + 2%
d))) - (axb - b™2 + (2%a - b)*c + 2xc~2)*sqrt(c)*Log(((b™2 + 4x(a - 2xb)*c
+ 8%c"2)*cos(2*x*e + 2*d)"2 + b~2 + 4*(a + 2xb)*c + 8xc”2 + 4% ((b - 2%c)*co
s(2xx*xe + 2%d)"2 - 2*b*cos(2xx*e + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + ¢
)*cos(2*x*xe + 2*%d)"2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*x*e +

2xd) "2 - 2*cos(2xx*e + 2*d) + 1)) - 2x(b"2 + 4xaxc - 8*c"2)*cos(2*x*e + 2%
d))/(cos(2*x*e + 2xd)~2 - 2%cos(2xxxe + 2*d) + 1)) + 4*x((a - b)*c + c"2)*sq
rt(((a - b + c)*cos(2*x*e + 2*%d)"2 - 2*x(a - c)*cos(2*x*e + 2%d) + a + b + ¢
)/ (cos(2*xx*e + 2%d)~2 - 2xcos(2xx*xe + 2xd) + 1)))*e~(-1)/((a - b)*c™2 + ¢c~3
), —1/4x(2*xsqrt(-a + b - c)*c"2xarctan(((a - b + c)*cos(2*x*e + 2xd)~2 - (2
*a — b)xcos(2*x*e + 2%d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2x*
x*e + 2xd)~"2 - 2%(a - c)*cos(2*xx*e + 2*%d) + a + b + c)/(cos(2*x*e + 2*xd) "2
- 2xcos(2*x*e + 2xd) + 1))/((a"2 - 2%axb + b™2 + 2x(a - b)*c + c~2)*cos(2*x
xe + 2%d)"2 + a”2 - b2 + 2*axc + c”2 - 2%(a”2 - a*b + bxc - c”2)*cos(2xx*e

+ 2xd))) - (axb - b™2 + (2%a - b)*c + 2*c”2)*sqrt(-c)*arctan(-1/2x((b - 2%
c)*cos(2*x*e + 2%d) "2 - 2xbxcos(2*x*e + 2%d) + b + 2*c)*sqrt(-c)*sqrt(((a -

b + c)*cos(2*x*e + 2xd)~"2 - 2%(a - c)*cos(2*x*e + 2%d) + a + b + ¢)/(cos(2
xxxe + 2%d) "2 - 2*kcos(2xxxe + 2*%d) + 1))/(((a - b)*c + c”2)*cos(2*x*e + 2xd
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)72 + (a + b)xc + c™2 - 2x(a*xc - c"2)*cos(2*x*xe + 2*%d))) + 2x((a - b)*c + c
~2)*sqrt(((a - b + c)*cos(2xxxe + 2*d)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a +
b + c)/(cos(2*x*e + 2%d) "2 - 2*xcos(2*xx*e + 2*d) + 1)))*e~(-1)/((a - b)*c~2
+ ¢c~3)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

t° (d
/ cot® (d + ex) e
\/a + beot? (d + ex) + ccot* (d + ex)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**5/(at+tb*cot (e*xx+d)**2+ckcot (e*xx+d) **4)**(1/2) ,x)

[Out] Integral(cot(d + exx)**5/sqrt(a + bkcot(d + e*x)**2 + ckcot(d + e*x)**4), x
)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (a+b*cot (exx+d) "2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="giac n)
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cot(d +ex)’ e
\/ccot d+ex) +bcot(d+ex)’ +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~5/(a + b*cot(d + e*xx)~2 + cxcot(d + e*x)"4)~(1/2),x)
[Out] int(cot(d + exx)"5/(a + b*cot(d + exx)~2 + cxcot(d + e*x)"4)~(1/2), x)
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f cot3(d+ex) dx
v a + beot?(d + ex) + ccot*(d + ex)

Optimal. Leaf size=141

3.18

-1 2a—b+(b—2c) cot?(d+ex) -1 b+2c cot? (d+ex)
tanh ‘ tanh
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex) 2¢/c’ \/a + beot?(d + ex) + ¢
2vVa—b+ce 2v/ce

[Out] -1/2*arctanh(1/2*(b+2*c*cot(e*xx+d)~2)/c~(1/2)/(atb*cot (e*xx+d) ~"2+c*cot (exx+d
)~4)~(1/2))/e/c”(1/2)-1/2*%arctanh (1/2* (2*xa-b+ (b-2%c) *cot (exx+d) ~2) / (a-b+c)~
(1/2)/ (atb*cot (e*xx+d) “2+c*xcot (exx+d) ~4)~(1/2)) /e/(a-b+c)~(1/2)

Rubi [A]
time = 0.14, antiderivative size = 141, normalized size of antiderivative = 1.00, number of

number of rules _ 171
integrand size ’

steps used = 7, number of rules used = 6, integrand size = 35,
Rules used = {3782, 1265, 857, 635, 212, 738}

tanh71 2a+(b—2c) cot?(d+ex)—b t;anh—l b+2c cot?(d+ex)
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex) 2¢/c \/a + bcot?(d + ex) + ccot*(d + ex)
- 2evVa—b+c B 2\/ce

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]~3/Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4],x]

[Out] -1/2%ArcTanh[(2*a - b + (b - 2xc)*Cot[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt[a
+ b*Cot[d + e*x]~2 + cxCot[d + exx]~4])]/(Sqrtla - b + cl*e) - ArcTanh[(b

+ 2*%cxCot[d + exx]~2)/(2xSqrt[c]l*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]
~4]1)1/(2+Sqrt [c]*e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrtla + bxx + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, O]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 857

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - b*d*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1265

Int[(x_)"(m_.)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rubi steps
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-dz, x,cot(d + ex))

Subst ( J

/ Cot3(d + ex) (1+22) \/a + be + C.'E4
\/a+b00t2(d+ex) +ccot4(d+ex) e
Subst d, ,COt2 d+ )
! <f (1+z)\/a+bx—|—cx2 z,, cot™(d + ex)
2e
2
Subst (f ot bx o -dz, x,cot?*(d + ex)) Subst <
_|_
2e
Subst b+2c cot?(d+ex)
a + beot?(d + ex) + ccot*(d + e

e

2a—b+(b—2c) cot? (d+ex)

2vVa—b+c \/a+bcot2(d+ea:)—|—ccot4(d+e
T 2vVa—b+ce

tanh ™!

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 125.40, size = 64578, normalized size = 458.00

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3/Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + ex*x]~4],x]
[Out] Result too large to show

Maple [A]
time = 0.24, size = 153, normalized size = 1.09

method result

2a—2b+2c+(b—2c¢) (cotz(eerd]

In

_IH(WMQ + b (cot? (ez + d)) + ¢ (cot? (ez + d)) ) )
2¢/C

derivativedivides .
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2a—2b+2c+(b—2c¢) (cot2(ez+d)+

_1n(gﬂ(cit/_2c(m”))+\/a+b(cot2 (ex+d))+c(cot4 (ex—l—d)))_l"

default 2/

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) 3/ (at+b*cot(exx+d) “2+c*cot(e*x+d)~4)~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(-1/2*1n((1/2*b+c*cot(e*xx+d)~2)/c”(1/2)+(a+b*cot (e*x+d) “2+c*cot (e*xx+d)~
4)~(1/2))/c”(1/2)-1/2/(a-b+c) " (1/2) *1n ((2*a-2*b+2*xc+(b-2*c) * (cot (e*x+d) "2+1

)+2* (a-b+c) " (1/2) * (cx(cot (e*x+d) "2+1) "2+ (b-2*c) * (cot (e*x+d) “2+1) +a-b+c) ~(1/
2))/(cot (exx+d)~2+1)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3/(atb*cot (exx+d) “2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(cot(x*e + d)~3/sqrt(c*cot(x*e + d)~4 + b*cot(xxe + d)~2 + a), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 421 vs.
2(125) = 250.
time = 4.55, size = 1759, normalized size = 12.48

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atb*cot(e*x+d) 2+c*cot(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/4%(sqrt(a - b + c)*cxlog(2*(a”2 - 2*a*b + b~2 + 2*(a - b)*c + c~2)*cos(2
xxke + 2*%d)"2 + 2%a”2 - b"2 + 2xc”2 - 2*%((a - b + c)*cos(2*xx*e + 2xd)"2 - (
2%a - b)*cos(2*x*e + 2%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2*
x*e + 2xd)”"2 - 2*x(a - c)*cos(2*xx*e + 2*%d) + a + b + c)/(cos(2*x*e + 2*xd) "2
- 2xcos(2*x*e + 2xd) + 1)) - 4*x(a"2 - axb + b*c - c~2)*cos(2*x*xe + 2*d)) +
(a - b + c)*sqrt(c)*log(((b~2 + 4x(a - 2*b)*c + 8*c~2)*cos(2*x*e + 2%d)"2 +
b"2 + 4x(a + 2xb)*c + 8%c”2 - 4*((b - 2xc)*cos(2*x*xe + 2*d)~2 - 2xb*cos(2*
x*xe + 2%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*cos(2*x*e + 2%d)"2 - 2x(a -
c)*xcos(2*x*xe + 2%d) + a + b + c)/(cos(2*x*e + 2xd) "2 - 2*cos(2*x*e + 2xd)
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+ 1)) - 2x(b"2 + 4xaxc - 8*c~2)*cos(2*x*e + 2*d))/(cos(2xx*e + 2xd) "2 - 2%*c
os(2*x*xe + 2%d) + 1)))*e”(-1)/((a - b)*c + c~2), -1/4*x(2%(a - b + c)*sqrt(-
c)*arctan(-1/2*x((b - 2*c)*cos(2*x*e + 2xd) "2 - 2%b*cos(2*x*e + 2*%d) + b + 2
xc)*xsqrt(-c)*sqrt(((a - b + c)*cos(2xx*e + 2*%d)~2 - 2x(a - c)*cos(2*x*e + 2
*d) + a + b + c)/(cos(2*x*e + 2%d)~"2 - 2*cos(2xx*ke + 2xd) + 1))/(((a - b)*c
+ c"2)*cos(2*x*e + 2*xd)"2 + (a + b)*c + c”2 - 2*(a*c - c”2)*cos(2xx*e + 2%
d))) - sqrt(a - b + c)*c*xlog(2*(a”2 - 2*a*b + b™2 + 2x(a - b)*c + c~2)*cos(
2xx¥e + 2*%d)"2 + 2*a”2 - b72 + 2%c”2 - 2x((a - b + c)*cos(2*x*e + 2xd)"2 -
(2*%a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2
xxkxe + 2%d)"2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2kx*e + 2%d) "2
- 2xcos(2*x*e + 2xd) + 1)) - 4*(a”2 - axb + b*c - c~2)*cos(2xx*e + 2%d)))*
e”(-1)/((a - b)xc + c72), 1/4*%(2*sqrt(-a + b - c)*c*arctan(((a - b + c)*cos
(2xx*xe + 2xd)~2 - (2*a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(-a + b - c)*sqrt
(((a - b + c)*cos(2*x*e + 2*d)~2 - 2x(a - c)*cos(2xx*e + 2%¥d) + a + b + c)/
(cos(2xx*e + 2%d)~2 - 2xcos(2xxxe + 2xd) + 1))/((a”™2 - 2%a*b + b~2 + 2x(a -
b)*c + c"2)*cos(2*x*xe + 2*%d)"2 + a”2 - b”2 + 2*a*c + ¢c”2 - 2*%(a”2 - a*xb +
bxc - c"2)*cos(2xx*xe + 2%d))) + (a - b + c)*sqrt(c)*Llog(((b"2 + 4x(a - 2%b)
xC + 8%c”2)*cos(2xx*xe + 2%d)"2 + b2 + 4x(a + 2*b)*c + 8*xc”2 - 4*x((b - 2xc)
xcos (2*x*e + 2%d)~2 - 2xb*cos(2*x*e + 2*%d) + b + 2*xc)*sqrt(c)*sqrt(((a - b
+ c)*cos(2*x*e + 2xd)~2 - 2%(a - c)*cos(2xx*e + 2*d) + a + b + c)/(cos(2*xx*
e + 2xd)"2 - 2xcos(2*x*e + 2xd) + 1)) - 2x(b"2 + 4xaxc - 8*c”2)*cos(2*x*e +
2xd) )/ (cos(2*x*e + 2xd)~2 - 2*cos(2*x*e + 2xd) + 1)))*e”(-1)/((a - b)*c +
c™2), 1/2*(sqrt(-a + b - c)*cxarctan(((a - b + c)*cos(2*x*e + 2%d)~2 - (2%a
- b)*cos(2xx*e + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*x*
e + 2%d)"2 - 2*%(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*x*xe + 2xd)"2 -
2%cos(2xx*e + 2xd) + 1))/((a"2 - 2*a*xb + b™2 + 2x(a - b)*c + c~2)*cos(2*x*e
+ 2%d)"2 + a2 - b72 + 2%a*c + c”2 - 2%(a”2 - a*b + bxc - c”2)*cos(2*xx*e +
2*d))) - (a - b + c)*sqrt(-c)*arctan(-1/2*((b - 2*c)*cos(2*x*e + 2%d)~2 -
2xbxcos (2*%x*e + 2%d) + b + 2xc)*sqrt(-c)*sqrt(((a - b + c)*cos(2*x*e + 2xd)
"2 - 2%(a - c)*cos(2xx*xe + 2*%d) + a + b + c)/(cos(2xx*e + 2*%d) "2 - 2*cos(2*
xxe + 2xd) + 1))/(((a - b)*c + c”2)*cos(2*x*e + 2%d)"2 + (a + b)*c + ¢c~2 -
2% (axc - c”2)*cos(2*xx*e + 2xd))))*e”(-1)/((a - b)*c + c~2)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

cot? (d + ex)

// - dz
\/a+bcot2 (d + ex) + ccot* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*xx+d)**3/(atbxcot (e*x+d)**x2+c*cot (exx+d)**4)**x(1/2) ,x)

[Out] Integral(cot(d + exx)**3/sqrt(a + b*cot(d + e*x)*x2 + c*cot(d + e*x)**x4), x
)
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Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "3/ (atb*cot (exx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm
="giac n)
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cot(d + ex)’ e
\/ccot d+ex) +becot(d+ex) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~3/(a + bxcot(d + exx)~2 + c*cot(d + e*x)~4)~(1/2),x)
[Out] int(cot(d + exx)~3/(a + bxcot(d + exx)”~2 + c*cot(d + e*x)~4)~(1/2), x)
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f cot(d+ex) dz
v a + beot?(d + ex) + ccot*(d + ex)

Optimal. Leaf size=79

3.19

tanh_l 2a—b+(b—2c) cot?(d+ex)
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex)
2vVa—b+ce

[Out] 1/2*arctanh(1/2*(2*a-b+(b-2*c)*cot (exx+d)~2)/(a-b+c)~(1/2)/(at+b*cot (exx+d) "~
2+c*xcot (exx+d)~4)~(1/2))/e/(a-b+c) ~(1/2)

Rubi [A]
time = 0.08, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.121,

steps used = 4, number of rules used = 4, integrand size = 33,
Rules used = {3782, 1261, 738, 212}

tanh_l 2a+(b—2c) cot?(d+ex)—b
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex)
2evVa—b+c

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a + bx
Cot[d + e*x]~2 + cxCot[d + exx]~4])]/(2+Sqrt[a - b + clx*e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*e”™2 - x72), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x)~g*(a + b*x + c*x~2)7p, x],
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x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, g}, x]

Rule 3782

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_))"(a_.) + (c_)*(cot[(d_.) + (e_.)*x(x_)1*(£f_.))"(m2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
Subst L -dx,x,cot(d + ex
/ cot(d + ex) e (f RN ey e ( ))
\/a+bcot2(d+ex) + ccot(d + ex) e
Subst L -dz, x, cot?(d + ex )
— (f (1+2)Va + br + cx? ( )
2e
Subst m dz, z, 2a—b—(—b+2c) cot?(d+ex)
\/a + beot?(d + ex) + ccot*(d +
- e
tanh™! 2a—b+(b—2c) cot?(d+ez)

2vVa—b+c \/a+bcot2(d+ex) —I—ccot4(d+e:v)‘
2vVa—b+ce

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 74.79, size = 24736, normalized size = 313.11

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]/Sqrt[a + b*Cot[d + exx]~2 + cxCot[d + exx]~4],x]
[Out] Result too large to show

Maple [A]
time = 0.36, size = 102, normalized size = 1.29
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method result

2a—2b+20+(b-20) (cot? (ea+a)+1) +2/a — b + € \/c (cot? (ez + d) + 1)* + (b — 2¢) (cot? (ez +

cot2 (ex+d)+1

In

derivativedivides

2ev/a—b+c
2026420+ (b-2) (cot? (eata) +1)+28/@ — b + € \/c (cot? (ez + d) + 1)° + (b — 2¢) (cot? (ez +
In cot2(ew+d)+1
default

2ev/a—b+c

Verification of antiderivative is not currently implemented for this CAS.
[In] int(cot(e*x+d)/(a+b*cot (e*x+d) ~2+c*cot (exx+d) ~4)~(1/2),x,method=_RETURNVERB
0SE)

[Out] 1/2/e/(a-b+c)~(1/2)*1n((2*a-2xb+2%c+(b-2*c)* (cot (exx+d) ~2+1)+2*x (a-b+c) ~(1/2
Yx(cx(cot (e*xx+d) ~2+1) "2+ (b-2*c) * (cot (exx+d) "2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) "~
2+1))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(cot(x*e + d)/sqrt(cxcot(x*e + d)~4 + b*cot(xxe + d)~2 + a), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 229 vs.
2(71) = 142.
time = 3.56, size = 447, normalized size = 5.66

L g (20 20+ 20— ) (02 207 20022 2= (e 207 G m(22e+20 40—

\ Va-bte

pa—
sa0)
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4%e”(-1)*log(2x(a”2 - 2%a*b + b2 + 2x(a - b)*c + c~2)*cos(2*x*e + 2xd)~

2 + 2¥a”2 - b72 + 2%c”2 + 2x((a - b + c)*cos(2*x*e + 2%d)"2 - (2%a - b)*cos
(2xx*xe + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2*x*e + 2%d) "2
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- 2x(a - c)*cos(2*xx*e + 2xd) + a + b + c)/(cos(2*xx*e + 2%d) "2 - 2*cos(2*xx*
e + 2xd) + 1)) - 4x(a”2 - axb + b*c - c"2)*cos(2*x*e + 2*d))/sqrt(a - b + ¢
), -1/2xsqrt(-a + b - c)*arctan(((a - b + c)*cos(2*x*e + 2xd)"2 - (2*a - b)
xcos(2*x*e + 2%d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*x*e + 2
*d)~"2 - 2*(a - c)xcos(2*x*e + 2+%d) + a + b + c)/(cos(2xxxe + 2*d)"2 - 2xcos
(2xx*e + 2xd) + 1))/((a”2 - 2*a*b + b™2 + 2*x(a - b)*c + c~2)*cos(2*x*e + 2%
d)"2 + a”2 - b2 + 2%axc + ¢c”2 - 2x(a”2 - a*b + b*c - c"2)*cos(2xx*e + 2*d)
))*e~(-1)/(a - b + c)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cot (d + ex) de
\/a + beot? (d + ex) + ccot? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot (e*xx+d)**2+ckcot (e*xx+d)**4)**(1/2),x)
[Out] Integral(cot(d + e*x)/sqrt(a + bxcot(d + exx)**2 + cxcot(d + e*x)*x4), x)
Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d) 2+cxcot(e*x+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cot(d+ ex) e
\/ccot d+ex) +bcot(d+ex)’ +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)/(a + b*cot(d + e*x)~2 + cxcot(d + e*x)"4)~(1/2),x)
[Out] int(cot(d + exx)/(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(1/2), x)
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f tan(d+ex) dz
v a + beot?(d + ex) + ccot*(d + ex)

Optimal. Leaf size=142

3.20

-1 2a+bcot?(d+ex) -1 2a—b+(b—2c) cot?(d+ex)
tanh : tanh
2v/a’ \/a + beot?(d + ex) + ccott(d + ex) 2vVa—b+c \/a + beot?(d + ex) + cco

2a e 2vVa—b+ce

[Out] 1/2*arctanh(1/2*(2*a+b*cot(e*xx+d) ~2)/a~(1/2)/(a+tb*cot (e*x+d) ~2+c*cot (exx+d)
~4)~(1/2))/e/a"(1/2)-1/2*arctanh (1/2* (2*a-b+(b-2*c) *cot (exx+d) ~2) / (a-b+c) ~(
1/2) / (a+b*cot (exx+d) “2+c*cot (e*xx+d) ~4)~(1/2))/e/(a-b+c)~(1/2)

Rubi [A]
time = 0.16, antiderivative size = 142, normalized size of antiderivative = 1.00, number of

number of rules _ ( 159
integrand size ’

steps used = 8, number of rules used = 5, integrand size = 33,
Rules used = {3782, 1265, 974, 738, 212}

tanh—l 2a-+b cot?(d+ex) tanh_l 2a+(b—2c) cot? (d+ex)—b
2v/a’ \/a + beot?(d + ex) + ccot(d + ex) 2vVa—b+c \/a + beot?(d + ex) + ccott(d + ex)
2va'e 2eva—b+c

Antiderivative was successfully verified.
[In] Int[Tan[d + exx]/Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]~4],x]

[Out] ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[al*Sqrt[a + b*Cot[d + e*xx]~2 + c*C
ot[d + exx]~4]1)]/(2*Sqrt[al*e) - ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~
2)/(2xSqrt[a - b + c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]~4])]/(2%Sq

rtla - b + c]xe)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4*bxd*e + 4*a*e”2 - x~2), x], x, (2
*axe - bxd - (2%c*d - b*e)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 974
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Int[((d_.) + (e_.)*(x))"(m_)*((£f_.) + (g_.)*(x_)) (@ )*x((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) mx(f + g
*x)“nx(a + b*x + cxx~2)7p, x], x] /; FreeQl[{a, b, c, d, e, f, g}, x] && NeQ
[exf - dxg, 0] && NeQ[b~2 - 4*axc, 0] &% NeQ[c*d™2 - b*d*e + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 1265

Int[(x_ )" (m_.)*x((d_ ) + (e_.)*(x_)"2)"(q_.)*((a)) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Subst dz, z, cot(d +
s fx(1+z2)\/a+b$2+cx4 7, @, cot( ex))

e

/ tan(d + ex)
\/a + beot?(d + ex) + ccot*(d + ex)

-dz, z,cot?(d + ex )
z(1+2)Va + b + cx? ( )

(
Subst ( I
(I

2e
Subst L - ) d
ubs (( 1— x)\/a+bx—|—c:c2 z\/a+bz+cx2)
2e
Subst 1 -dz, z, cot?(d + ) S
_ s (f (-1-z)Va + bx + cx? 7,2, cot™(d + ex) _1
2e

2a+b cot?(d+ex)
\/a + beot?(d + ex) + ccot*(d + ex)

e

Subst | [ 1= dz, z,

2a+b cot?(d+ex) {
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex)
B 2v/a'e

tanh™*

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 28.79, size = 44361, normalized size = 312.40

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]/Sqrt[a + b*Cot[d + exx]~2 + c*Cot[d + e*x]~4],x]
[Out] Result too large to show

Maple [F]
time = 0.90, size = 0, normalized size = 0.00

t d
/ an (ez + d) de
\/a + b (cot? (ex + d)) + c (cot* (ex + d))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)/(a+b*cot (e*xx+d) ~2+c*cot (exx+d)~4)~(1/2),x%)
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[Out] int(tan(exx+d)/(at+bxcot(e*x+d) ~2+c*xcot (exx+d)~4)~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(at+b*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(tan(x*e + d)/sqrt(c*cot(x*e + d)~4 + b*cot(xxe + d)~2 + a), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 279 vs.
2(126) = 252.
time = 4.79, size = 1197, normalized size = 8.43

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4%((a - b + c)*sqrt(a)*log(8*a~2*tan(x*e + d)~4 + 8xaxb*tan(x*e + d)~2 +
b~2 + 4*axc + 4*(2xa*tan(xxe + d)~4 + b*xtan(xxe + d)~2)*sqrt(a)*sqrt((a*xta
n(x*e + d)~4 + bxtan(x*e + d)~"2 + c)/tan(x*e + d)"4)) + sqrt(a - b + c)*axl
og(((8%a~2 - 8*a*b + b~2 + 4xaxc)*tan(x*e + d)~4 + 2*x(4*xa*b - 3*xb~2 - 4x(a
- b)*c)*tan(x*e + d)72 + b™2 + 4x(a - 2%b)*c + 8*%c”2 - 4*((2*a - b)*tan(x*e
+d)"4 + (b - 2xc)*tan(x*e + d)~"2)*sqrt(a - b + c)*sqrt((axtan(x*e + d)~4
+ bxtan(x*e + d)~2 + c)/tan(x*e + d)~4))/(tan(x*e + d)~4 + 2xtan(x*e + d)~2
+ 1)))*e~(-1)/(a"2 - a*b + axc), -1/4*(2xsqrt(-a)*(a - b + c)*arctan(1/2x(
2xaxtan(x*e + d)~4 + b*tan(x*e + d)~2)*sqrt(-a)*sqrt((a*tan(x*e + d)~4 + bx
tan(x*e + d)72 + c)/tan(x*e + d)74)/(a"2*tan(x*e + d)~4 + axb¥tan(x*e + d)~
2 + axc)) - sqrt(a - b + c)*axlog(((8*xa~2 - 8*axb + b2 + 4xaxc)*tan(x*e +
d)"4 + 2%(4*%a*xb - 3*¥b”"2 - 4x(a - b)*c)*tan(x*e + d)~2 + b™2 + 4x(a - 2xb)*c
+ 8xc”2 - 4x((2%a - b)*tan(x*e + d)~4 + (b - 2*c)*tan(x*e + d)~2)*sqrt(a -
b + c)*sqrt((a*xtan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)~4))/(ta
n(xxe + d)~4 + 2xtan(xxe + d)72 + 1)))*e~(-1)/(a"2 - axb + a*c), -1/4x(2*ax
sqrt(-a + b - c)*arctan(-1/2*%((2*a - b)*tan(x*e + d)"4 + (b - 2*c)*tan(x*e
+ d)"2)*sqrt(-a + b - c)*sqrt((a*tan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan
(xxe + d)~4)/((a"2 - axb + a*c)*tan(x*e + d)"4 + (axb - b"2 + bx*c)*tan(x*e
+d)”2 + (a-Db)xc + c”2)) - (a - b + c)*sqrt(a)*log(8*a~2*xtan(x*e + d)~4 +
8*axb*tan(x*e + d)~2 + b72 + 4xaxc + 4*(2*axtan(x*e + d)~4 + bxtan(x*e + d
)~2)*sqrt(a) *sqrt ((a*xtan(x*e + d)~4 + bxtan(x*xe + d)~2 + c)/tan(xxe + d)~4)
))xe~(-1)/(a"2 - a*b + axc), -1/2*(sqrt(-a)*(a - b + c)*arctan(1/2*(2*a*tan
(xxe + d)~4 + bxtan(x*e + d)~2)*sqrt(-a)*sqrt((a*tan(x*e + d)~4 + b*tan(xxe
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+ d)"2 + c)/tan(x*e + d)~4)/(a"2*xtan(x*e + d)~4 + axbxtan(x*e + d)~2 + a*c
)) + axsqrt(-a + b - c)*arctan(-1/2*%((2*a - b)*tan(x*e + d)"4 + (b - 2%c)*t
an(x*e + d)"2)*sqrt(-a + b - c)*sqrt((a*xtan(x*e + d)~4 + b*tan(xxe + d)~2 +

c)/tan(x*e + d)~4)/((a"2 - a*b + axc)*tan(x*e + d)~4 + (a*xb - b™2 + b*c)x*t
an(x*e + d)"2 + (a - b)*c + ¢c”2)))*e”(-1)/(a"2 - a*b + axc)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

tan (d + ex)

- dz
/ \/cH—bcot2 (d + ex) + ccot* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(at+b*cot(exx+d)**2+ckcot (e*xx+d)**4)**(1/2),x)
[Out] Integral(tan(d + exx)/sqrt(a + bxcot(d + exx)**2 + cxcot(d + exx)**4), x)
Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d) "2+c*cot(e*x+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ tan(d + ex) e
\/ccot d+ex) +bcot (d+ex)’ +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)/(a + bxcot(d + e*x)”"2 + c*xcot(d + e*x)~4)~(1/2),x)
[Out] int(tan(d + e*x)/(a + bkcot(d + e*x)~2 + cxcot(d + exx)~4)~(1/2), x)
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f tan3(d+ex) dx
v a + beot?(d + ex) + ccot*(d + ex)

Optimal. Leaf size=249

3.21

2a+b cot?(d+ex) b ta,nh_l 2a+b cot?(d+ex)
2v/a’ \/a + beot?(d + ex) + ccot(d + ex) 2v/a’ \/a + beot?(d + ex) + ccott(d 4
2v/a'e B 4a3/%e

tanh™*

[Out] -1/4xb*arctanh(1/2*(2*a+b*xcot(e*x+d)~2)/a"~(1/2)/(at+b*cot (exx+d) ~2+c*cot (e*xx
+d)~4)~(1/2))/a~(3/2)/e-1/2*arctanh (1/2* (2*xa+b*cot (e*xx+d) ~2) /a~ (1/2) / (a+b*c

ot (exx+d) ~2+c*cot (exx+d) ~4)~(1/2))/e/a~(1/2)+1/2*arctanh (1/2* (2*xa-b+(b-2*c)

xcot (exx+d) ~2) /(a-b+c) ~(1/2) / (a+b*cot (exx+d) “2+c*cot (exx+d) ~4)~(1/2)) /e/(a-

b+c) " (1/2)+1/2* (a+b*cot (e*xx+d) “2+c*xcot (e*x+d) “4) " (1/2) *tan(e*x+d) “2/a/e

Rubi [A]
time = 0.22, antiderivative size = 249, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.171,

steps used = 11, number of rules used = 6, integrand size = 35,
Rules used = {3782, 1265, 974, 744, 738, 212}

btanh~" 2a+bcot?(d+ex) tanh~! 2a+bcot?(d+ex) tanh~! 2a+(b—2¢) cot?(d+ez) b
2v/a’y/a+beot?(d + ex) + ccot*(d + ex) tan?(d + ex) \/a+bcnt2(d+em)+ccot“(d+ez) 2/a’\Ja+beot?(d + ex) + ceot(d + ex) 2va—b+c'\/a+beot?(d+ ex) + ceot?(d + ex)
1P + Zac - 2ae * 2eva—bte

Antiderivative was successfully verified.
[In] Int[Tan[d + exx]~3/Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4],x]

[Out] -1/2*%ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Cot[d + e*xx]~2
+ cxCot[d + exx]~4])]1/(Sqrtl[al*e) - (b*ArcTanh[(2*a + b*Cot[d + exx]~2)/(2*
Sqrt[al*Sqrt[a + b*Cot[d + e*xx]~2 + cxCot[d + exx]~4]1)])/(4xa~(3/2)*e) + Ar
cTanh[(2%a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Co

tld + e*x]"2 + cxCot[d + exx]~4])]/(2+Sqrt[a - b + cl*e) + (Sqrt[a + b*Cot[

d + exx]"2 + c*Cot[d + exx] 4]*Tan[d + exx]~2)/(2*ax*e)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*xe + 4*axe”2 - x~2), x], x, (2
*xaxe - bxd - (2%cxd - bkxe)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]
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Rule 744

Int[((d_.) + (e_)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[ex(d + exx)"(m + 1)*((a + b*x + c*xx"2)"(p + 1)/((m + 1)*(c*xd
~2 - bxd*e + a*e”2))), x] + Dist[(2*%cxd - bxe)/(2*(c*d"2 - b*d*e + a*xe™2)),
Int[(d + exx)"(m + 1)*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*e~2, 0] && NeQ[2
xcxd - b*xe, 0] && EqQ[m + 2xp + 3, 0]

Rule 974

Int[((d_.) + (e_.)*(x))"(m )*((£f_.) + (g_.)*(x_)) " (m )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "nx(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] && NeQ[b~2 - 4*axc, 0] &% NeQ[c*d™2 - b*d*e + axe”2, 0] && (
IntegerQLp] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 1265

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQl{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)]1*(£_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2«n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Subst| [

tan®(d + ea) - dz, x, cot(d + e:c))

/ #3(1+22)Va —|— b2 + cxt
\/ + beot?(d + ex) + ccot*(d + e:c)

e

dz,x, cot?(d + ex))

Subst
uos (f m2(1+z)\/a+b$+0$2

2e
Subst — 1 -+
J (w2\/a+bm+cx2 =Va + bz + cx? (1+2)V
2e
Subst -dz, z,cot?(d + ex ) Subst(
x2 Va+ bx +cx? ( )
_|_
2e
‘ Subst
\/a + beot?(d + ex) + ccot*(d + ex) tan?(d + ex)
N 2ae B
tanh_l 2a+b cot?(d+ex) :
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex)
= — _|_ -

2/a'e
2a+b cot?(d+ex)

2v/a’ \/a + beot?(d + ex) + ccot*(d + ex)
2/a' e

tanh~!

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 32.13, size = 37459, normalized size = 150.44

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/Sqrt[a + b*Cot[d + exx]~2 + c*Cot[d + e*x]~4],x]
[Out] Result too large to show

Maple [F]
time = 0.84, size = 0, normalized size = 0.00

/ tan® (ex + d)
\/a + b (cot? (ex + d)) + c(cot* (ex + d))

- dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (atb*cot(e*xx+d) "2+c*xcot (exx+d)~4) " (1/2),x%)
[Out] int(tan(exx+d) "3/ (a+b*cot(e*xx+d) "2+c*xcot (e*xx+d)~4)~(1/2),x)
Maxima [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) "3/ (a+bxcot (e*x+d) "2+cxcot(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [A]
time = 5.22, size = 1516, normalized size = 6.09

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*cot(exx+d) "2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8%(2*sqrt(a - b + c)*a"2*log(((8*a~2 - 8xa*b + b~2 + 4*axc)*tan(x*e + d)
"4 + 2%(4%axb - 3*%b72 - 4%(a - b)*c)*tan(x*e + d)72 + b™2 + 4x(a - 2*%b)*c +
8*xc”2 + 4*x((2*xa - b)*tan(x*e + d)"4 + (b - 2*c)*tan(x*e + d)~2)*sqrt(a - b
+ c)*sqrt ((a*tan(x*e + d)~4 + bxtan(x*e + d)72 + c)/tan(x*e + d)~4))/(tan(
xxe + d)74 + 2xtan(x*e + d)"2 + 1)) + 4%(a”2 - axb + a*c)*sqrt((axtan(x*e +
d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan(x*e + d)~2 + (2*xa”2 - a*b
- b™2 + (2xa + b)*c)*sqrt(a)*log(8*a~2xtan(x*e + d)~4 + 8*axbxtan(x*e + d)
"2 + b2 + 4xaxc - 4x(2*xaxtan(x*xe + d)~4 + bxtan(x*e + d)~2)*sqrt(a)*sqrt ((
axtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)"4)))*e"(-1)/(a"3 - a~
2%b + a”2%c), 1/4x(sqrt(a - b + c)*a"2*xlog(((8*a"2 - 8xa*xb + b~2 + 4*a*c)*t
an(xxe + d)~4 + 2%(4xaxb - 3*xb™2 - 4x(a - b)*c)*tan(x*e + d)~"2 + b"2 + 4x*(a
- 2xb)*c + 8%c”2 + 4x((2%a - b)*tan(x*e + d)~4 + (b - 2*c)*tan(x*e + d)~2)
xsqrt(a - b + c)*sqrt((axtan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e + d
)"4))/(tan(x*e + d)~4 + 2*%tan(x*e + d)72 + 1)) + 2*%(a”2 - axb + a*c)*sqrt((
axtan(x*e + d)~4 + bxtan(x*e + d)”"2 + c)/tan(x*e + d)~4)*tan(x*e + d)~2 + (
2%a”2 - a*¥b - b72 + (2%a + b)*c)*sqrt(-a)*arctan(1l/2*(2*a*tan(x*xe + d)"4 +
bxtan(x*e + d)~2)*sqrt(-a)*sqrt((axtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/t
an(x*e + d)~4)/(a"2*xtan(x*e + d)~4 + a*bxtan(x*e + d)~2 + axc)))*e~(-1)/(a"
3 - a”2%b + a"2xc), 1/8%(4*a"2xsqrt(-a + b - c)*arctan(-1/2*x((2*a - b)*tan(
xxe + d)74 + (b - 2*kc)*tan(xxe + d)~2)*sqrt(-a + b - c)*sqrt((axtan(x*e + d
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)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)/((a"2 - axb + a*c)*tan(x*e + d)
“4 + (a*b - b”2 + b*c)*tan(x*e + d)72 + (a - b)*c + c72)) + 4x(a”2 - a*b +
axc)*sqrt ((a*xtan(x*e + d)~4 + b*tan(xxe + d)~2 + c)/tan(xxe + d)~4)*tan(x*e
+d)72 + (2%xa”2 - a*b - b"2 + (2%a + b)*c)*sqrt(a)*log(8*a~2*xtan(x*e + d)~
4 + 8*axbxtan(x*e + d)72 + b72 + 4*akxc - 4x(2*axtan(x*e + d)~4 + bktan(x*e
+ d)~2)*sqrt(a)*sqrt((axtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)
~4)))*e~(-1)/(a"3 - a"2*b + a"2%c), 1/4x(2*a"2xsqrt(-a + b - c)*arctan(-1/2
*x((2*%a - b)*tan(xxe + d)~4 + (b - 2*c)*tan(xxe + d)~2)*sqrt(-a + b - c)*sqr
t((a*tan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)74)/((a"2 - a*b + a
*c)*tan(x*e + d)74 + (a*b - b™2 + bxc)*tan(xxe + d)72 + (a - b)*c + ¢c72)) +
2%x(a”2 - axb + axc)*sqrt((axtan(x*e + d)~4 + b*tan(xxe + d)~2 + c)/tan(x*e
+ d)"4)*tan(xxe + d)72 + (2%a”2 - axb - b™2 + (2*a + b)*c)*sqrt(-a)*arctan
(1/2*(2xaxtan(x*e + d)~4 + b*tan(xxe + d)~2)*sqrt(-a)*sqrt((axtan(x*e + d)~
4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)/(a"2xtan(x*e + d)~4 + a*b*tan(x*e
+ d)72 + axc)))*e”(-1)/(a”3 - a"2%b + a"2xc)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ tan® (d + ex)
\/a+bcot2 d+ ex) + ccot* (d + ex)‘

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)**3/(at+b*cot (exx+d)**2+ckxcot (exx+d)**4)**(1/2) ,x)

[Out] Integral(tan(d + e*x)**3/sqrt(a + bkcot(d + e*x)**2 + ckcot(d + e*x)**4), x
)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) "3/ (atb*cot(exx+d) “2+c*cot(exx+d)~4)~(1/2),x, algorithm
="giac: n)

[Out] Timed out

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ tan(d + ex)’ e
\/ccot d+ex) +bcot(d+ex) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)~3/(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(1/2),x)
[Out] int(tan(d + e*x)~3/(a + b*cot(d + exx)~2 + cxcot(d + e*x)"4)~(1/2), x)
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3.22 [ cotd(d+ex) \/a + beot?(d + ex) + ccot?(d + ex) d

Optimal. Leaf size=270

vVa—b+c tanh™! 2a=br(b-2) cot (dtea) | (B3 + 2b%c — 4b(a — 2¢)c — 8
2va—b+c \/a + beot?(d + ex) + ccot*(d + ex)
2e -

[Out] -1/32%(b~3+2xb"2*c—4*b*x (a—-2*c) *c—-8*c~2*x (a+2*c) ) *arctanh (1/2* (b+2*xc*cot (exx+
d)~2)/c~(1/2) / (atb*cot (e*xx+d) “2+c*xcot (e*xx+d) ~4)~(1/2))/c~(5/2) /e-1/6*(a+b*c

ot (e*xx+d) “2+c*cot (exx+d) ~4) ~(3/2) /c/e+1/2*xarctanh (1/2* (2*a-b+(b-2*c) *cot (ex*

x+d) ~2) / (a-b+c) ~(1/2) / (a+b*cot (exx+d) ~2+c*cot (e*xx+d) ~4) ~(1/2) ) *(a-b+c) ~(1/2
)/e+1/16% ((b-2*c) * (b+4*xc) +2*c* (b+2*c) *cot (exx+d) ~2) * (a+b*cot (e*x+d) “2+c*cot
(exx+d)~4)~(1/2)/c"2/e

Rubi [A]
time = 0.38, antiderivative size = 270, normalized size of antiderivative = 1.00, number of

number of rules _ ( 999
integrand size ’

steps used = 9, number of rules used = 8, integrand size = 35,
Rules used = {3782, 1265, 1667, 828, 857, 635, 212, 738}

(—4bc(a — 2¢) — 8¢*(a + 2¢) + b° + 2b%c) tanh ™" (

bitccon(aren)
22 \Ja + beot?(d + ex) + ccot!(d + ex) ) (26(b+2¢) cot?(d + ex) + (b — 20)(b+ 40)) \/a+ beot®(d + ez) + coot’(d+€x)  (a + beot?(d + ex) + ceot(d + ex))"?

= + - +
3257e Tocte Gee

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]~5xSqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4],x]

[Out] (Sqrtl[a - b + c]*ArcTanh[(2*%a - b + (b - 2*c)*Cot[d + e*x]"2)/(2xSqrt[a - b
+ c]*Sqrt[a + bxCot[d + exx]"2 + c*Cot[d + exx]~4]1)]1)/(2%e) - ((b~3 + 2%b~
2xc - 4xb*x(a - 2*%c)*c - 8xc”2*(a + 2*c))*ArcTanh[(b + 2*cxCot[d + exx]~2)/(
2xSqrt [c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + exx]~4])]1)/(32xc~(5/2)*e) +

(((b - 2xc)*(b + 4*c) + 2xcx(b + 2*c)*Cot[d + exx]~2)*Sqrt[a + b*Cot[d + e
*x] "2 + c*Cot[d + e*x]~4])/(16%c™2*%e) - (a + b*Cot[d + e*x]~2 + cxCot[d + e
*x]7~4)~(3/2)/ (6%c*e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, O]
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Rule 738

Int[1/(((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
*axe — bkd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQl[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 828

Int[((d_.) + (e_)*(x_))" (@ )*((£_.) + (g_)*(x_)*((a_.) + (b_.)*(x_) + (c
_IOx(x )7"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~(m + 1)*(cxexf*(m + 2%p + 2)
- gx(c*d + 2%cxd*p - b*exp) + gkcxex(m + 2%p + 1)*x)*((a + bxx + c*x~2) p/
(c*e™2x(m + 2*p + 1)*(m + 2*p + 2))), x] - Dist[p/(c*e”2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + e*x)"m*(a + b*x + c*x"2)"(p - 1)*Simp[cxe*f*(b*xd - 2*a
xe)*(m + 2xp + 2) + g*(axex(bxe - 2kcxd*m + bkexm) + bxdx(bxexp — c*d - 2%c
xdxp)) + (ckexfx(2kcxd - b*xe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd"2x (1 + 2%p) - c*e*x(b*d*(m - 2%p) + 2*xaxex(m + 2%p + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~™2 - 4*a*c, 0] && NeQ[c*d~2
- bxd*e + a*e”2, 0] && GtQ[p, 0] && (IntegerQ[p] || !'RationalQ[m] || (GeQL
m, -1] && LtQ[m, 0])) && !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2+*p])

Rule 857

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*(a + b*x +
c*x"2)"p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*xd™2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1265

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1667

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2)"(p + 1)/(c*e"(q - 1)*(m + q
+ 2xp + 1))), x] + Dist[1/(cxe"q*(m + q + 2*xp + 1)), Int[(d + e*x)"m*(a + b
*x + c*x~2) p*ExpandToSum[c*e~q*(m + q + 2*%p + 1)*Pq - c*f*(m + q + 2%p + 1
)*¥(d + e*xx)"q - £x(d + exx)"(q - 2)*(b*d*ex(p + 1) + a*xe™2x(m + q - 1) - cx
d”2%(m + q + 2%p + 1) - ex(2xc*d - b*xe)*(m + q + p)*x), x], x], x] /; GtQlq



159

, 11 && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd™2 - bxdxe + a*e”2, 0] && !'(IGtQ
[m, 0] && RationalQ[a, b, c, d, el & (IntegerQ[p] || ILtQ[p + 1/2, 01))

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_.))"(_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)1*(f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£°2 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps

Subst (f 2va+bx? + ezt dz,z,cot(d + ex

1+x2

/cots(d—i- ex) \/a + beot?(d + ex) + ccott(d + ex)‘ dr = —

14z

e
Subst (f 2va+bx + cr? dz,z,cot?(d + ex

2e

Su
_ (a+bcot?(d+ ex) + ccot?(d + ex))/?

o 6ce

(b= 2¢)(b + 4c) + 20(b + 2¢) cot*(d + ex))
16¢c2e

(b — 2¢)(b + 4c) + 2c(b + 2¢) cot?(d + ex)) 1
16¢c2e

(b — 2¢)(b + 4¢) + 2c(b + 2¢) cot2(d + ex)) 1 /¢

16c%e
Va=b¥¢ tanh™! 204002
2va—b+c \/a+bcot2
o 2e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
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time = 38.35, size = 539292, normalized size = 1997.38

Result too large to show
Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 5*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + ex*x]~4],x]
[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 626 vs.
2(242) = 484.
time = 0.30, size = 627, normalized size = 2.32

method result

_ (a+b(cot2 (ez+d)) +c(cot4(ez+d))> %

| bleot?enta) va+b(cot? (ex +d)) + c(cot* (ex + d)) L Ve
6¢c 8c
derivativedivides
_ (a+b(cot2(em+d))+c(cot4(em+d)))% +b(cot2(ea:+d)) \/a + b (C0t2 (GCL' + d)) _+_ C (COt4 (6:1: + d)) | +b2 \/;
6c 8c
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) ~5*(atb*cot (e*xx+d) ~2+c*xcot(exx+d)~4)~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(-1/6%*(at+b*xcot (e*x+d) ~2+c*cot (exx+d) ~4)~(3/2)/c+1/8%b/c*xcot (e*xx+d) ~2*(a
+b*cot (exx+d) ~2+c*cot (exx+d) ~4) ~(1/2)+1/16*xb"2/c"2* (a+b*cot (e*x+d) “2+c*cot (
exx+d)~4)~(1/2)+1/8*b/c~(3/2)*1n((1/2*b+c*cot (e*x+d) ~2) /c~(1/2)+(a+b*cot (ex*
x+d) “2+cxcot (exx+d) ~4)~(1/2))*a-1/32*%b~3/c”(5/2) *1n((1/2*b+c*cot (e*x+d) ~2)/
c~(1/2)+(a+b*cot (e*xx+d) “2+c*xcot (e*x+d) ~4) ~(1/2) ) +1/8*(b+2*c*cot (e*xx+d) "2) /c
* (a+b*xcot (e*xx+d) “2+c*cot (exx+d) ~4)~(1/2)+1/4/c~ (1/2) *1n((1/2*b+c*cot (e*x+d)
~2)/c”(1/2)+(at+b*xcot (e*x+d) “2+c*cot (exx+d) ~4) ~(1/2))*a-1/16/c~(3/2) *1n((1/2
*b+cxcot (e*xx+d) ~2) /c”(1/2)+(a+b*cot (exx+d) ~“2+c*cot (exx+d) ~4)~(1/2) ) *b~2-1/2
*(c* (cot (exx+d) ~2+1) “2+(b-2*c) * (cot (exx+d) “2+1)+a-b+c) ~(1/2)-1/4*1n((1/2xb-
c+(cot (e*x+d) "2+1)*c) /c~(1/2)+(c*(cot (exx+d) "2+1) "2+ (b-2*c) * (cot (e*x+d) ~2+1
Y+a-b+c)~(1/2))/c”(1/2)*b+1/2*%1n((1/2*b-c+(cot (exx+d) "2+1)*c) /c~(1/2)+(c*(c
ot (e*xx+d) "2+1) "2+ (b-2*c) * (cot (e*xx+d) “2+1) +a-b+c) ~(1/2) ) *c~(1/2)+1/2* (a-b+c)
~(1/2) *1n((2*xa-2*b+2*c+(b-2*c) * (cot (exx+d) "2+1)+2x (a-b+c) ~(1/2) * (c* (cot (e*xx
+d) ~2+1) “2+(b-2#*c) * (cot (e*xx+d) ~2+1) +a-b+c) ~(1/2) )/ (cot (e*x+d) ~2+1)))
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~5*(atb*cot (exx+d) “2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(xxe + d)~4 + b*cot(x*e + d)~2 + a)*cot(xxe + d)~5, x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 768 vs.
2(249) = 498.
time = 8.56, size = 3147, normalized size = 11.66

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) “5*(a+b*cot (exx+d) “2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/192%(48*(c~3*cos(2*x*e + 2xd)~2 - 2*c~3*cos(2*x*e + 2xd) + c~3)*sqrt(a -
b + c)*xlog(2*(a™2 - 2*xaxb + b™2 + 2%(a - b)*xc + c~2)*cos(2xxxe + 2xd)"2 +
2%a”2 - b"2 + 2xc”2 + 2%((a - b + c)*cos(2xx*e + 2xd)~"2 - (2*a - b)*cos(2*x
xe + 2x%d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2*x*e + 2*d)~2 - 2
x(a - c)*cos(2*xxe + 2xd) + a + b + c)/(cos(2*x*e + 2*d)~2 - 2xcos(2*xx*e +
2xd) + 1)) - 4*%(a”2 - a*b + b*c - c"2)*cos(2*x*e + 2xd)) - 3*(b"3 - 8x(a -
b)*c”2 - 16*%c”3 + (b"3 - 8*%(a - b)*c™2 - 16%c~3 - 2*(2xa*b - b~2)*c)*cos(2*
X*e + 2xd)"2 - 2% (2*a*b - b"2)*c - 2*%(b"3 - 8*(a - b)*c"2 - 16%c”3 - 2x(2*a
*b — b~2)*c)*cos(2xx*xe + 2xd))*sqrt(c)*log(((b"2 + 4*x(a - 2xb)*c + 8*c~2)*c
os(2xx*e + 2%d)"2 + b2 + 4x(a + 2%b)*c + 8*c”2 + 4x((b - 2*c)*cos(2*x*e +
2%d) "2 - 2xbk*cos(2*x*e + 2%d) + b + 2*xc)*sqrt(c)*sqrt(((a - b + c)*cos(2*x*
e + 2xd)"2 - 2x(a - c)*cos(2*x*e + 2%d) + a + b + c)/(cos(2*x*xe + 2*d)"2 -
2%cos(2xx*e + 2xd) + 1)) - 2x(b"2 + 4xaxc - 8*c”2)*cos(2*x*e + 2*xd))/(cos(2
xxke + 2*%d) "2 - 2kcos(2*x*e + 2xd) + 1)) + 4*%(3*b"2%c - 4x(2%a - b)*c”2 - 2
0%c~3 + (3*%b72xc - 8*(a - b)*c™2 - 44xc”~3)*cos(2*x*xe + 2*d) "2 - 2*(3*b~2*c
- 2%(4%a - 3*b)*c™2 - 16%c~3)*cos(2xx*e + 2xd))*sqrt(((a - b + c)*cos(2xx*e
+ 2%d)~"2 - 2*%(a - c)*cos(2*x*xe + 2*%d) + a + b + c)/(cos(2*x*e + 2xd)"2 - 2
*cos(2*xx*e + 2xd) + 1)))/(c"3*cos(2*x*e + 2*d) "2xe — 2*kc 3*cos(2xx*e + 2x*d)
xe + ¢c"3%e), -1/96%(3*x(b~3 - 8x(a - b)*c™2 - 16%c”3 + (b~3 - 8x(a - b)*c"2
- 16%xc”™3 - 2% (2*xaxb - b~2)*c)*cos(2*x*e + 2*d)~2 - 2x(2*a*b - b~2)*c - 2x*(b
"3 - 8%(a - b)*c™2 - 16%c”~3 - 2x(2*axb - b~2)*c)*cos(2*x*e + 2*d))*sqrt(-c)
xarctan(-1/2*((b - 2*xc)*cos(2*x*e + 2%d) "2 - 2*b*cos(2xx*e + 2*%d) + b + 2%c
)*sqrt(-c)*sqrt(((a - b + c)*cos(2xxxe + 2*d)~2 - 2x(a - c)*cos(2*x*e + 2xd
) +a+ b+ c)/(cos(2xx*e + 2%d)"2 - 2*cos(2*x*e + 2*d) + 1))/(((a - b)*c +
c"2)*cos(2*x*xe + 2*%d)"2 + (a + b)*c + c”2 - 2*(axc - c”2)*cos(2xx*e + 2xd)
)) - 24x(c"3*cos(2*x*e + 2xd) "2 - 2*c”3*cos(2*x*e + 2xd) + c”3)*sqrt(a - b
+ c)*log(2*(a”2 - 2*a*b + b™2 + 2x(a - b)*c + c”2)*cos(2*x*e + 2%d)~2 + 2*a
"2 - b72 + 2%c”2 + 2%((a - b + c)*cos(2xx*e + 2*d)"2 - (2%a - b)*cos(2*x*e
+ 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2xxxe + 2*d)"2 - 2x(a
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- c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*xx*e + 2xd) "2 - 2*cos(2*x*e + 2*d
) + 1)) - 4x(a"2 - a*b + bkc - c"2)*cos(2*x*e + 2*%d)) - 2x(3*xb"2%c - 4*x(2*a
- b)*c”2 - 20*%c™3 + (3*b"2xc - 8*(a - b)*c~2 - 44*c”3)*cos(2*x*e + 2xd) "2
- 2%(3xb~2xc - 2x(4%a - 3*b)*c”2 - 16%c”3)*cos(2*x*e + 2*d))*sqrt(((a - b +
c)*cos(2*x*xe + 2%d)"2 - 2%(a - c)*cos(2*x*e + 2%d) + a + b + c)/(cos(2*x*e
+ 2%d) "2 - 2xcos(2*x*e + 2%d) + 1)))/(c"3*cos(2*x*xe + 2*d) "2%e - 2%c”~3*cos
(2xx*xe + 2*¢d)*e + c”3*e), -1/192%(96%*(c~3*cos(2*x*e + 2xd)~2 - 2*xc~3*cos (2%
x*e + 2xd) + c”3)*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2xx*e + 2xd)"2 -
(2%a - b)*cos(2*x*e + 2*d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos
(2xx*e + 2xd)"2 - 2x(a - c)*cos(2*x*e + 2%d) + a + b + c)/(cos(2xx*xe + 2%d)
~2 - 2%cos(2*x*e + 2xd) + 1))/((a”2 - 2*a*b + b"2 + 2x(a - b)*c + c~2)*cos(
2%x*xe + 2*%d)"2 + a”2 - b”2 + 2*%a*xc + ¢c”2 - 2*%(a”2 - axb + b*c - c~2)*cos(2x*
x*e + 2xd))) + 3*%(b”3 - 8%(a - b)*c™2 - 16*xc”3 + (b~3 - 8%(a - b)*c"2 - 16%
c”3 - 2%(2%a*xb - b"2)*c)*cos(2xx*e + 2%d) "2 - 2*%(2*axb - b"2)*xc - 2*%(b"3 -
8%(a - b)*c™2 - 16%c™3 - 2x(2*a*b - b~2)*c)*cos(2xx*e + 2+d))*sqrt(c)*log((
(b™2 + 4x(a - 2*b)*c + 8*c”2)*cos(2xx*e + 2%d)"2 + b2 + 4x(a + 2¥b)*c + 8%
c™2 + 4x((b - 2xc)*cos(2*x*e + 2xd)~2 - 2%b*cos(2xx*e + 2xd) + b + 2%c)*sqr
t(c)*sqrt(((a - b + c)*cos(2xxxe + 2*d)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a
+ b + c)/(cos(2*x*e + 2%d)"2 - 2*cos(2xx*e + 2*%d) + 1)) - 2% (b"2 + 4*xaxc -
8%c~2)*cos(2*x*e + 2xd))/(cos(2*x*e + 2%d)~2 - 2%cos(2*x*e + 2xd) + 1)) - 4
*(3*xb"2%c - 4x(2*a - b)*c”2 - 20%c”3 + (3*b"2*c - 8*(a - b)*c”2 - 44%c”3)*c
0s(2xx*xe + 2%d)"2 - 2% (3*%b"2xc - 2*(4*a — 3*b)*c”2 - 16%c”3)*cos(2*x*e + 2%
d))*sqrt(((a - b + c)*cos(2*x*e + 2xd)~2 - 2*(a - c)*cos(2*xx*e + 2*%d) + a +
b + c)/(cos(2*x*e + 2xd) "2 - 2*cos(2*x*e + 2xd) + 1)))/(c"3*cos(2*x*e + 2%
d) "2xe - 2xc~3xcos(2*x*e + 2*d)*e + c"3*xe), -1/96%(48*(c"3*cos(2*x*e + 2*d)
~2 - 2xc"3*cos(2xx*e + 2*d) + c”3)*sqrt(-a + b - c)*arctan(((a - b + c)*cos
(2xx*xe + 2%d)~2 - (2*%a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(-a + b - c)*sqrt
(((a - b + c)*cos(2*x*e + 2xd)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + ¢c)/
(cos(2*x*e + 2xd) "2 - 2xcos(2*x*e + 2xd) + 1))/((a"2 - 2*xaxb + b"2 + 2x(a -
b)*c + c"2)*cos(2*x*e + 2*%d)"2 + a”2 - b"2 + 2%a*c + ¢c”2 - 2%(a"2 - axb +
b*c - c72)*cos(2*x*e + 2*d))) + 3*(b"3 - 8+(a - b)*c™2 - 16*c”3 + (b~3 - 8%
(a - b)*c™2 - 16%c™3 - 2x(2*a*b - b~2)*c)*cos(2xx*e + 2%d)"2 - 2*%(2*a*xb - b
“2)xc - 2%(b"3 - 8*%(a - b)*c"2 - 16%c~3 - 2% (2*axb - b~2)*c)*cos(2*x*e + 2%
d))*sqrt(-c)*arctan(-1/2*((b - 2*c)*cos(2*x*e + 2%d) "2 - 2*bkxcos(2*x*e + 2%
d) + b + 2%c)*sqrt(-c)*sqrt(((a - b + c)*cos(2*x*e + 2xd)~2 - 2*(a - c)*cos
(2xx*e + 2%xd) + a + b + c)/(cos(2*x*e + 2%d)~2 - 2%cos(2xx*e + 2xd) + 1))/(
((a - b)*c + c"2)*cos(2xx*xe + 2x%d)"2 + (a + b)*c + ¢c”2 - 2x(axc - c~2)*cos(

2%x*xe + 2%d))) - 2x(3*b"2%c - 4*x(2%a - b)*c"2 -...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a,—l— beot? (d + ex) + ccot? (d + ex)‘ cot’ (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d)**5x(atbxcot (e*x+d)**x2+c*cot (exx+d)**4)*x(1/2) ,x)

[Out] Integral(sqrt(a + b*cot(d + exx)**2 + cxcot(d + exx)**4)*cot(d + exx)**5, x

)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5 (a+bxcot (e*x+d) “2+cxcot (e*x+d)~4)~(1/2),x, algorithm
="giac")
[Out] Timed out

Mupad [F(-1)]
time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)~5*(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(1/2),x)

[Out] \text{Hanged}
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3.23 [ cot3(d+ex) \/a + beot?(d + ex) + ccot*(d + ex) da

Optimal. Leaf size=209

va—b+c tanh™! 2a=b(b=2) cot?(dtea) ‘ (6% + 4bc — 4c(a + 2¢)) tanh’
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex)
- +
2e

[Out] 1/16%(b~2+4%bxc-4*c*(a+2*c))*arctanh(1/2* (b+2*c*cot (exx+d)~2)/c~(1/2)/(a+b*
cot (exx+d) "2+c*xcot (e*x+d) ~4)~(1/2))/c~(3/2) /e-1/2*arctanh (1/2* (2*xa-b+(b-2*c

)*xcot (e*xx+d) ~2)/(a-b+c) ~(1/2) / (a+b*cot (e*xx+d) “2+c*xcot (e*x+d) ~4) ~(1/2))*(a-b
+c)~(1/2) /e-1/8* (b-4*c+2*xc*cot (e*xx+d) ~2) * (a+b*cot (e*x+d) "2+c*xcot (e*xx+d) ~4)~
(1/2)/c/e

Rubi [A]

time = 0.24, antiderivative size = 209, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 8, number of rules used = 7, integrand size = 35,
Rules used = {3782, 1265, 828, 857, 635, 212, 738}

b+2ccot? (d+ex) Va—b+c tanh™t 2a+(b—2¢) cot? (d+ex) b
2ﬁ\l/a+bcot7(d+ez)+ccot‘(d+ ex) (b+2ccot?(d + ex) — 4c) \/a + beot?(d + ex) + coot'(d + ex) 2Va—b+c\/a+beot?(d + ex) + ccot’(d + ex)
- - 2e

16c3/%e 8ce

(—4c(a +2¢) + b* + 4bc) tanh ™" (

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~3*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]"4],x]
[Out] -1/2%(Sqrtla - b + cl*ArcTanh[(2%a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[
a - b + c]xSqrt[a + b*Cot[d + e*x]"2 + cxCot[d + exx]"4]1)])/e + ((b™2 + 4xb
xc — 4*ckx(a + 2xc))*ArcTanh[(b + 2xc*Cot[d + exx]~2)/(2*Sqrt[c]*Sqrt[a + bx*
Cot[d + e*x]~2 + cxCot[d + e*xx]~4])]1)/(16%c~(3/2)*e) - ((b - 4*c + 2*c*Cot[
d + e*x]"2)*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4])/(8*cxe)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x2), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, O]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 828

Int[((d_.) + (e_.)*(x_)) " (m_ )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*x(x_)7"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~(m + 1)*(ckexf*(m + 2*p + 2)
- gx(ckd + 2xc*d*p — bxe*p) + gkckex(m + 2xp + 1)*x)*((a + b*x + c*x~2) p/
(cxe™2%(m + 2*%p + 1)*(m + 2%p + 2))), x] - Dist[p/(c*e”2x(m + 2xp + 1)*(m +
2%p + 2)), Int[(d + e*x)"m*(a + b*x + c*x"2) " (p - 1)*Simp[ckexf*(b*d - 2+*a
xe)*(m + 2%xp + 2) + gk(axex(bxe - 2kckxd*m + bkexm) + bxdx(b*exp - c*d - 2%c
*xd*p)) + (ckexfx(2kcxd - b*xe)*x(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c™
2xd"2x(1 + 2%p) - c*e*x(b*d*(m - 2%p) + 2*xaxex(m + 2%p + 1))))*x, x], x], xI]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2
- bxdxe + a*e”2, 0] && GtQ[p, 0] && (IntegerQ[p] || !RationalQ[m] || (GeQL
m, -1] && LtQ[m, 0])) && !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2+*p])

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_I)x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)"p, x], x] + Dist[(exf - d*g)/e, Int[(d + exx) m*(a + bxx + c*xx~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1265

Int[(x_ )" (m_.)*x((d_ ) + (e_.)*(x_)"2)"(q_.)*((a)) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx) q*(a +
bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@a_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Subst (f Vatbe? +eat g, o cot(d + ex)

142

/cot3(d+ex) \/a+bcot2(d+ea:)+ccot4(d+ez)‘ dr = — . ‘
Subst (f eva +1Zf;+ @’ iz, cot?(d + ex))

2e

(b — 4c + 2ccot?(d + ex)) \/a + beot?(d + ex)

8ce

(b — 4c + 2ccot?(d + ex)) \/a + beot?(d + ex)

8ce

(b — 4c + 2ccot?(d + ex)) \/a + beot?(d + ex)

8ce

/a — b+C tanh_l 2a—b+(b—2
2va—b+c \/a+bcot2

2e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 36.40, size = 412434, normalized size = 1973.37

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~3*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]~4],x]
[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 424 vs.
2(185) = 370.
time = 0.23, size = 425, normalized size = 2.03

] method \ result
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b

(br2e(oPeara)) /@ + b (cot? (ex + d)) + ¢ (cot? (ez + d)) ( o rvatble

8c

derivativedivides

 (v+2e(cor?(eara))) /@ + b (cot? (ex + d)) + ¢ (cot* (ez + d)) _1 ( NG +va+b(c

8c

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) " 3*(a+b*cot (exx+d) ~2+c*cot (e*xx+d)~4)~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(-1/8*(b+2*c*cot (e*x+d) ~2)/c*x(a+bxcot (e*xx+d) ~2+c*cot (e*xx+d)~4)~(1/2)-1/
4/c”(1/2)*1n((1/2%b+c*cot (e*xx+d) "2) /c” (1/2) +(atb*cot (exx+d) “2+cxcot (exx+d) ~

)~ (1/2))*a+1/16/c~(3/2) *1n((1/2*b+c*xcot (exx+d) ~2) /c~ (1/2) +(a+b*cot (exx+d) "
2+ckcot (exx+d) ~4) ~(1/2)) *b~2+1/2x (c* (cot (exx+d) ~2+1) ~2+ (b-2%c) * (cot (e*xx+d) ™
2+1)+a-b+c) ~(1/2)+1/4%1n((1/2xb-c+(cot (e*x+d) “2+1)*c) /c~(1/2) +(c* (cot (e*xx+d
)~2+1) "2+ (b-2xc) * (cot (e*x+d) “2+1)+a-b+c) " (1/2)) /¢ (1/2) ¥b-1/2%1n ((1/2%b-c+(

cot (exx+d) "2+1)*c) /c~ (1/2) +(c*(cot (exx+d) ~2+1) ~2+(b-2*c) * (cot (exx+d) ~2+1) +a

—b+c) " (1/2))*c™ (1/2)-1/2% (a-b+c) ~ (1/2) *1n ((2*a-2%b+2xc+ (b-2%c) * (cot (e*x+d)
2+1)+2x (a-b+c) ~(1/2) * (c* (cot (exx+d) ~2+1) ~2+(b-2%c) * (cot (e*x+d) “2+1) +a-b+c) "~
(1/2))/ (cot (exx+d) ~2+1)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3*(a+tb*cot (exx+d) "2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(x*e + d)~4 + bkcot(x*e + d)~2 + a)*cot(x*e + d)~3, x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 595 vs.
2(191) = 382.
time = 7.16, size = 2452, normalized size = 11.73

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) ~3*(a+b*cot (exx+d) “2+c*cot(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/32%(8*(c"2*cos(2*x*e + 2%d) - c”2)*sqrt(a - b + c)*log(2*(a”2 - 2*xaxb +
b™2 + 2x(a - b)*c + c"2)*cos(2*x*e + 2*d)"2 + 2*xa"2 - b"2 + 2*c”2 - 2x((a -
b + c)*cos(2xx*e + 2*%d)~2 - (2*%a - b)*cos(2*x*e + 2xd) + a - c)*sqrt(a - b
+ c)*sqrt(((a - b + c)*cos(2xxxe + 2*%d)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a
+ b + c)/(cos(2*xxe + 2xd) "2 - 2xcos(2xx*e + 2*d) + 1)) - 4x(a"2 - axb + b
*C — c”2)*cos(2xx*e + 2%d)) + (b"2 - 4x(a - b)*c - 8%c"2 - (b™2 - 4*x(a - b)
*xC — 8%c”2)*cos(2xx*e + 2%d))*sqrt(c)*log(((b"2 + 4x(a - 2%b)*c + 8%c~2)*co
s(2xxxe + 2*%d)"2 + "2 + 4x(a + 2*¥b)*c + 8*c”2 - 4*x((b - 2*c)*cos(2*xx*e + 2
*d) "2 - 2%b*cos(2xx*e + 2%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*cos(2xxx*e
+ 2%d)"2 - 2%(a - c)*cos(2*x*xe + 2*%d) + a + b + c)/(cos(2*x*e + 2xd)"2 - 2
xcos (2xx*e + 2+d) + 1)) - 2x(b~2 + 4xakxc - 8*c~2)*cos(2*x*xe + 2*xd))/(cos(2x*
X*e + 2%d)"2 - 2%cos(2*x*e + 2*d) + 1)) + 4x(b*c - 2+%c”2 - (b*c - 6*c”~2)*co
s(2xx*e + 2*xd))*sqrt(((a - b + c)*cos(2*x*e + 2*d)~2 - 2x(a - c)*cos(2*x*e
+ 2xd) + a + b + c)/(cos(2*x*xe + 2xd)"2 - 2*cos(2*x*e + 2*d) + 1)))/(c"2*co
s(2xxxe + 2xd)*e — c"2%e), -1/16x((b"2 - 4%x(a - b)*c - 8%c™2 - (b™2 - 4x(a
- b)*c - 8xc”2)*cos(2*x*e + 2%d))*sqrt(-c)*arctan(-1/2*((b - 2*c)*cos(2*x*e
+ 2xd)~2 - 2%b*cos(2*x*e + 2xd) + b + 2*c)*sqrt(-c)*sqrt(((a - b + c)*cos(
2%xxe + 2*%d)"2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2xx*e + 2%d)”~
2 - 2xcos(2*x*e + 2*%d) + 1))/(((a - b)*c + c”2)*cos(2xx*e + 2%d)"2 + (a + b
Yxc + ¢c72 - 2x(a*c - c"2)*cos(2*x*xe + 2*d))) - 4x(c"2*cos(2xx*e + 2*d) - c”
2)*sqrt(a - b + c)*log(2*(a~2 - 2*axb + b™2 + 2x(a - b)*c + c~2)*cos(2*x*e
+ 2%d)"2 + 2%¥a”"2 - b72 + 2*%c”2 - 2x((a - b + c)*cos(2*x*e + 2*d)"2 - (2*a -
b)*cos(2*x*e + 2*d) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(2xx*e +
2xd)~2 - 2x(a - c)*cos(2xx*e + 2%d) + a + b + c)/(cos(2*x*e + 2xd)"2 - 2%*c
os(2xx*xe + 2%d) + 1)) - 4x(a”2 - a*b + bxc - c”2)*cos(2*x*e + 2xd)) - 2% (bx*
c - 2xc”2 - (b*c - 6%c”2)*cos(2*x*e + 2xd))*sqrt(((a - b + c)*cos(2*x*e + 2
*d) "2 - 2%(a - c)*cos(2*x*e + 2*%d) + a + b + c)/(cos(2*x*e + 2xd)~2 - 2*cos
(2xx*xe + 2%d) + 1)))/(c"2*cos(2*xx*xe + 2*d)*e - c~2*e), 1/32x(16*(c"2*cos(2*
x*e + 2xd) - c”2)*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2xx*e + 2xd)"2 -
(2%a - b)*cos(2*x*e + 2*d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos
(2xx*e + 2xd)~"2 - 2%(a - c)*cos(2*x*e + 2*%d) + a + b + c)/(cos(2*x*e + 2xd)
2 - 2xcos(2*x*e + 2xd) + 1))/((a”"2 - 2*axb + b"2 + 2*(a - b)*c + c~2)*cos(
2xxke + 2*%d)"2 + a”2 - b72 + 2%axc + c”2 - 2*(a”2 - axb + b*c - c”2)*cos(2x*
x*¥e + 2xd))) + (b"2 - 4x(a - b)*c - 8+%c”2 - (b"2 - 4%(a - b)*c - 8*c~2)*cos
(2xx*e + 2*xd))*sqrt(c)*log(((b"2 + 4*(a - 2xb)*c + 8*c”2)*cos(2*xx*e + 2%d)~
2 + b™2 + 4x(a + 2*b)*c + 8*xc”2 - 4*%((b - 2*c)*cos(2xx*e + 2*d)~2 - 2*b*cos
(2xx*xe + 2xd) + b + 2*c)*sqrt(c)*sqrt(((a - b + c)*cos(2xxxe + 2xd)~2 - 2x(
a - c)xcos(2*x*xe + 2%d) + a + b + c)/(cos(2*x*e + 2xd) "2 - 2xcos(2*x*e + 2%
d) + 1)) - 2%(b"2 + 4*xakxc - 8*c~2)*cos(2*x*xe + 2*d))/(cos(2*x*e + 2xd)~2 -
2xcos (2xx*e + 2%d) + 1)) + 4x(bxc - 2xc™2 - (b*c - 6%c”2)*cos(2xx*e + 2*d))
*sqrt(((a - b + c)*cos(2*x*e + 2xd)~"2 - 2*(a - c)*cos(2*x*e + 2%d) + a + b
+ c)/(cos(2*x*e + 2xd) "2 - 2*cos(2*x*e + 2xd) + 1)))/(c"2*cos(2*x*e + 2*d)*
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e - c"2xe), 1/16%(8*(c"2*cos(2xxxe + 2*d) - c"2)*sqrt(-a + b - c)*arctan(((
a - b + c)xcos(2*x*e + 2+%d)"2 - (2%a - b)*cos(2xx*e + 2xd) + a - c)*sqrt(-a
+ b - c)xsqrt(((a - b + c)*cos(2*x*e + 2xd)"2 - 2x(a - c)*cos(2*x*e + 2xd)
+a+ b+ c)/(cos(2xx*xe + 2xd) "2 - 2*cos(2xx*e + 2*%d) + 1))/((a"2 - 2*ax*b
+ b2 + 2x(a - b)*c + c”2)*cos(2xx*e + 2%d)"2 + a2 - b"2 + 2%axc + c”2 - 2
*(a”2 - a*b + bxc - c"2)*cos(2*x*e + 2xd))) - (b™2 - 4*x(a - b)*c - 8%c”2 -
(b~2 - 4*%(a - b)*c - 8*c~2)*cos(2*x*e + 2xd))*sqrt(-c)*arctan(-1/2*x((b - 2%
c)xcos(2*xxe + 2%d) "2 - 2xbxcos(2*x*e + 2%d) + b + 2*c)*sqrt(-c)*sqrt(((a -
b + c)*cos(2*x*e + 2%d)"2 - 2*x(a - c)*cos(2*x*e + 2*%d) + a + b + c)/(cos(2
*x*e + 2%d) "2 - 2*%cos(2xx*e + 2xd) + 1))/(((a - b)*c + c~2)*cos(2*x*xe + 2%d
)72 + (a + b)*c + ¢c72 - 2x(a*c - c"2)*cos(2*x*xe + 2*d))) + 2x(b*c - 2*xc"2 -
(bxc - 6%c”2)*cos(2xxxe + 2xd))*sqrt(((a - b + c)*cos(2*x*e + 2xd)~2 - 2x*(
a - c)xcos(2*x*xe + 2%d) + a + b + c)/(cos(2*x*e + 2xd) "2 - 2xcos(2*x*e + 2%

d) + 1)))/(c"2*cos(2*x*e + 2*d)*e - c"2*e)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a+ beot? (d + ex) + ccot* (d + ex)‘ cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**3*(atbxcot (e*x+d) **x2+c*cot (exx+d)**4)*x(1/2) ,x)

[Out] Integral(sqrt(a + b*cot(d + exx)**2 + cxcot(d + exx)**4)*cot(d + exx)**3, x
)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3*(a+b*cot (exx+d) "2+c*cot(exx+d)~4)~(1/2),x, algorithm
="giac")
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/cot(d+eac)3 \/ccot (d+ex) +bcot(d+ex)’ +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)~3*(a + bxcot(d + exx)~2 + c*cot(d + e*x)~4)~(1/2),x)
[Out] int(cot(d + exx)~3*(a + b*cot(d + exx)~2 + cxcot(d + e*x)"4)~(1/2), x)
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3.24 [ cot(d+ezx)\/a + beot’ (d + ex) + ccot*(d + ex) dx

Optimal. Leaf size=179

va—b+c tanh™! 2a—b+(b—2¢) cot?(d+ex) ‘ (b—2c)tanh™ [ ————
2vVa—b+c \/a+bcot2(d+ea:)+ccot4(d+ex) 2¢v/c'\Ja+b
_ i

2e

[Out] -1/4%(b-2*c)*arctanh(1/2*(b+2*c*cot (exx+d)~2)/c~(1/2)/(a+b*cot (e*xx+d) ~“2+c*c
ot (exx+d)~4)~(1/2))/e/c”(1/2)+1/2*arctanh (1/2* (2*a-b+(b-2*c) *cot (e*xx+d) ~2)/
(a-b+c)~(1/2)/ (a+b*cot (exx+d) ~2+c*cot (exx+d) ~4) ~(1/2)) *(a-b+c) " (1/2) /e-1/2%
(at+b*cot (exx+d) “2+c*cot (exx+d) ~4)~(1/2) /e

Rubi [A]
time = 0.15, antiderivative size = 179, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.212,

steps used = 8, number of rules used = 7, integrand size = 33,
Rules used = {3782, 1261, 748, 857, 635, 212, 738}

, /a —b Fc tanh’l 2a+(b—2c) cot?(d+ex)—b i (b _ Zc) tanhq b+2ccot?(d+ex) ‘
\/a+bcot2(d+ez)+ccot4(d+ez) 2Wa—b+c \/a+bcot2(d+ ex) + ccoti(d + ex) 2\/3\/a+bcot2(d+ez)+ccot“(d+ez)

2e + 2e 4+/ce

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]*Sqrt[a + b*Cot[d + e*x]"2 + c*Cot[d + e*x]~4],x]

[Out] (Sqrtla - b + cl*ArcTanh[(2%a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrt[a + bxCot[d + exx]"2 + c*Cot[d + e*x]~4])]1)/(2%e) - ((b - 2*c)*A
rcTanh[(b + 2xc*Cot[d + exx]~2)/(2*Sqrt[c]*Sqrt[a + b*Cot[d + e*x]~2 + c*Co

tld + e*x]~4])])/(4*Sqrt[cl*e) - Sqrtla + b*Cot[d + e*x]~2 + cxCot[d + exx]
~4]/(2x%e)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQl[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 748

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[(d + e*x)”"(m + 1)*((a + bxx + c*x~2)"p/(ex(m + 2%p + 1))), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*x) m*Simp[b*d - 2*a*e + (2%cxd - b
xe)*x, x]*(a + b¥x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"2 - bxdxe + a*e”2, 0] && NeQ[2*c*xd - b*e
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &
& I'ILtQ[m + 2*p, O] &% IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 857

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_I)x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x”2)7p, x], x] + Dist[(exf - d*xg)/e, Int[(d + e*xx) m*x(a + b*xx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*xd™2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x) q*(a + b*x + c*x~2)7p, x],
x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x]

Rule 3782

Int[cot[(d_.) + (e_)*(x_)]"(m_.)*x((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£_.))"(m2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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1422

Subst (f svVa+ba? +eat gy o cot(d + ex))

/cot(d—l— ex) \/a + beot?(d + ex) + ccot*(d + e:c)‘ dr = —

e
Subst (f Va+be+cz? g, o cot?(d + ex))

14z
- 2e
\/a + beot?(d + ex) + ccot*(d + ex) ~ Subst
- +
2e
\/a+b00t2(d+ex)+ccot4(d+ea:)‘ (b-2
T 2e o
. (b—2

\/a + beot?(d + ex) + ccot*(d + ex)

- 2e

va—b+c tanh™! 2a—b+(b—2c) c
2Va—b+c \/a + beot?(d

2e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 34.93, size = 286262, normalized size = 1599.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]*Sqrt[a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4],x]
[Out] Result too large to show
Maple [A]

time = 0.24, size = 281, normalized size = 1.57

method result

cotz(ez+d)+l)

Ve (eot? (e +d) + 1) + (b — 2¢) (cot? (ex+d)+1)+a—b+c_ln(fc+( ve

derivativedivides
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] %—c+(cot2(ez+d)+
\/c(cot2 (ex +d) + 1)2 +(b—2c) (cot’(ex +d)+1)+a—b+c ln(\/g

2

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)*(a+b*cot(e*x+d) "2+c*xcot(e*x+d)~4)~(1/2),x,method=_RETURNVERB
0SE)

[Out] 1/ex(-1/2*(c*(cot (e*x+d) ~2+1) "2+ (b-2*c) *(cot (exx+d) "2+1)+a-b+c) ~(1/2)-1/4*1
n((1/2%b-c+(cot (e*x+d) “2+1) *c) /c~(1/2)+(c* (cot (exx+d) ~2+1) “2+(b-2*c) *(cot (e

*x+d) “2+1)+a-b+c) ~(1/2)) /c~(1/2) *b+1/2*1n((1/2*b-c+(cot (exx+d) “2+1)*c) /c~ (1
/2)+(cx(cot (exx+d) ~2+1) "2+ (b-2*c) * (cot (exx+d) "2+1)+a-b+c) ~(1/2) ) *xc~(1/2)+1/

2x (a-b+c) " (1/2) *1n((2*xa-2*b+2*c+(b-2*c) * (cot (e*x+d) "2+1) +2* (a-b+c) ~(1/2) *(c

*(cot (e*xx+d) "2+1) "2+ (b-2*c) *(cot (e*x+d) “2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) ~2+1)

))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot (e*x+d) “2+c*cot(exx+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(x*e + d)~4 + bkcot(x*e + d)~2 + a)*cot(x*e + d), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 484 vs.
2(160) = 320.
time = 6.43, size = 2012, normalized size = 11.24

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot(e*xx+d) "2+cxcot(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/8*(2xsqrt(a - b + c)*cxlog(2*(a~2 - 2*axb + b™2 + 2x(a - b)*c + c~2)*cos
(2%xx*e + 2%d)~2 + 2¥a”2 - b72 + 2*%c”2 + 2x((a - b + c)*cos(2*x*e + 2%d)"2 -

(2%a - b)*cos(2xxxe + 2xd) + a - c)*sqrt(a - b + c)*sqrt(((a - b + c)*cos(
2xxxe + 2*%d) "2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*x*e + 2%d)~
2 - 2kcos(2xx*e + 2%d) + 1)) - 4%(a”2 - a*b + b*c - c~2)*cos(2*x*e + 2xd))
- (b - 2xc)*sqrt(c)*log(((b~2 + 4*(a - 2*b)*c + 8xc~2)*cos(2*x*e + 2%d)~2 +
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b~2 + 4x(a + 2*b)*c + 8%c”2 + 4*x((b - 2%c)*cos(2xx*e + 2xd)~2 - 2*b*cos(2x
xxe + 2%d) + b + 2xc)*sqrt(c)*sqrt(((a - b + c)*cos(2*xx*e + 2%d)"2 - 2x(a -
c)*cos(2xx*e + 2%d) + a + b + c)/(cos(2xxxe + 2xd)~2 - 2*cos(2*x*e + 2%d)
+ 1)) - 2%x(b"2 + 4xaxc - 8*%c”2)*cos(2*x*e + 2xd))/(cos(2*x*e + 2%d)~2 - 2%c
os(2xxxe + 2xd) + 1)) - 4*cksqrt(((a - b + c)*cos(2*x*e + 2xd)"2 - 2*%(a - c
)*cos(2*xxe + 2x%d) + a + b + c)/(cos(2*x*e + 2*d)~2 - 2xcos(2*x*e + 2*xd) +
1)))*e~(-1)/c, -1/4x((b - 2*c)*sqrt(-c)*arctan(-1/2*((b - 2*c)*cos(2*x*e +
2xd) "2 - 2xb*cos(2*xxe + 2*%d) + b + 2xc)*sqrt(-c)*sqrt(((a - b + c)*cos(2*x
*e + 2%d)"2 - 2x(a - c)*cos(2xx*e + 2xd) + a + b + c)/(cos(2*x*e + 2%d)"2 -
2xcos(2*x*e + 2xd) + 1))/(((a - b)*c + c”2)*cos(2*x*e + 2xd)~2 + (a + b)*c
+ ¢c72 - 2x(a*c - c"2)*cos(2*x*e + 2xd))) - sqrt(a - b + c)*cxlog(2*(a~2 -
2%a*xb + b72 + 2*%(a - b)*c + c”2)*cos(2xx*e + 2%xd)"2 + 2%¥a”2 - b"2 + 2%c”2 +
2x((a - b + c)*cos(2xxxe + 2*d)~2 - (2*a - b)*cos(2*x*e + 2xd) + a - c)*sq
rt(a - b + c)*sqrt(((a - b + c)*cos(2*x*e + 2*d)~2 - 2x(a - c)*cos(2*xx*e +
2%d) + a + b + c)/(cos(2*x*e + 2*%d)"2 - 2*cos(2*x*e + 2*%d) + 1)) - 4*(a”2 -
a*b + bxc - c"2)*cos(2xx*e + 2xd)) + 2*ckxsqrt(((a - b + c)*cos(2xx*xe + 2*d
)72 - 2%(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2xx*e + 2*d)~2 - 2xcos(2
xxxe + 2%d) + 1)))*e~(-1)/c, -1/8%(4*sqrt(-a + b - c)*c*arctan(((a - b + c)
xcos (2*x*e + 2%d)~2 - (2*%a - b)*cos(2*x*xe + 2%d) + a - c)*sqrt(-a + b - c)*
sqrt(((a - b + c)*cos(2xx*e + 2xd)"2 - 2x(a - c)*cos(2*x*e + 2%d) + a + b +
c)/(cos(2*xxe + 2%d)~2 - 2xcos(2*x*e + 2*%d) + 1))/((a”2 - 2xa*b + b~2 + 2%
(a - b)*c + c"2)*xcos(2*x*e + 2*xd)"2 + a”2 - b"2 + 2%axc + ¢c”2 - 2x(a"2 - a*
b + b*c - c”2)*cos(2*x*e + 2xd))) + (b - 2*c)*sqrt(c)*log(((b"2 + 4x(a - 2%
b)*c + 8%c”2)*cos(2xx*e + 2%d)"2 + b~2 + 4x(a + 2*¥b)*xc + 8xc”2 + 4x((b - 2%
c)*cos(2*xxe + 2xd) "2 - 2%bkxcos(2xx*e + 2*%d) + b + 2xc)*sqrt(c)*sqrt(((a -
b + c)*cos(2*xxe + 2*%d)~2 - 2x(a - c)*cos(2*x*e + 2*d) + a + b + c)/(cos(2*
x*xe + 2%d) "2 - 2*cos(2xx*xe + 2%d) + 1)) - 2*%(b"2 + 4*axc - 8*c”2)*cos(2xx*e
+ 2xd))/(cos(2*x*e + 2%d)~2 - 2*cos(2*x*e + 2xd) + 1)) + 4*xcxsqrt(((a - b
+ c)*cos(2*x*e + 2xd)"2 - 2*(a - c)*cos(2xx*e + 2*d) + a + b + c)/(cos(2*xx*
e + 2xd)~2 - 2xcos(2*x*e + 2*%d) + 1)))*e~(-1)/c, -1/4x(2*sqrt(-a + b - c)*c
*arctan(((a - b + c)*cos(2xx*e + 2%d)~2 - (2%a - b)*cos(2*x*e + 2%d) + a -
c)xsqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*x*e + 2xd)~2 - 2*(a - c)*cos(2x*
x*e + 2xd) + a + b + c)/(cos(2*x*e + 2xd)”2 - 2*cos(2*x*e + 2%d) + 1))/((a”
2 - 2%a*b + b72 + 2%(a - b)*c + c”2)*cos(2*xx*e + 2%d)"2 + a”2 - b"2 + 2xaxc
+ ¢c™2 - 2%x(a”2 - a*b + bxc - c”2)*cos(2*x*e + 2xd))) + (b - 2*c)*sqrt(-c)*
arctan(-1/2*%((b - 2*c)*cos(2*x*e + 2%d)~2 - 2xbk*cos(2xx*e + 2%d) + b + 2%c)
*xsqrt(-c)*sqrt(((a - b + c)*cos(2*x*e + 2%d)~2 - 2*(a - c)*cos(2xxxe + 2%d)
+a+ b+ c)/(cos(2*x*e + 2%d) "2 - 2xcos(2xx*e + 2xd) + 1))/(((a - b)*c +
c"2)*cos(2xx*e + 2*%d)"2 + (a + b)*c + ¢c~2 - 2x(a*c - c”2)*cos(2*xxxe + 2x%d))
) + 2xc*xsqrt(((a - b + c)*cos(2*x*e + 2%d)~2 - 2x(a - c)*cos(2xx*xe + 2%d) +
a + b + c)/(cos(2*xxe + 2%d)~2 - 2xcos(2*x*e + 2xd) + 1)))*e~(-1)/c]

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

/ \/a+bco1;2 (d + ex) + ccot? (d—|—ex)‘ cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(at+b*cot (e*x+d)**2+c*cot (exx+d)**4)**x(1/2),x)

[Out] Integral(sqrt(a + b*cot(d + e*x)**2 + cxcot(d + e*x)**4)*cot(d + exx), x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cot(d+ea:) \/ccot(d+ez)4+bcot(d+ex)2+a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)*(a + bxcot(d + e*x)~2 + c*xcot(d + e*xx)~4)~(1/2),x)
[Out] int(cot(d + exx)*(a + bxcot(d + e*x)~2 + cxcot(d + e*xx)~4)~(1/2), x)
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3.25 [ v/a+bcot’ (d + ex) + ccoti(d + ex) tan(d+

er)dr
Optimal. Leaf size=203
Vva tanh™! 2a+bcot?(d+ez) ‘ Va—b+c tanh™! 2a—b+(b—
2v/a’ \/a + beot?(d + ex) + ccott(d + ex) 2vVa—b+c \/a + beot
2e B 2e

[Out] 1/2*arctanh(1/2*(2*atbxcot(e*x+d)~2)/a~(1/2)/(atbxcot(e*x+d) ~2+c*cot (e*x+d)
~4)~(1/2))*a~(1/2) /e-1/2*arctanh (1/2* (b+2*c*cot (exx+d) ~2) /c~(1/2) / (a+b*cot (
exx+d) “2+c*cot (exx+d) "4)~(1/2) ) *c~(1/2) /e-1/2*arctanh (1/2* (2*xa-b+(b-2%*c) *co

t (e*xx+d) ~2) /(a-b+c) ~(1/2) / (a+b*cot (e*x+d) “2+c*cot (e*xx+d) ~4) ~(1/2) ) *(a-b+c)~
(1/2)/e

Rubi [A]

time = 0.19, antiderivative size = 203, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.212,

steps used = 10, number of rules used = 7, integrand size = 33,
Rules used = {3782, 1265, 909, 738, 212, 857, 635}

V@ tanh™ 2a+bcot? (d+ex) Va—b+c tanh™! 2a-+(b—2¢) cot?(d+ex)—b /€ tanh™! bi2ccot?(d+ex)
aﬁ\/a+bcot2(d+ez)+ccot“(d+ez) 2v/a—b+c \/a+bcot*(d + ex) + ccot*(d + ex) Qﬁ\/a+bcot2(d+ez)+ccot“(d+ez)
B 2e B

2e 2e

Antiderivative was successfully verified.
[In] Int[Sqrtl[a + b*Cot[d + e*x]~2 + c*Cot[d + exx]~4]*Tan[d + exx],x]

[Out] (Sqrt[al*ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[a]l*Sqrt[a + b*Cot[d + e*x
172 + c*Cot[d + exx]"4]1)]1)/(2%e) - (Sqrtla - b + cl*ArcTanh[(2%a - b + (b -
2xc)*Cot [d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[

d + e*x]~4]1)]1)/(2*e) - (Sqrtlcl*ArcTanh[(b + 2*c*Cot[d + e*xx]~2)/(2xSqrt[c]
*xSqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*xx]~4])])/(2*e)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh [Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2*c*x)/Sqrt[a + bxx + c*x2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, O]

Rule 738
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x72), x], x, (2
*xaxe - bxd - (2xc*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 857

Int[((d_.) + (e_.)*(x)) (@ )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x~2) p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 909

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_)/(((d_.) + (e_.)*(x_))*((f_.) +

(g_.)*(x_))), x_Symbol] :> Dist[(c*d"2 - b*d*e + a*e”2)/(ex(exf - d*g)), I
nt[(a + bxx + c*xx"2)"(p - 1)/(d + exx), x], x] - Dist[1/(ex(exf - d*g)), In
t[Simp[cxd*f - bxexf + akxexg - c*(exf - d*xg)*x, x]*((a + b*x + c*x"2)"(p -

1)/(f + gxx)), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg,
0] &% NeQ[b~2 - 4xa*c, 0] && NeQ[c*d"2 - bxdxe + a*e”2, 0] &% FractionQ[p]
&& GtQlp, O]

Rule 1265

Int[(x_)~"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)]1*(£_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rubi steps
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z(1+=x2)

Subst (f Va+ba? +eat g cot(d + ea:))

/ \/a—i- beot?(d + ex) + ccot*(d + ex)‘ tan(d + ex) dz = —

e
Subst (f Va +br + ca? dz,z,cot?(d + ex))

z(1+x)
o 2e
Subst a—b—cz da, z, cot?(d + ex
_ <f (1+2)Va + bx + ca? ( )
2e
aSubst f ﬁ dx, x, 2a+b cot? (d+ex)
\/a + beot?(d + ex) + cc
- e
\/E tanh_l 2a+b cot?(d+ex)
2v/a’ \/a + beot?(d + ex) + ccot(
- 2e
\/CT tanh™? 2a+b cot? (d+-ex)
2/a \/a + beot?(d + ex) + ccot(
B 2e

Mathematica [A]
time = 12.54, size = 253, normalized size = 1.25

. 5 . YT
_ /@ tanh™! b2 tan? (d+er) +Va—bTe tanh! b-2c+(2a-b) tan?(d+ez) 4 JC tanh ! [ crbian (dtex) Va+ beot?(d + ex) + ceot*(d + ex) tan?(d + ez)
2v/a'y/c+ btan’(d + ex) + atan'(d + ex) wa-b+c x/u+btax|2(d+ew) +atan*(d + ex) 2/c \//C+btallz(d+ez) +atan*(d + ex)

2e\/c+btan1(d+ez) +atan(d + ez)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[d + exx]~2 + c*Cot[d + e*x]~4]*Tan[d + ex*x],x]

[Out] -1/2%((-(Sqgrt[al*ArcTanh[(b + 2*a*Tan[d + e*x]~2)/(2*Sqrt[al*Sqrt[c + b*Tan
[d + exx]~"2 + axTan[d + exx]~4])]) + Sqrt[a - b + c]*ArcTanh[(b - 2*xc + (2%

a - b)*Tan[d + e*xx]~2)/(2xSqrt[a - b + cl*Sqrt[c + bxTan[d + e*x]~2 + axTan

[d + exx]~4])] + Sqrt[c]l*ArcTanh[(2xc + b*Tan[d + e*x]~2)/(2xSqrt[c]*Sqrt[c

+ bxTan[d + e*x]~2 + axTan[d + e*x]~4])])*Sqrt[a + bxCot[d + e*x]~2 + cx*Co

t[d + e*x]~4]*Tan[d + exx]~2)/(e*Sqrt[c + b*Tan[d + e*x]~2 + axTan[d + e*x]

~4])

Maple [F]
time = 0.71, size = 0, normalized size = 0.00

/ \/a + b (cot? (ex + d)) + ¢ (cot* (ex + d)) tan (ex + d) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(e*x+d) "2+c*cot(e*xx+d)~4)~(1/2)*tan(e*x+d) ,x)
[Out] int((at+b*cot(e*xx+d) "2+c*cot(e*xx+d) ~4)~(1/2)*tan(e*x+d) ,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(e*x+d) “2+c*cot(exx+d)~4)~(1/2)*tan(e*x+d),x, algorithm="
maxima")

[Out] integrate(sqrt(c*cot(x*e + d)~4 + b*cot(x*e + d)~2 + a)*tan(xxe + d), x)

Fricas [A]
time = 4.71, size = 2670, normalized size = 13.15

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d) “2+c*cot (exx+d) ~4)~(1/2)*tan(e*xx+d) ,x, algorithm="
fricas")

[Out] [1/4*(sqrt(a)*log(8*a~2*tan(x*e + d)~4 + 8xaxbxtan(x*e + d)~2 + b~2 + 4*ax*c
+ 4x(2xaxtan(x*e + d)~4 + bxtan(x*e + d)~2)*sqrt(a)*sqrt((a*xtan(x*e + d)~4
+ bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)) + sqrt(a - b + c)*log(((8*a"2 - 8
*axb + b~2 + 4*axc)*tan(x*e + d)~4 + 2x(4xaxb - 3%b~2 - 4*(a - b)*c)*tan(x*
e +d)72 + b™2 + 4x(a - 2xb)*c + 8*%c”2 - 4*%((2*a - b)*tan(x*e + d)"4 + (b -
2xc)*tan(xxe + d)"2)*sqrt(a - b + c)*sqrt((a*xtan(x*e + d)~4 + bxtan(x*e +
d)"2 + c)/tan(x*e + d)~4))/(tan(x*e + d)~4 + 2xtan(x*e + d)"2 + 1)) + sqrt(
c)*1og(((b~2 + 4*a*c)*tan(x*e + d)~4 + 8*bxcxtan(x*e + d)~2 + 8%c™2 - 4x(bx*
tan(x*e + d)~4 + 2xcxtan(x*e + d)~2)*sqrt(c)*sqrt((a*xtan(x*e + d)~4 + b*tan
(xxe + d)72 + c)/tan(x*e + d)~4))/tan(xxe + d)~4))*e”~(-1), 1/4*(2*sqrt(-c)*
arctan(2*sqrt(-c)*sqrt((a*tan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e +
d)~"4)*tan(x*e + d)~2/(bxtan(x*e + d)~2 + 2xc)) + sqrt(a)*log(8*a~2*tan(x*e
+ d)~4 + 8xaxbkxtan(x*e + d)~2 + b~2 + 4*axc + 4*(2xaxtan(x*e + d)~4 + b*tan
(xxe + d)~2)*sqrt(a)*sqrt((a*tan(xxe + d)~4 + bxtan(x*e + d)~2 + c)/tan(xxe
+ d)"4)) + sqrt(a - b + c)*log(((8*a"2 - 8xa*xb + b~2 + 4*a*c)*tan(x*e + d)
“4 + 2x(4%axb - 3%b"2 - 4x(a - b)*c)*tan(x*e + d)72 + b™2 + 4x(a - 2*b)*c +
8*xc”2 - 4x((2*xa - b)*tan(x*e + d)"4 + (b - 2*c)*tan(x*e + d)~2)*sqrt(a - b
+ c)*sqrt((axtan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)~4))/(tan(
xxe + d)74 + 2xtan(x*e + d)~2 + 1)))*e~(-1), -1/4%(2*sqrt(-a)*arctan(2*sqrt
(-a)*sqrt((axtan(x*e + d)~"4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan(x*e
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+ d)~2/(2*axtan(x*e + d)"2 + b)) - sqrt(a - b + c)*log(((8*a~2 - 8*a*b + b
"2 + 4xaxc)*tan(x*e + d)~4 + 2x(4xaxb - 3xb~2 - 4%(a - b)*c)*tan(xxe + d)~2
+ b2 + 4x(a - 2*¥b)*c + 8%c”2 - 4*((2*a - b)*tan(xxe + d)"4 + (b - 2%c)*ta
n(x*e + d)~"2)*sqrt(a - b + c)*sqrt((a*tan(x*e + d)~4 + b*tan(x*e + d)~2 + ¢
)/tan(x*e + d)~4))/(tan(x*e + d)~4 + 2xtan(x*e + d)~2 + 1)) - sqrt(c)*log((
(b~2 + 4*axc)*tan(xxe + d)~4 + 8xbxcxtan(x*e + d)~2 + 8*c™2 - 4x(bxtan(x*e
+ d)"4 + 2*c*tan(xxe + d)~2)*sqrt(c)*sqrt((a*tan(xxe + d)~4 + bxtan(x*e + d
)"2 + c)/tan(xxe + d)~4))/tan(xxe + d)~4))*e~(-1), -1/4%(2xsqrt(-a)*arctan(
2xsqrt(-a)*sqrt ((a*tan(x*e + d)~4 + bxtan(xxe + d)~2 + c)/tan(x*e + d)~4)*t
an(xxe + d)~2/(2xaxtan(x*e + d)~2 + b)) - 2*sqrt(-c)*arctan(2*sqrt(-c)*sqrt
((a*tan(xxe + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan(x*e + d)~2/(
bxtan(x*e + d)~2 + 2%c)) - sqrt(a - b + c)*log(((8*a"2 - 8xaxb + b~2 + 4xax
c)*tan(xxe + d)"4 + 2x(4*axb - 3*%b~2 - 4*(a - b)*c)*tan(x*e + d)"2 + b2 +
4x(a - 2%b)*c + 8%c™2 - 4*%((2*%a - b)*tan(xxe + d)~4 + (b - 2*c)*tan(x*e + d
)"2)*sqrt(a - b + c)*sqrt((axtan(xxe + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e
+ d)"4))/(tan(x*e + d)~4 + 2xtan(x*e + d)~2 + 1)))*e~(-1), -1/4*%(2*sqrt(-a
+ b - c)*arctan(-2*sqrt(-a + b - c)*sqrt((axtan(x*e + d)~"4 + bxtan(x*e + d
)"2 + c)/tan(xxe + d)~4)*tan(x*e + d)~2/((2*a - b)*tan(x*e + d)"2 + b - 2%c
)) - sqgrt(a)*log(8*a~2*xtan(x*e + d)~4 + 8*xaxb*tan(x*e + d)~2 + b2 + 4xaxc
+ 4x(2xaxtan(x*e + d)~4 + b¥tan(x*e + d)~2)*sqrt(a)*sqrt((a*tan(xxe + d)~4
+ bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)) - sqrt(c)*log(((b~2 + 4*a*c)*tan(x
*e + d)74 + 8xbkxcktan(xxe + d)~2 + 8%c”2 - 4x(b*tan(x*e + d)~4 + 2xcxtan(x*
e + d)"2)*sqrt(c)*sqrt((axtan(x*e + d)~"4 + bxtan(x*e + d)~2 + c)/tan(x*e +
d)~4))/tan(x*e + d)~4))*e~(-1), -1/4*(2*sqrt(-a + b - c)*arctan(-2*sqrt(-a
+ b - c)*sqrt((a*tan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan
(xxe + d)"2/((2*a - b)*tan(x*e + d)"2 + b - 2*c)) - 2*sqrt(-c)*arctan(2*sqr
t(-c)*sqrt((axtan(x*e + d)"4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan(x*
e + d)"2/(b*tan(x*e + d)~2 + 2xc)) - sqrt(a)*log(8*a~2+tan(x*e + d)~4 + 8*a
*bktan(x*xe + d)72 + b~2 + 4*axc + 4*x(2xaxtan(xxe + d)~4 + bxtan(x*e + d)~2)
xsqrt(a)*sqrt ((axtan(x*e + d)~4 + b¥tan(x*e + d)~2 + c)/tan(x*e + d)~4)))*e
~(-1), -1/4%(2xsqrt(-a)*arctan(2*sqrt(-a)*sqrt((a*xtan(x*xe + d)~4 + b*tan(x*
e + d)72 + c)/tan(x*e + d)~4)*tan(x*e + d)~2/(2xa*tan(x*e + d)"2 + b)) + 2%
sqrt(-a + b - c)*arctan(-2*sqrt(-a + b - c)*sqrt((axtan(x*e + d)~4 + b*tan(
xxe + d)72 + c)/tan(x*e + d)~4)*tan(x*e + d)~2/((2xa - b)*tan(x*e + d)~2 +
b - 2xc)) - sqrt(c)*log(((b™2 + 4*a*xc)*tan(x*e + d)~4 + 8*bkcktan(x*e + d)~
2 + 8%c”2 - 4x(b*tan(x*e + d)~4 + 2*cxtan(x*e + d)~2)*sqrt(c)*sqrt((a*xtan(x
*e + d)"4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4))/tan(x*xe + d)~4))*e~(-1),
-1/2%(sqrt(-a) *arctan(2*sqrt (-a) *sqrt ((a*xtan(x*e + d)~4 + bxtan(x*e + d)~2
+ c)/tan(x*e + d)~4)*tan(x*e + d)~2/(2*axtan(x*e + d)"2 + b)) + sqrt(-a +
b - c)*arctan(-2*sqrt(-a + b - c)*sqrt((a*xtan(x*e + d)~4 + b*tan(x*e + d)~2
+ c)/tan(xxe + d)~4)*tan(x*e + d)~2/((2*%a - b)*tan(x*e + d)72 + b - 2%c))
- sqrt(-c)*arctan(2*sqrt(-c)*sqrt((a*tan(xxe + d)~4 + bxtan(x*e + d)"2 + c)
/tan(x*e + d)~4)*tan(xxe + d)~2/(b*xtan(x*e + d)~2 + 2%c)))*e”(-1)]

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

/ \/a+ beot? (d + ex) + ccot? (d+ez)‘ tan (d + ex) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+bxcot(e*x+d)**2+c*cot (e*x+d)**4)**(1/2)*tan(e*x+d),x)

[Out] Integral(sqrt(a + b*cot(d + e*x)**2 + cxcot(d + e*x)**4)*tan(d + e*xx), x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*xx+d) “2+c*cot (exx+d) ~4)~(1/2)*tan(e*xx+d) ,x, algorithm="
giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/tan(d+em) \/ccot(d-l-ex)4+bcot(d+ez)2+a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + exx)*(a + bxcot(d + e*x)~2 + c*xcot(d + e*xx)~4)~(1/2),x)
[Out] int(tan(d + exx)*(a + bxcot(d + e*x)~2 + cxcot(d + e*xx)~4)~(1/2), x)
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3.26 [ \/a+bcot’ (d + ex) + ccoti(d + ex) tan®(d+
er)dr

Optimal. Leaf size=435

\/(7 tanh_l 2a+b cot?(d+ex) ‘ btanh_l 2a-+b cot? (d+ex)
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex) 2v/a’ \/a + beot?(d + ex) + ccot
+

2e 44/a’e

[Out] 1/4x*bxarctanh(1/2*(2*a+b*cot(exx+d)~2)/a"~(1/2)/(a+b*cot (exx+d) "2+cxcot (e*xx+
d)~4)~(1/2))/e/a~(1/2)-1/2*arctanh(1/2* (2*xa+b*xcot (e*x+d) ~2) /a~(1/2)/ (a+b*co
t (e*x+d) “2+c*cot (exx+d) "4) ~(1/2))*a~ (1/2) /e+1/4*xb*arctanh (1/2* (b+2*c*xcot (e*
x+d)"2)/c~(1/2) / (atb*cot (e*x+d) “2+c*cot (exx+d) ~4) ~(1/2))/e/c”(1/2)-1/4%(b-2
*c)*arctanh (1/2*(b+2*c*xcot (exx+d) ~2) /c~(1/2) / (a+b*cot (exx+d) “2+c*cot (e*x+d)
~4)~(1/2))/e/c~(1/2)-1/2*arctanh (1/2* (b+2*c*cot (exx+d) ~2) /c~(1/2) / (a+b*cot(
e*xx+d) ~2+c*xcot (exx+d) ~4)~(1/2)) *c~(1/2) /e+1/2*xarctanh (1/2* (2*a-b+(b-2*c) *co
t (e*x+d) ~2) /(a-b+c) ~(1/2) / (a+b*cot (e*x+d) “2+c*cot (e*xx+d) ~4) ~(1/2) ) *(a-b+c)~
(1/2) /e+1/2x (a+b*cot (exx+d) “2+c*cot (exx+d) ~4) ~(1/2) *tan (exx+d) "2/e

Rubi [A]

time = 0.36, antiderivative size = 435, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.257,

steps used = 22, number of rules used = 9, integrand size = 35
Rules used = {3782, 1265, 974, 746, 857, 635, 212, 738, 748}

b sbtusn V&t st VTS j VE st b e -2t poetise )
] e e+ eola ) Vot b a )+ oot ) VTt beod s ) e ) et b dt ) + oot r ) et b d ) + oot r ) e beitd s ) e e
e = + % = e e

Antiderivative was successfully verified.
[In] Int[Sqrtl[a + b*Cot[d + e*x]~2 + cxCot[d + exx] 4]*Tan[d + e*x]~3,x]

[Out] -1/2*(Sqrt[al*ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[al*Sqrt[a + b*Cot[d
+ exx]"2 + c*Cot[d + e*x]"4])])/e + (bxArcTanh[(2*a + b*Cot[d + e*xx]~2)/(2*
Sqrt[al*Sqrt[a + b*Cot[d + e*xx]~2 + cxCot[d + exx]~4])])/(4xSqrt[al*e) + (S
qrtla - b + cl*ArcTanh[(2%a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4]1)])/(2xe) + (b*ArcTanh[(b
+ 2*xcxCot[d + exx]~2)/(2*Sqrt[c]*Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]
~4])1)/(4xSqrtcl*e) - ((b - 2*c)*ArcTanh[(b + 2*c*Cot[d + e*x]~2)/(2xSqrt[
c]*Sqrt[a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4])])/(4xSqrtlcl*e) - (Sqrtlc
1*ArcTanh[(b + 2*c*Cot[d + exx]~2)/(2+Sqrt[c]*Sqrt[a + b*Cot[d + e*x]"2 + ¢
*Cot[d + exx]~4]1)])/(2xe) + (Sqrtl[a + bxCot[d + exx]~2 + c*Cot[d + e*x] ~4]x*
Tan[d + exx]~2)/(2x%e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0])

Rule 635

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xa*xe - bxd - (2%cxd - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 746

Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S

ymbol] :> Simp[(d + ex*x)”"(m + 1)*((a + b*x + c*x~2)"p/(ex(m + 1))), x] - Di

stlp/(ex(m + 1)), Int[(d + e*x)"(m + 1)*x(b + 2*c*x)*(a + b*x + c*xx~2)"(p -

1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*

d”2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && GtQ[p, 0] && (IntegerQ[p]
[l LtQ[m, -1]) && NeQ[m, -1] && !'ILtQ[m + 2%p + 1, O] && IntQuadraticQ[a,
b, ¢, d, e, m, p, x]

Rule 748

Int[((d_.) + (e_.)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + exx)~(m + 1)*((a + bxx + c*x"2)"p/(ex(m + 2*p + 1))), x
] - Dist[p/(ex(m + 2%xp + 1)), Int[(d + e*x) m*Simp[b*d - 2*a*xe + (2%cxd - b
xe)*x, x]*(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && NeQ[2*c*xd - bxe
, 0] && GtQ[p, O] &% NeQ[m + 2%p + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, O] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 857

Int[((d_.) + (e_.)*(x)) (@ )*x((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)x(x )”"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*xx + c*x~2) p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 974

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_))"(m )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) " mx(f + g
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*x)"n*(a + b*x + c*x~2)7p, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] && NeQ
[exf - dxg, 0] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*xe + axe™2, 0] && (
IntegerQp] || (ILtQ[m, 0] && ILtQ[n, 0])) && !(IGtQ[m, 0] || IGtQ[n, 0])

Rule 1265

Int [(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]1*(
f_.))"(_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)1*(f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£°2 + x72)), x
1, x, f*xCot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Subst| [ Va + ba? + cz dz,z, cot(d + ex)

z3(14x2)

/\/ + beot?(d + ex) +ccot4(d+ex) tan®(d + ex) dr = —

z2(1+x)

Subst ( [ Y@t bo +cx? gy , cot?(d + ex)

2e

Subst( (\/a+bx+cx2 Va + bz + ez

2¢
Subst ( [ Y&+ bx +er? gy p ,cot?(d + ex)

2e

\/a + beot?(d + ex) + ccot*(d + ex)‘ tan?(d
2e

\/a + beot?(d + ex) + ccot*(d + ex) | tan?(d -
2e

\/a + beot?(d + ex) + ccot*(d + ex) | tan?(d -
2e

\/E tanh_l 2a+b cot?(d+ex)
2v/a’ \/a + beot?(d + ex) + c

2e

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 34.56, size = 215131, normalized size = 494.55

Result too large to show
Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Cot[d + e*x]~2 + c*Cot[d + e*x] 4]*Tan[d + exx]~3,x]
[Out] Result too large to show

Maple [F]
time = 0.79, size = 0, normalized size = 0.00

/ \/a + b (cot? (ex + d)) + c(cot? (ex + d)) (tan® (ex + d)) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(e*x+d) "2+c*cot(e*xx+d)~4)~(1/2)*tan(e*x+d) "3,x)
[Out] int((at+b*cot(e*xx+d) "2+c*cot(e*xx+d)~4)~(1/2)*tan(e*x+d) "3,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (e*xx+d) “2+c*cot (exx+d)~4)~(1/2)*tan(e*x+d)~3,x, algorithm
="maxima")

[Out] integrate(sqrt(c*cot(xxe + d)~4 + b*cot(x*e + d)~2 + a)*tan(xxe + d)~3, x)

Fricas [A]
time = 6.50, size = 1354, normalized size = 3.11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(e*x+d) “2+c*cot (exx+d) ~4)~(1/2)*tan(exx+d)~3,x, algorithm
="fricas")

[Out] [1/8*(4*a*sqrt((axtan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)~4)x*ta
n(x*xe + d)72 - (2xa - b)*sqrt(a)*log(8*a~2xtan(x*e + d)~4 + 8*axbxtan(x*e +
d)"2 + b72 + 4*axc + 4*(2xaxtan(x*e + d)~4 + bxtan(xxe + d)~2)*sqrt(a)*sqr
t((axtan(x*e + d)~4 + bxtan(x*e + d)~"2 + c)/tan(x*e + d)~4)) + 2*sqrt(a - b
+ c)*axlog(((8*a~2 - 8xaxb + b~2 + 4xaxc)*tan(x*e + d)~4 + 2x(4xaxb - 3xb~
2 - 4x(a - b)*c)*tan(x*e + d)”2 + b2 + 4%(a - 2*b)*c + 8%c”2 + 4%((2%a - b
)*tan(x*xe + d)~4 + (b - 2xc)*tan(x*e + d)~2)*sqrt(a - b + c)*sqrt((a*xtan(x*
e + d)"4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4))/(tan(x*e + d)~4 + 2xtan(x
xe + d)72 + 1)))*e”(-1)/a, 1/8*(4*a*xsqrt((a*tan(x*e + d)~4 + b*tan(x*e + d)
~2 + c)/tan(x*e + d)~4)*tan(xxe + d)~2 + 4xaxsqrt(-a + b - c)*arctan(-1/2x(
(2%a - b)*tan(x*e + d)~4 + (b - 2*c)*tan(xxe + d)"2)*sqrt(-a + b - c)*sqrt(
(axtan(x*e + d)~"4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)74)/((a"2 - axb + a*c
)*tan(x*e + d)"4 + (axb - b™2 + b*c)*tan(x*e + d)"2 + (a - b)*xc + c72)) - (
2%a - b)*sqrt(a)*log(8*a~2*tan(x*e + d)~4 + 8*axbxtan(x*e + d)"2 + b2 + 4x
axc + 4x(2xaxtan(x*e + d)~4 + b*tan(xxe + d)~2)*sqrt(a)*sqrt((a*tan(xxe + d
)4 + bxtan(x*e + d)~"2 + c)/tan(x*e + d)~4)))*e”(-1)/a, 1/4x(2xa*sqrt((axta
n(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan(x*e + d)~2 + sqrt(
-a)*(2*a - b)*arctan(1/2*(2xa*tan(x*e + d)~4 + b*tan(x*e + d)~2)*sqrt(-a)*s
qrt((axtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)/(a"2*tan(x*e
+ d)"4 + axb*tan(xxe + d)~2 + axc)) + sqrt(a - b + c)*axlog(((8*a~2 - 8*a*b
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+ b2 + 4*xaxc)*tan(xxe + d)"4 + 2*(4*axb - 3*%b~2 - 4*x(a - b)*c)*tan(x*e +
d)"2 + b72 + 4x(a - 2*¥b)*c + 8%c”2 + 4*((2*a - b)*tan(xxe + d)"4 + (b - 2%c
)*tan(x*e + d)~2)*sqrt(a - b + c)*sqrt((axtan(x*e + d)~"4 + bxtan(x*e + d)~2

+ c)/tan(x*xe + d)~4))/(tan(x*e + d)~4 + 2xtan(x*xe + d)~2 + 1)))*e”(-1)/a,
1/4%(2xa*xsqrt((a*xtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)*tan
(xxe + d)~2 + sqrt(-a)*(2*a - b)*arctan(1/2*(2xa*tan(x*e + d)~4 + b*tan(xxe

+ d)"2)*sqrt(-a)*sqrt((a*tan(xxe + d)~4 + bxtan(x*e + d)~2 + c)/tan(xxe +
d)~4)/(a"2+tan(x*e + d)~4 + a*bxtan(x*e + d)~2 + axc)) + 2*axsqrt(-a + b -
c)*arctan(-1/2%x((2*a - b)*tan(x*e + d)~4 + (b - 2xc)*tan(x*e + d)~2)*sqrt(-
a + b - c)xsqrt((axtan(xxe + d)"4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4)/(
(a”2 - a*b + axc)*tan(x*e + d)"4 + (axb - b™2 + bxc)*tan(x*e + d)"2 + (a -
b)*c + c72)))*e”(-1)/a]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/a+ beot? (d + ex) + ccot? (d + e:z:)‘ tan® (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (e*xx+d)**2+cxcot (e*xx+d)**4)**(1/2)*tan (e*xx+d)**3,x)

[Out] Integral(sqrt(a + b*cot(d + exx)**2 + cxcot(d + exx)**4)xtan(d + exx)**3, x
)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(e*x+d) 2+c*xcot(exx+d)~4)~(1/2)*tan(exx+d)"3,x, algorithm
="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/tan(d—l— ex)’ \/ccot (d+ex) +beot(d+ex)’ +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)~3*(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(1/2),x)
[Out] int(tan(d + exx) 3*(a + b*cot(d + exx)~2 + c*cot(d + e*x)~4)~(1/2), x)
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3.97 f ( cot7(d+e:c) dz

a+b cot?(d+ex)+ccot(d+ez)) 3/2

Optimal. Leaf size=236

2a—b+(b—2c) cot?(d+ex) tanh—l b+2c cot? (d+ex)

2vVa—b+c \/a-l— beot?(d + ex) + ccot*(d + ex)‘ 2¢/c’ \/a—l— beot?(d + ex) + ccc

2(a—b+c)3% - 2c3/2¢

tanh™!

[Out] -1/2*arctanh(1/2*(b+2*c*xcot(e*xx+d)~2)/c”(1/2)/(at+b*xcot (e*x+d) “2+c*cot (exx+d
)"4)"(1/2))/c~(3/2) /e-1/2*arctanh (1/2* (2*a-b+(b-2*c) *cot (exx+d) ~2) / (a-b+c) ™

(1/2)/ (a+b*cot (e*xx+d) ~2+c*cot (exx+d) ~4)~(1/2) )/ (a-b+c) ~(3/2) /e+(-a*x (b~ 2-a*(
b+2*c) ) - (b~3+2*a~2xc-a*bx (b+3*c) ) *cot (exx+d) ~2) /c/ (a-b+c) / (-4*a*xc+b~2) /e/(a
+b*cot (exx+d) ~2+c*cot (exx+d) ~4)~(1/2)

Rubi [A]
time = 0.37, antiderivative size = 236, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 8, number of rules used = 7, integrand size = 35,
Rules used = {3782, 1265, 1660, 857, 635, 212, 738}

tanh~! bt2c cot?(d+ex) tanh~! 2a+(b—2c) cot?(d+ex)—b
(2a%c — ab(b + 3c) + b*) cot?(d + ex) + a(b? — a(b+ 2c)) 2¢/c’ \/a+bc0t2(d+ez) + ceot?(d + ex) 2vVa—b+c \/a+bcot2(d+ ex) + ccott(d + ex)
T 2c3/%¢ - 2e(a —b+c)3/?

ce(a—b+c) (b — dac) \/a + beot*(d + ex) + ccot*(d + ex)

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]"7/(a + bxCot[d + e*x]~2 + cxCot[d + e*x]~4)~(3/2),x]

[Out] -1/2%ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a
+ bxCot[d + exx]~2 + c*Cot[d + exx]~4])]/((a - b + ¢)~(3/2)*e) - ArcTanh[(

b + 2*c*Cot[d + e*xx]~2)/(2xSqrt[c]*Sqrt[a + b*Cot[d + exx]~2 + c*Cot[d + ex
x]741)1/(2%c~(3/2)*%e) - (a*(b™2 - ax(b + 2*c)) + (b~3 + 2*xa~2*c - a*xb*(b +
3*%c))*Cot[d + e*x]~2)/(cx(a - b + c)*(b~2 - 4*axc)*exSqrt[a + bxCot[d + exx

172 + cxCot[d + exx]"4])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 635

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, O]
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Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xc*xd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
*axe - bkxd - (2xc*d - bke)*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 857

Int[((d_.) + (e_.)*(x))"(m_)*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)x(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x"2)"p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) mx(a + bxx + c*x"2)p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && !'IGtQ[m, O]

Rule 1265

Int[(x_)~(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx) q*(a +
bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1660

Int[(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
=2, x], £ = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x~2, x],
x, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x~2, x], X
, 11}, Simp[(bxf - 2%axg + (2xcxf - bxg)*x)*((a + bxx + c*x"2)"(p + 1)/((p
+ 1)*(b”™2 - 4xaxc))), x] + Dist[1/((p + 1)*(b~2 - 4*a*xc)), Int[(d + exx) “mx
(a + bxx + c*x”2)"(p + 1)*ExpandToSum[((p + 1)*(b~2 - 4*axc)*Q)/(d + e*x)"m
- ((2xp + 3)*(2xc*xf - bxg))/(d + e*x)"m, x], x], x]] /; FreeQ[{a, b, c, d,
e}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*xe”2
, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_ )] (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll

:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + cxx~(2%n)) p/(£72 + x72)), x
1, x, f*Cot[d + exx]], x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*ax*c, 0]

Rubi steps
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z7
/ COt7(d + 6.’[!) de = Subst <f (1+1:2)(a+b932+cm4)3/2 dCL‘, Z, COt(d + 6.’17))
(a + beot?(d + ex) + ccoti(d + ex))*/ e
Subst (f (1+x)(a+ii+m2)3/2 dz, z, cot*(d + ex))

2e

a(®® — a(b + 2¢)) + (b® + 2a%c — ab(b + 3c)) cot?(d + e
c(a —b+ c) (b? — 4ac) e\/a + beot?(d + ex) + ccot*(d +

a(®® — a(b+ 2c)) + (b® + 2a%c — ab(b + 3c)) cot?(d + e:
c(a—b+ c) (b? — 4ac) e\/a + beot?(d + ex) + ccott(d +

a(® — a(b + 2c)) + (b® + 2a%c — ab(b + 3c)) cot?(d + e
c(la —b+c) (b? — 4ac) e\/a + beot?(d + ex) + ccot*(d +

tanh™ 1 ( 2a—b+(b—2c) cot?(d+ex)

2vVa—b+c \/a+ bcot?(d + ex) + ccott(d + e
2(a — b+ c)3/%

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 36.14, size = 243520, normalized size = 1031.86

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~7/(a + bxCot[d + e*x]~2 + c*Cot[d + e*x]~4)~(3/2),x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 720 vs.
2(215) = 430.
time = 2.03, size = 721, normalized size = 3.06

\ method \ result
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cot? (ex+d)

2cr/a + b (cot? (ex + d)) + ¢ (cot? (ex + d))  se2\/a+ b (cot? (ex + ﬁi)) + ¢ (cot* (ex +

derivativedivides

cot? (ex+d) b

2cr/a + b (cot? (ex + d)) + ¢ (cot? (ex + d)) a2v/a + b(cot? (ez + d)) + ¢ (cot* (ez +

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)~7/(atb*cot(e*x+d) ~2+c*xcot(exx+d) ~4)~(3/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(1/2*cot(exx+d) ~2/c/(at+b*cot (exx+d) ~“2+c*cot (exx+d) ~4)~(1/2)-1/4%b/c"2/(
a+b*cot (exx+d) “2+cxcot (exx+d) ~4) ~(1/2)-1/2xb~2/c/ (4*a*xc-b~2) / (a+b*cot (e*xx+d
) "2+c*cot (e*x+d) ~4) ~(1/2) *cot (e*x+d) ~2-1/4xb~3/c~2/ (4*axc-b~2) / (a+b*cot (e*xx
+d) "2+cxcot (e*x+d) ~4)~(1/2)-1/2/c” (3/2)*1n((1/2*b+c*cot (e*xx+d) ~2) /c~(1/2)+(
a+bxcot (exx+d) “2+c*xcot (e*x+d) ~4) ~(1/2))-1/(a+b*cot (exx+d) "2+c*cot (e*xx+d) ~4)
~(1/2) *(2*a+bxcot (e*xx+d) ~2) / (4d*a*c-b~2) - (b+2*c*cot (exx+d) ~2) / (dxa*xc-b~2) /(a
+b*cot (exx+d) ~2+cxcot (e*xx+d) ~4) ~(1/2) -2*c/ ((—4*a*c+b~2) ~(1/2) -b+2xc) / (-4*a*
c+b”2) / (cot (e*xx+d) ~2-1/2% (~b+(-4*a*xc+b~2) ~(1/2) ) /c) *((cot (exx+d) ~2-1/2* (-b+
(-4*xa*c+b~2)~(1/2))/c) "2xc+(-4*a*xc+b”2) " (1/2) *(cot (e*x+d) "2-1/2* (-b+(-4*ax*c
+b72) " (1/2))/c)) " (1/2)+2xc/ ((-4*axc+b~2) " (1/2) -b+2*xc) / ((-4*axc+b~2) ~(1/2)+b
-2xc) /(a-b+c) " (1/2) *1n ((2*a-2*b+2*xc+(b-2*c) * (cot (e*x+d) "2+1) +2x (a-b+c) ~(1/2
)x(c*x(cot (exx+d) ~2+1) “2+(b-2*c) * (cot (e*xx+d) “2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) ™
2+1))+2*c/ ((-4*a*xc+b~2) " (1/2)+b-2%c) / (-4*axc+b~2) / (cot (e*x+d) ~2+1/2* (b+(-4*
axc+b~2)~(1/2))/c)*((cot (exx+d) ~2+1/2* (b+(-4*a*c+b~2) ~(1/2))/c) ~2*xc-(-4*axc
+b72) 7 (1/2) * (cot (exx+d) "2+1/2% (b+(—-4*axc+b~2)~(1/2)) /c))~(1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)~7/(atbxcot(exx+d) ~2+c*cot(e*x+d)~4)~(3/2),x, algorithm
="maxima")

[Out] Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is und
efined.
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1515 vs.
2(221) = 442.
time = 8.57, size = 6139, normalized size = 26.01

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)~7/(atb*cot(exx+d) 2+c*cot(e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [1/4%((4*a*xc™4 + (4*a~2 + 4*axb - b~2)*c™3 - (a*b”2 + b~3)*c™2 + (4*a*xc™4 +
(4*xa™2 - 4xaxb - b™2)*c”3 - (a*b”2 - b~3)*c"2)*cos(2*x*e + 2xd) "2 + 2x(axb
“2%Cc”2 + 4xaxc”4 - (4*%a”2 + b~2)*c"3)*cos(2*x*e + 2xd))*sqrt(a - b + c)*log
(2x(a"2 - 2xaxb + b2 + 2x(a - b)*c + c”2)*cos(2xx*e + 2*%d)~2 + 2*¥a~2 - b~2
+ 2%c”2 - 2x((a - b + c)*cos(2*x*e + 2*d)~2 - (2*a - b)*cos(2*x*e + 2xd) +
a - c)xsqrt(a - b + c)*sqrt(((a - b + c)*cos(2*x*e + 2%d)~2 - 2x(a - c)*co
s(2xx*e + 2%d) + a + b + c)/(cos(2*x*e + 2%d)"2 - 2*cos(2*x*e + 2%d) + 1))
- 4x(a”2 - axb + bxc - c"2)*cos(2*x*e + 2xd)) - (a~3*%b"2 - a~2%b"3 - axb”4
+ b75 - 4xaxc™4 - (12*xa”2 - 4xaxb - b"2)*c”3 - (12*%a~3 - 8*a"2%b - 7*xa*xb~2
+ b"3)*c"2 + (a”3%b"2 - 3*a"2*%b"3 + 3*axb”4 - b~5 - 4*a*xc”™4 - (12*xa"2 - 12%
a*b - b"2)*c"3 - 3*%(4*%a~3 - 8*a~2*b + 3*axb”2 + b~3)*c”2 - (4*a”"4 - 12*%a”3x*
b + 9*%a"2xb”"2 + 2*a*xb~3 - 3*b~4)*c)*cos(2*x*e + 2*d)"2 - (4*a"4 - 4%a~3*xb -
T*a~2*b~2 + 6xaxb~3 + b~4)*c - 2*%(a”"3*b"2 - 2%a~2xb~3 + a*b~4 + 4*xaxc™4 +
(4xa"2 - 8xaxb — b"2)*c”3 - (4*%a~3 - 3*a*b™2 - 2*xb"3)*c"2 - (4*a"4 - 8*xa~3*
b + 3%a”2xb~2 + b~4)*c)*cos(2*xx*xe + 2*d))*sqrt(c)*log(((b"2 + 4*(a - 2xb)*c
+ 8%c"2)*cos(2xx*xe + 2%d)"2 + b2 + 4*x(a + 2xb)*c + 8*%c”2 - 4x((b - 2*c)*c
os(2xxxe + 2xd)"2 - 2*b*cos(2*x*e + 2%d) + b + 2*c)*sqrt(c)*sqrt(((a - b +
c)*cos(2*x*e + 2%d)"2 - 2x(a - c)*cos(2*x*e + 2%d) + a + b + c)/(cos(2*x*e
+ 2%d) "2 - 2%cos(2xx*e + 2%d) + 1)) - 2%(b"2 + 4*a*c - 8*c”2)*cos(2xx*e + 2
*d))/(cos(2*x*e + 2%d)"2 - 2*xcos(2*x*e + 2%d) + 1)) - 4*(3*axbxc™3 + (4*a”2
*b - 3*a*b”™2 - b"3)*c”2 + ((4*a"2 - 3*a*b)*c”3 + (4*a~3 - 6*%a"2%b + a*b”2 +
b"3)*c”2 + (a~3*%b - 3*a~2*b"2 + 3*axb”3 - b~4)*c)*cos(2xx*e + 2%d)"2 + (a~
3%b - a"2*%b"2 - a*b”3 + b74)*xc - 2% (2*¥a"2*c”3 + (2*%a"3 - a"2*b - a*b”2)*c"2
+ (a"3*%b - 2%a”2*%b"2 + a*b”3)*c)*cos(2*xxxe + 2*d))*sqrt(((a - b + c)*cos(2
xxke + 2%d)"2 - 2%(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2xx*e + 2%d)~2
- 2%cos(2*x*e + 2xd) + 1)))/((4*a*c™6 + (12*%a”~2 - 12xaxb - b~2)*c”5 + 3*(4
*a~3 - 8%a"2xb + 3*a*b”2 + b"3)*c”4 + (4*a”4 - 12*xa”3*b + 9*xa~2*b”2 + 2*xaxb
"3 - 3*b74)*c"3 - (a"3%b"2 - 3*a"2%b~3 + 3*a*b”4 - b"5)*c”2)*cos(2*kx*e + 2%
d) "2%e + 2*x(4*a*c”6 + (4*a”2 - 8xaxb - b~2)*c”5 - (4*%a~3 - 3*a*b~2 - 2*b~3)
*Cc~4 - (4%a~4 - 8*a"3%b + 3*a"2%b"2 + b"4)*c”3 + (a"3*b"2 - 2*xa"2*%b"3 + axb
“4)*c"2)*cos(2*x*ke + 2xd)*e + (4*a*c”6 + (12*a”2 - 4*xaxb - b~2)*c”5 + (12+*a
~3 - 8%a"2%b - 7*axb"2 + b~3)*c"4 + (4*xa~4 - 4*a~3xb - T*xa"2*%b"2 + 6*axb”3
+ b"4)*c”3 - (a~3*%b"2 - a”"2*%b"3 - a*b”4 + b"5)*c"2)*e), 1/4%(2%(a"3*b"2 - a
~2%b"3 - a*b”™4 + b"5 - 4xaxc”4 - (12*%a"2 - 4*axb - b"2)*c”3 - (12*%a”3 - 8*a
~2%b - T*a*xb”"2 + b~3)*c”2 + (a~3*%b"2 - 3*%a"2*%b"3 + 3*xaxb~4 - b~5 - 4*axc”4
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- (12*xa"2 - 12*axb - b~2)*c~3 - 3*(4*a~3 - 8*a"2%b + 3*a*xb”2 + b~3)*c"2 - (
4*%a~4 - 12*%a"3%b + 9*a~2*%b"2 + 2*a*xb”~3 - 3*b~4)*c)*cos(2xx*e + 2xd)"2 - (4%
a~4 - 4*xa”3%b - 7*xa"2*%b"2 + 6*a*b”3 + b"4)*c - 2x(a~3*b"2 - 2*a~2%b"3 + axb
~4 + 4*a*xc”4 + (4*%a”2 - 8xaxb - b"2)*c”3 - (4*%a”3 - 3*axb"2 - 2*%b"3)*c"2 -
(4*xa”4 - 8*%a”~3%b + 3*%a~2*%b"2 + b~4)*c)*cos(2*x*e + 2%d))*sqrt(-c)*arctan(-1
/2%((b - 2xc)*cos(2*x*e + 2%d)~2 - 2*b*cos(2*x*e + 2xd) + b + 2%c)*sqrt(-c)
xsqrt(((a - b + c)*cos(2*x*e + 2xd)~"2 - 2*(a - c)*cos(2*x*e + 2%d) + a + b
+ ¢c)/(cos(2xx*xe + 2%d) "2 - 2*cos(2xx*xe + 2xd) + 1))/(((a - b)*c + c~2)*cos(
2%x*e + 2%d)"2 + (a + b)*c + ¢c”2 - 2*%(axc - c"2)*cos(2*x*e + 2%d))) + (4xax
c”4 + (4*%a”2 + 4xa*xb - b"2)*c”3 - (a*b”™2 + b"3)*c”2 + (4*xa*xc™4 + (4*xa"2 - 4
*axb — b72)*c”3 - (a*b”2 - b"3)*c"2)*cos(2*x*e + 2xd) "2 + 2% (axb"2*c”2 + 4x
axc™4 - (4xa”2 + b~2)*c"3)*cos(2*x*e + 2xd))*sqrt(a - b + c)*log(2*(a~2 - 2
xaxb + b™2 + 2x(a - b)*c + c"2)*cos(2xx*e + 2%d)"2 + 2*%a"2 - b"2 + 2%c”2 -
2x((a - b + c)*cos(2*x*e + 2*d)~2 - (2*%a - b)*cos(2*x*e + 2*%d) + a - c)*sqr
t(a - b + c)xsqrt(((a - b + c)*cos(2*x*e + 2*d)~2 - 2+(a - c)*cos(2*xx*e + 2
*d) + a + b + ¢c)/(cos(2xx*xe + 2*%d) "2 - 2*cos(2*x*e + 2%d) + 1)) - 4x(a"2 -
a*xb + bxc - c”2)*cos(2*x*e + 2*d)) - 4x(3*axb*c”3 + (4*a"2%b - 3*a*xb”2 - b~
3)*%c”2 + ((4%a~2 - 3*a*b)*c~3 + (4*a~3 - 6*%a"2%b + a*xb™2 + b~3)*c"2 + (a~3x*
b - 3*%a"2%b"2 + 3*a*b”3 - b"4)*c)*cos(2*x*xe + 2%d)"2 + (a"3*b - a"2*%b"2 - a
*b~3 + b74)*c - 2% (2*%a"2xc”3 + (2*%a”3 - a"2*b - a*b”2)*c”2 + (a"3*b - 2*a”~2
*b~2 + axb~3)*c)*cos(2xx*e + 2*%d))*sqrt(((a - b + c)*cos(2*x*e + 2*%d)~2 - 2
*(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*x*ke + 2xd) "2 - 2*cos(2*x*e +
2%d) + 1)))/((4xaxc”™6 + (12*xa"2 - 12%axb — b"2)*c”5 + 3*(4*a~3 - 8*a~2%b +
3*a*xb”™2 + b"3)*c"4 + (4*a~4 - 12*%a"3*b + 9*a~2*b"2 + 2*a*b~3 - 3*b~4)*c"3 -
(a~3*%b"2 - 3*a"2%b"3 + 3*axb~4 - b~5)*c"2)*cos(2*x*e + 2%d) “2xe + 2x(4xaxc
“6 + (4*%a"2 - 8*axb - b"2)*c”5 - (4*%a~3 - 3*a*xb"2 - 2*xb~3)*c"4 - (4*a"4 - 8
*a"3*%b + 3*%a"2*b"2 + b74)*c”3 + (a”3%b"2 - 2*%a"2*%b"3 + a*b~4)*c”2)*cos (2*xx*
e + 2xd)*e + (4xaxc™6 + (12*xa~2 - 4*axb - b"2)*c”5 + (12*a"3 - 8*xa~2b - 7%
a*xb”2 + b"3)*c”4 + (4*a”4 - 4*xa”3*b - T*a~2*b"2 + 6*xaxb”3 + b~4)*c"3 - (a~3
*b”2 - a”"2*%b"3 - axb”4 + b~5)*c"2)*e), 1/4x(2x(4d*xaxc”4 + (4*%a~2 + 4*a*xb - b
~2)*%c”3 - (a*b”2 + b~3)*c"2 + (4*a*c”4 + (4*a”2 - 4xaxb - b"2)*c”3 - (a*xb”2
- b"3)*c"2) *cos(2xx*xe + 2*%d) "2 + 2% (axb”"2*c”"2 ...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cot” (d + ex)
(a+ bcot? (d + ex) + ccot* (d + ex))

dz

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**7/(atb*cot (e*xx+d)**2+ckcot (e*xx+d)**4)**(3/2) ,x)

[Out] Integral(cot(d + e*x)**7/(a + b*cot(d + e*x)**2 + ckcot(d + e*x)**4)*x(3/2)
, X)
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Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "7/ (a+b*cot (exx+d) "2+c*cot(exx+d)~4)~(3/2),x, algorithm
="giac n)
[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ cot(d +ex)’ i
(ccot (d+ ex)* +beot (d+ ex)” + a)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)"7/(a + b*cot(d + e*xx)"2 + cxcot(d + e*x)~4)~(3/2),x)
[Out] int(cot(d + exx)"7/(a + b*cot(d + exx)~2 + cxcot(d + e*x)~4)~(3/2), x)
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cot?(d+ex)
3.28 f (a+bcot?(d+ex)+c cot4(d—|—e:1:))3/ 2 dz

Optimal. Leaf size=160

tanh_l 2a—b+(b—2c) cot?(d+ex)
2va—b+c \/a + beot?(d + ex) + ccot*(d + ex) a(2a — b) + ((a — b)b + 2ac) cof
_ 3/2 -
2(a —b+c)¥% (a—b+c)(b2—4ac)e\/a+bcot2(d+e:

[Out] 1/2*arctanh(1/2*(2*a-b+(b-2*c)*cot(exx+d) ~2)/(a-b+c)~(1/2)/(a+bxcot (exx+d)”
2+c*cot (e*xx+d) ~4)~(1/2))/(a-b+c) ~(3/2) /e+(-ax(2xa-b) - ((a-b) ¥*b+2xa*c) *cot (e*
x+d) ~2) / (a-b+c) / (-4*a*c+b~2) /e/ (at+b*cot (exx+d) “2+c*cot (e*xx+d) ~4) ~(1/2)

Rubi [A]
time = 0.27, antiderivative size = 160, normalized size of antiderivative = 1.00, number of

number of rules _ 171
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 35,
Rules used = {3782, 1265, 1660, 12, 738, 212}

tanh_l ( 2a+(b—2c) cot?(d+ex)—b )
2vVa—b+c \/a+bcot2(d+ex) + ccot*(d + ex) B (b(a — b) + 2ac) cot?(d + ex) + a(2a — b)
_ 3/2 ‘
2e(a —b+c)¥/ e(a — b+ c) (b2 — 4ac) \/a + beot?(d + ex) + ccott(d + ex)

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]"5/(a + b*Cot[d + e*x]~2 + cxCot[d + e*x]~4)~(3/2),x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4]1)]1/(2%(a - b + ¢c)~(3/2)*e) - (ax(2*a - b)

+ ((a - b)*b + 2*xaxc)*Cot[d + e*x]~2)/((a - b + c)*(b"2 - 4xa*c)*exSqrt[a

+ b*Cot[d + e*x]~2 + cxCot[d + exx]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 1265

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1660

Int[(Pg )*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
=2, x], f = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x~2, x],

X, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x”2, x], X
, 11}, Simp[(bxf - 2*axg + (2xcxf - bxg)*x)*((a + bxx + c*x"2)"(p + 1)/((p

+ 1)*(b"2 - 4%axc))), x] + Dist[1/((p + 1)*(b"2 - 4*a*c)), Int[(d + e*x) m*
(a + b*xx + c*x72)"(p + 1)*ExpandToSum[((p + 1)*(b~2 - 4*a*c)*Q)/(d + e*x)"m
- ((2*%p + 3)*(2%c*f - b*g))/(d + exx)"m, x], x], x]] /; FreeQ[{a, b, c, d,
e}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*xe”2
, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(m_.) + (c_.)*(cot[(d_.) + (e_.)*x(x_)]1*(£f_.))"(n2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, 0]

Rubi steps
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z°
/ COtS(d + 6.’1,') de — Subst <f (1+m2)(a+bx2+cm4)3/2 dCL‘, Z, COt(d + 6.’17))
(a + beot?(d + ex) + ccoti(d + ex))* e
Subst (f (1+x)(a+ii+m2)3/2 dz, z, cot*(d + ex))

2e

a(2a —b) + ((a — b)b + 2ac) cot?(d + ex)
(a — b+ c) (b? — dac) e\/a + beot?(d + ex) + ccot*(d +

a(2a —b) + ((a — b)b + 2ac) cot?(d + ex)
(@ —b+c) (b — 4ac) e\/a + beot?(d + ex) + ccot*(d +

a(2a — b) + ((a — b)b + 2ac) cot?(d + ex)
(@ —b+c) (b2 — 4ac) e\/a + beot?(d + ex) + ccot*(d +

t -1 2a—b+(b—2c) cot?(d+ex)
anh
2vVa—b+ec \/a + beot?(d + ex) + ccot?(d + e

2(a — b+ c)3/%

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 31.63, size = 25130, normalized size = 157.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~5/(a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4)~(3/2),x]
[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 506 vs.
2(149) = 298.
time = 0.28, size = 507, normalized size = 3.17

’ method ‘ result




198

2a+b(cot2(ex+d)) b+2c(cot2(em+d))

va+b(cot? (ex + d)) + c(cot* (ex + d)) (tac-s2) ' (1ac-22) v/ @ + b (cot? (ex + d)) + ¢ (c

derivativedivides

2a-+b(cot? (ex+d) ) b+2¢(cot?(ea+d))

va+b(cot? (ex + d)) + ¢ (cot? (ex + d)) (1ac—s2) ’ (1ac-s2) /@ + b (cot? (ez + d)) + ¢ (c

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 5/ (atb*cot(exx+d) ~2+c*cot (e*xx+d)~4)~(3/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(1/(atb*cot (e*x+d) ~2+c*cot (exx+d) ~4)~(1/2)*(2*a+b*cot (exx+d) ~2)/(4*a*xc-
b~2)+(b+2xc*cot (e*xx+d) ~2) / (4*a*xc-b~2) / (a+b*cot (exx+d) ~2+c*cot (e*xx+d) ~4) ~(1/
2) -2xc/ ((-4*a*c+b™2) " (1/2) -b+2*c) / ((-4*a*xc+b~2) ~(1/2)+b-2x*c) /(a-b+c) ~(1/2) *
1n((2*a-2*b+2xc+(b-2*c) * (cot (e*xx+d) ~2+1)+2* (a-b+c) ~(1/2) * (c*x (cot (e*x+d) ~2+1
) ~2+(b-2%c) * (cot (e*xx+d) ~2+1)+a-b+c) ~(1/2) )/ (cot (exx+d) ~2+1) ) -2%c/ ((-4*axc+b
~2)~(1/2)+b-2%c) / (-4*a*c+b~2) / (cot (e*xx+d) ~2+1/2* (b+(-4*a*xc+b~2) ~(1/2) ) /c) *(
(cot (exx+d) ~2+1/2% (b+(-4*xaxc+b~2) ~(1/2)) /c) ~2*c-(-4*axc+b~2) ~(1/2) *(cot (e*x
+d) ~2+1/2% (b+(—4*axc+b~2)~(1/2))/c)) ~(1/2)+2xc/ ((-4*a*xc+b~2) ~(1/2) -b+2%c) / (
-4xaxc+b”2) / (cot (exx+d) ~2-1/2% (-b+(-4*a*xc+b~2)~(1/2))/c)*((cot (exx+d) ~2-1/2
* (-b+(-4*a*xc+b”2) " (1/2)) /c) "2xc+(-4*a*c+b~2) " (1/2) *(cot (exx+d) "2-1/2% (-b+ (-
4xaxc+b”2)~(1/2))/c))~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~5/(atb*cot (exx+d) “2+c*cot(e*xx+d)~4)~(3/2),x, algorithm
="maxima")

[Out] integrate(cot(x*e + d)~5/(cxcot(x*e + d)~4 + bxcot(x*e + d)~2 + a)~(3/2), x
)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 894 vs.
2(152) = 304.

time = 3.78, size = 1785, normalized size = 11.16

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (a+b*cot (exx+d) "2+c*cot(exx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [1/4*((a*b™2 + b~"3 - 4xaxc™2 + (a*b™2 - b"3 - 4*xaxc™2 - (4*xa~2 - 4*axb - b~
2)*c)*cos(2*x*e + 2*d)"2 - (4*xa”2 + 4*axb - b"2)*c - 2x(a*b”2 + 4*xaxc”2 - (
4%xa~2 + b~2)*c)*cos(2xxxe + 2*d))*sqrt(a - b + c)*log(2x(a”2 - 2%a*b + b~2
+ 2%(a - b)*c + c72)*cos(2*x*e + 2*d)"2 + 2*¥a"2 - b2 + 2*xc”2 + 2x((a - b +
c)xcos(2*x*xe + 2+%d)"2 - (2%a - b)*cos(2xxxe + 2*d) + a - c)*sqrt(a - b + ¢
)*sqrt(((a - b + c)*cos(2*x*e + 2%d)"2 - 2*%(a - c)*cos(2xxxe + 2*d) + a + b
+ ¢c)/(cos(2*xx*xe + 2%d)~2 - 2*cos(2*x*e + 2xd) + 1)) - 4%(a”2 - a*b + bx*c
c"2)*cos(2*x*e + 2%d)) - 4*x(2*a”3 - 2*xa"2*b - a*b”2 + b3 + 2*xaxc”2 + (2*xa
3 - 4*%a"2%b + 3*a*xb”2 - b"3 + b"2*c - 2*a*xc”2)*cos(2*xx*e + 2xd)”"2 + (4*a”2
- 2xaxb - b"2)*xc - 2*%(2%a~3 - 3*a"2*b + a*xb”2 + (2*a"2 - axb)*c)*cos(2*x*e
+ 2xd))*sqrt(((a - b + c)*cos(2*x*e + 2%d)~2 - 2x(a - c)*cos(2xx*e + 2*d)
+ a+ b+ c)/(cos(2*x*e + 2*%d) "2 - 2xcos(2*xx*xe + 2%d) + 1)))/((a"3*b"2 - 3%
a~2%b~3 + 3*%axb”4 - b~5 - 4*a*c”4 - (12*%a”"2 - 12*axb - b~2)*c"3 - 3*(4*a”3
- 8%a”~2%b + 3*axb”2 + b~3)*c"2 - (4*a"4 - 12*a~3*b + 9*xa~2*%b"2 + 2*a*b”3 -
3*%b~4)*c) *cos (2*xx*e + 2*d) "2xe - 2*%(a”3*b"2 - 2%a"2*xb”"3 + a*b~4 + 4*a*xc”4 +
(4%a~2 - 8*a*b - b"2)*c”3 - (4*xa~3 - 3*a*b”2 - 2%b"3)*c”2 - (4*a~4 - 8*a~3
*b + 3*%a"2*%b"2 + b~4)*c)*cos(2*xx*e + 2*d)*e + (a"3*b"2 - a"2*%b"3 - a*b"4 +
b~™5 - 4%axc”™4 - (12*xa”2 - 4*axb - b~2)*c”3 - (12*#a”3 - 8*a~2xb - 7*xa*b~2 +
b"3)*c”2 - (4*a”4 - 4xa”~3*b - T7*a"2*xb”"2 + 6*axb”3 + b~4)*c)*e), -1/2x((axb”
2 + b73 - 4%axc”2 + (a*b™2 - b"3 - 4xaxc”2 - (4%a”2 - 4*a*b - b~2)*c)*cos(2
xxke + 2%d)"2 - (4*a”2 + 4xaxb - b"2)*xc - 2*(a*b”2 + 4*a*c”2 - (4*a"2 + b2
)*c)*cos(2*x*xe + 2*d))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2xx*e + 2*d
)72 - (2*%a - b)*cos(2xxxe + 2xd) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + ¢
Yxcos (2*x*e + 2%d) "2 - 2*%(a - c)*cos(2*x*e + 2%d) + a + b + c)/(cos(2*x*e +
2%d) "2 - 2%cos(2xx*e + 2xd) + 1))/((a”2 - 2*a*b + b"2 + 2%(a - b)*c + c~2)
*cos(2*x*e + 2xd)~"2 + a”2 - b"2 + 2%axc + ¢c”2 - 2x(a"2 - a*b + b*c - c"2)*c
0s(2*x*e + 2*xd))) + 2x(2*%a~3 - 2*%a"2*%b - a*b”2 + b~3 + 2*a*xc”2 + (2*%a"3 - 4
*a"2%b + 3*%a*xb”2 - b"3 + b"2xc - 2*a*c”2)*cos(2*x*e + 2xd) "2 + (4*a"2 - 2%*a
*b — b72)*c - 2x(2*a”3 - 3*a”"2*b + ax*b”2 + (2*¥a"2 - ax*b)*c)*cos(2*x*e + 2xd
))*sqrt(((a - b + c)*cos(2xx*e + 2xd)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a +
b + c)/(cos(2*xx*e + 2xd)~2 - 2*cos(2xx*e + 2xd) + 1)))/((a"3*b"2 - 3*a~2*xb~
3 + 3*xaxb”™4 - b~5 - 4*a*c”4 - (12*%a”2 - 12*a*b - b~2)*c”3 - 3*(4*xa”3 - 8xa~
2%b + 3*a*xb”2 + b"3)*c”2 - (4*%a”4 - 12*%a"3*b + 9*a~2*%b"2 + 2*a*b~3 - 3*b"4)
xc)*xcos (2*x*e + 2*d) "2%e - 2*(a”3%b"2 - 2*a"2%b"3 + a*b”4 + 4xaxc”4 + (4xa”
2 - 8xaxb - b"2)*c"3 - (4%a~3 - 3*a*b”2 - 2*b"3)*c"2 - (4*%a”4 - 8*a"3%b + 3
*a"2*xb"2 + b~4)*c)*cos(2*xx*xe + 2*¢d)*e + (a"3*%b"2 - a"2*b"3 - a*b™4 + b~5 -
4xa*xc”4 - (12*%a”2 - 4*xaxb - b™2)*c"3 - (12*xa~3 - 8*a~2xb - 7*a*b~2 + b~3)*c
~2 - (4*%a"4 - 4*%a"3*%b - 7*a"2*%b"2 + 6*a*b”3 + b~4)*c)*e)]

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

cot® (d + ex)

s dr
/ (a+ bceot? (d + ex) + ccot? (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**5/(atb*cot (e*xx+d)**2+c*cot (e*x+d) **4)**(3/2) ,x)

[Out] Integral(cot(d + e*xx)#**5/(a + b*cot(d + e*x)**2 + cxcot(d + exx)**4)**(3/2)
, X)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 5/ (atb*cot (exx+d) “2+c*cot(e*xx+d)~4)~(3/2),x, algorithm

="giac n)

[Out] Timed out

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
cot(d + ex)®

dz
/ (ccot (d+ex) +bcot(d+ex) +a

)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)~5/(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(3/2),x)
[Out] int(cot(d + exx)~5/(a + bxcot(d + exx)~2 + c*cot(d + e*x)~4)~(3/2), x)
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cot3(d+ex)
3.29 f (a+bcot?(d+ex)+c cot4(d—|—e:1:))3/ 2 dz

Optimal. Leaf size=153

tanh_l 2a—b+(b—2c) cot?(d+ex)
2vVa—b+c \/a + beot?(d + ex) + ccot?(d + ex) a(b — 2¢) + (2a — b)ccot?
- +
_ 3/2
2a—b+c)¥%e (@ —b+c) (b — 4ac)ey/a + beot?(d +

[Out] -1/2*arctanh(1/2*(2*a-b+(b-2*c)*cot (exx+d) ~2)/(a-b+c) " (1/2)/(atb*cot (e*xx+d)
~2+cxcot (exx+d) ~4)~(1/2))/(a-b+c)~(3/2) /e+(a* (b-2*c) +(2*a-b) *cxcot (e*xx+d) "2
)/ (a-b+c)/(-4*a*xc+b~2) /e/ (at+b*cot (exx+d) "2+c*cot (e*xx+d) ~4)~(1/2)

Rubi [A]
time = 0.19, antiderivative size = 153, normalized size of antiderivative = 1.00, number of

number of rules _ 171
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 35,
Rules used = {3782, 1265, 836, 12, 738, 212}

tanh—l 2a+(b—2c) cot?(d+ex)—b
c(2a — b) cot*(d + ex) + a(b — 2¢) 2va—b+c \/a + beot?(d + ex) + ccot?(d + ex)
- 2e(a — b+ c)3/?

e(a —b+c) (b2 — 4ac) \/a + beot?(d + ex) + ccot*(d + ex)‘

Antiderivative was successfully verified.
[In] Int[Cot[d + e*x]~3/(a + b*Cot[d + e*x]~2 + cxCot[d + e*x]~4)~(3/2),x]

[Out] -1/2%ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a
+ b*Cot[d + e*x]~2 + cxCot[d + exx]"4])]/((a - b + c)~(3/2)*e) + (ax(b - 2

xc) + (2%a - b)*cxCot[d + exx]~2)/((a - b + c)*(b~2 - 4*axc)*exSqrt[a + b*C

ot[d + exx]"2 + c*Cot[d + e*x]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 836

Int [((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_O)*x(x_)72)"(p_), x_Symbol] :> Simp[(d + exx)~(m + 1)*(f*(b*c*d - b™2xe + 2
xaxckxe) — akxgk(2*¥ckd - bxe) + c*x(fx(2xcxd - bkxe) - gx(b*d - 2xaxe))*x)*((a

+ bxx + cxx”2)"(p + 1)/((p + 1)* (b2 - 4xaxc)*(cxd”2 - b*d*e + axe”2))), x]
+ Dist[1/((p + 1)*(b~2 - 4*axc)*(c*d"2 - bxd*e + a*e”2)), Int[(d + e*x) “m*
(a + b*x + c*xx72)"(p + 1)*Simp[f*(b*ckd*ex(2%p - m + 2) + b™2%e™2%(p + m +

2) - 2%c72xd"2*(2%p + 3) - 2*%axcxe”2*x(m + 2*%p + 3)) - gx(akex(bke - 2xc*d*m
+ bxe*m) - b*d*(3*c*d - bxe + 2kckxdxp — bkexp)) + ckex(gk(b*d - 2%axe) - f
*(2%cxd - bxe))*(m + 2%p + 4)*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, g,
m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && LtQ[p, -1
] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p])

Rule 1265

Int[(x_ )" (m_.)*x((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.)"(_.) + (c_.)*(cot[(d_.) + (e_.)*(x_)1*(f_.))"(n2_.))"(p_), x_Symbol]

:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£°2 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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3
/ COt3(d + 6.’1,') de — Subst <f (1+m2)(a+bx2+cm4)3/2 dCL‘, Z, COt(d + 6.’17))
(a + beot?(d + ex) + ccoti(d + ex))* e
Subst (f Emp—e cot?(d + ex))

2e

B a(b— 2c) + (2a — b)ccot?(d + ex)
(a —b+c) (b? — 4ac) e\/a + beot?(d + ex) + ccot*(d + e

a(b— 2c) + (2a — b)ccot?(d + ex)
(a—b+c) (b — 4ac) e\/a + beot?(d + ex) + ccot*(d + e

B a(b—2c) + (2a — b)ccot?(d + ex)
(@ —b+c) (b — dac) e\/a + beot?(d + ex) + ccot*(d + e

2a—b+(b—2c) cot?(d+ex)

2vVa—b+c \/a—l— beot?(d + ex) + ccot*(d +
2(a —b+c)3/%

tanh™*

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 31.73, size = 25123, normalized size = 164.20

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~3/(a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4)~(3/2),x]
[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 456 vs.
2(141) = 282.
time = 0.24, size = 457, normalized size = 2.99

’ method ‘ result
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2a—2b+2c+(b—2c) (cot2 (em+d)+1) +2v/a —

2cIn

b+2c (cot2 (ez+d))

= +
(ac-22) v/ @ + b (cot? (ex + d)) + ¢ (cot* (ex + d)) <\/ —4
derivativedivides
1 2a—2b+2c+(b—2c) (cot2(az+d)+1)+2\/a —
_ b+2c(cot2(ew+d)) "
(1ac-22)\/a + b (cot? (ex + d)) + ¢ (cot* (ex + d)) (\/ —
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(ex*x+d)~3/(atb*cot(e*xx+d) ~2+c*xcot(exx+d) ~4)~(3/2),x,method=_RETURNVE
RBOSE)

[Out] 1/ex(-(b+2*c*xcot (exx+d)~2)/(4*a*c-b~2)/(a+b*cot (exx+d) “2+c*cot (exx+d) ~4)~ (1
/2)+2xc/ ((=4*axc+b~2) " (1/2) -b+2*c) / ((-4*axc+b~2) ~(1/2)+b-2*c)/(a-b+c) ~(1/2)
*1n ((2*%a-2*b+2%c+(b-2*c) * (cot (e*x+d) ~2+1)+2* (a-b+c) ~(1/2) * (c* (cot (e*x+d) "2+
1) "2+ (b-2*xc) * (cot (e*x+d) ~2+1)+a-b+c) ~(1/2) )/ (cot (e*xx+d) ~2+1) ) +2*c/ ((-4*a*xc+
b~2) " (1/2)+b-2*c) / (-4*a*xc+b~2) / (cot (e*xx+d) ~2+1/2* (b+(-4*axc+b~2) ~(1/2))/c) *
((cot (e*xx+d) ~2+1/2% (b+(-4*xa*xc+b™2)~(1/2)) /c) “2xc—(-4*a*c+b~2) " (1/2) *(cot (ex*
x+d) "2+1 /2% (b+(-4*a*c+b~2) ~(1/2))/c) )~ (1/2) -2xc/ ((-4*a*c+b~2) " (1/2) -b+2*c) /
(-4xaxc+b~2) / (cot (exx+d) ~2-1/2% (-b+(-4*a*xc+b~2)~(1/2)) /c)*((cot (e*xx+d) ~2-1/
2% (=b+(-4*axc+b~2)~(1/2))/c) ~2*c+(-4*xaxc+b~2) ~(1/2) *(cot (e*x+d) ~2-1/2* (-b+(
—4%a*xc+b~2)~(1/2))/c))~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (a+bxcot (e*x+d) ~2+c*xcot (e*x+d)~4)~(3/2),x, algorithm
="maxima")

[Out] integrate(cot(x*e + d)~3/(cxcot(x*e + d)~4 + bxcot(x*e + d)~2 + a)~(3/2), x
)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 881 vs.
2(145) = 290.

time = 3.88, size = 1759, normalized size = 11.50

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) "3/ (atb*cot (exx+d) “2+c*cot(exx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [1/4*((a*b™2 + b~"3 - 4xaxc™2 + (a*b™2 - b"3 - 4*xaxc™2 - (4*xa~2 - 4*axb - b~
2)*c)*cos(2*x*e + 2*d)"2 - (4*xa”2 + 4*axb - b"2)*c - 2x(a*b”2 + 4*xaxc”2 - (
4%xa~2 + b~2)*c)*cos(2xxxe + 2*d))*sqrt(a - b + c)*log(2x(a”2 - 2%a*b + b~2
+ 2%(a - b)*c + c72)*cos(2*x*e + 2*d)"2 + 2*¥a"2 - b"2 + 2*xc”2 - 2x((a - b +
c)xcos(2*x*xe + 2+%d)"2 - (2%a - b)*cos(2xxxe + 2*d) + a - c)*sqrt(a - b + ¢
)*sqrt(((a - b + c)*cos(2*x*e + 2%d)"2 - 2*%(a - c)*cos(2xxxe + 2*d) + a + b
+ ¢c)/(cos(2*xx*xe + 2%d) "2 - 2%cos(2*x*e + 2xd) + 1)) - 4*%(a”2 - a*b + b*xc -
c~2)*cos(2*x*xe + 2*%d)) + 4*x(a”2%b - a*b”2 + b"2*c - b*c”2 + (a"2*b - axb~2
- (4xa - b)*c™2 - (4*%a”2 - 6*xa*b + b~2)*c)*cos(2xx*e + 2%d)"2 - 2*(a"2%b -
a*b”2 - 2%a*xc”2 - (2%xa”2 - 3*axb)*c)*cos(2xx*xe + 2xd))*sqrt(((a - b + c)*c
os(2%x*e + 2xd)~2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + c)/(cos(2*x*e + 2%
d)~"2 - 2xcos(2xx*xe + 2%d) + 1)))/((a"3*b"2 - 3*%a~2*%b~3 + 3*a*b™4 - b"5 - 4x
axc™4 - (12xa”2 - 12%axb - b"2)*c”3 - 3*(4*xa~3 - 8*a~2*b + 3*axb”2 + b~3)*c
"2 - (4*%a”4 - 12*a"3%b + 9*a”~2*b"2 + 2*xaxb”~3 - 3*b~4)*c)*cos(2xx*e + 2*d) "2
xe — 2%(a”3%b"2 - 2*%a"2%b"3 + a*b”4 + 4xaxc”4 + (4*xa”"2 - 8*axb - b"2)*c”3 -
(4%xa~3 - 3*axb”™2 - 2*¥b~3)*c"2 - (4*a”~4 - 8*a~3*b + 3*a~2*xb~2 + b~4)*c)*cos
(2*xx*xe + 2%d)*e + (a"3*b"2 - a”2*%b"3 - a*b™4 + b~5 - 4*axc™4 - (12*xa~2 - 4%
axb - b72)*c”3 - (12*a”3 - 8*a~2*b - T*a*xb™2 + b~3)*c”2 - (4*a~4 - 4*a~3%Db
- T7*a~2*b”2 + 6*xa*xb”™3 + b~4)*c)*e), 1/2x((a*b”2 + b~3 - 4*a*xc”2 + (a*b™2 -
b"3 - 4xaxc”2 - (4%a~2 - 4*axb - b~2)*c)*cos(2xx*e + 2%d)"2 - (4*a”2 + 4x*ax
b - b™2)*c - 2x(a*b”2 + 4*a*xc”2 - (4*a”2 + b~2)*c)*cos(2xxxe + 2*d))*sqrt(-
a + b - c)xarctan(((a - b + c)*cos(2xx*e + 2%d)~"2 - (2*a - b)*cos(2*xx*e + 2
*d) + a - c)*sqrt(-a + b - c)*sqrt(((a - b + c)*cos(2*x*e + 2xd)"2 - 2*(a -
c)*cos(2*x*xe + 2xd) + a + b + c)/(cos(2*x*e + 2%d) "2 - 2*cos(2xx*e + 2%*d)
+ 1))/((a"2 - 2%axb + b™2 + 2x(a - b)*c + c"2)*cos(2*x*e + 2*d)"2 + a”2 - b
"2 + 2%a*c + ¢”2 - 2%(a”2 - a*b + bxc - c”2)*cos(2xx*e + 2xd))) + 2*(a~2*b
- a*b”™2 + b"2%c - b*xc"2 + (a"2%b - a*b”2 - (4*a - b)*c"2 - (4*%a"2 - 6*axb +
b~2)*c)*cos (2*x*e + 2%d) "2 - 2x(a"2xb - axb”2 - 2*a*xc”2 - (2*xa~2 - 3xaxb)*
c)*cos(2xx*e + 2xd))*sqrt(((a - b + c)*cos(2*xxe + 2*%d)~2 - 2x(a - c)*cos(2
*x*%e + 2%d) + a + b + c)/(cos(2*x*e + 2%d) "2 - 2*cos(2xx*xe + 2xd) + 1)))/((
a~3*%b"2 - 3*a~2*xb"3 + 3*axb”4 - b5 - 4*xaxc™4 - (12%a"2 - 12*a*b - b"2)*c”3
- 3%(4%a”~3 - 8%xa~2xb + 3*a*b”2 + b~3)*c”2 - (4*xa~4 - 12*xa~3*b + 9*%a"~2*b"2
+ 2*%axb~3 - 3*%b74)*c)*cos(2*x*e + 2%d) "2xe - 2*%(a”3*%b"2 - 2*%a"2*%b"3 + axb~4
+ 4d*xaxc™4 + (4*xa~2 - 8*axb - b"2)*c”3 - (4*a~3 - 3*a*xb”2 - 2*%b"3)*c"2 - (4
*a~4 - 8%a~3xb + 3*%a"2%b"2 + b74)*c)*cos(2*x*e + 2xd)*e + (a”3*b"2 - a~2xb”
3 - axb™4 + b~5 - 4xaxc”4 - (12*%a"2 - 4*axb - b"2)*c”3 - (12*%a”3 - 8*a~2x*b
- T*xaxb”™2 + b~3)*c”2 - (4*%a~4 - 4*a"3%b - 7*a"2%b~2 + 6*a*b”3 + b~4)*c)*e)]

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

cot?® (d + ex)

s dr
/ (a+ bceot? (d + ex) + ccot? (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(at+tb*cot (e*xx+d)**2+c*cot (e*x+d) **4)**(3/2) ,x)

[Out] Integral(cot(d + e*xx)**3/(a + b*cot(d + e*x)**2 + cxcot(d + exx)**4)**(3/2)
, X)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) ~3/(atb*cot (exx+d) “2+c*cot(e*xx+d)~4)~(3/2),x, algorithm

="giac n)

[Out] Timed out

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
cot(d + ex)®

dz
/ (ccot (d+ex) +bcot(d+ex) +a

)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + e*x)~3/(a + b*cot(d + e*xx)~2 + c*xcot(d + e*x)"4)~(3/2),x)
[Out] int(cot(d + exx)~3/(a + bxcot(d + exx)~2 + c*cot(d + e*x)~4)~(3/2), x)
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cot(d+ex)
3.30 f (a+bcot?(d+ex)+c cot4(d—|—ex))3/ 74z

Optimal. Leaf size=156

tanh—l 2a—b+(b—2c) cot?(d+ex)
2vVa—b+c \/a + beot?(d + ex) + ccot?(d + ex) B2 — 2ac — be + (b — 2¢)c cot?
— 3/2 o
2a—b+c)¥e (a—b+c)(b2—4ac)e\/a+bcot2(d+e:

[Out] 1/2*arctanh(1/2*(2*a-b+(b-2*c)*cot(exx+d)~2)/(a-b+c)~(1/2)/(at+b*cot (exx+d) "~
2+c*xcot (exx+d) ~4)~(1/2))/(a-b+c) ~(3/2) /e+(-b~2+2*xa*xc+b*c— (b-2*c) *c*cot (e*xx+
d)~2)/(a-b+c)/(-4*a*c+b~2) /e/ (a+b*cot (exx+d) ~2+c*cot (exx+d) ~4) ~(1/2)

Rubi [A]
time = 0.16, antiderivative size = 156, normalized size of antiderivative = 1.00, number of

number of rules _ ( ;g9
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 33,
Rules used = {3782, 1261, 754, 12, 738, 212}

tanh_l 2a+(b—2c) cot?(d+ez)—b
2vVa—b+c \/a + beot?(d + ex) + ccot*(d + ex) —2ac + b% + c(b — 2¢) cot?(d + ex) — be
_ 3/2 - ‘
2e(a — b+ c)¥/ e(a—b+c) (b2 — 4ac) \/a + beot?(d + ex) + ccott(d + ex)

Antiderivative was successfully verified.
[In] Int[Cot[d + exx]/(a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]~4)~(3/2),x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a + bx
Cot[d + e*x]"2 + cxCot[d + exx]~4]1)]1/(2%(a - b + c)~(3/2)xe) - (b™2 - 2%a*c

- bxc + (b - 2*c)*c*Cot[d + e*x]"2)/((a - b + c)*(b~2 - 4*axc)*exSqrt[a +

bxCot [d + exx]~2 + c*Cot[d + e*x]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*xcxd~2 - 4xb*d*e + 4*axe”™2 - x~2), x], x, (2
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kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 754

Int [((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*(bxc*d - b~2%e + 2%akcke + c*(2*c*d - bxe)
*x)*((a + b*x + cxx"2)"(p + 1)/((p + 1)*(b"2 - 4*a*xc)*(cxd"2 - bxdxe + a*xe”
2))), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)), Int[(d +
e*x) “m*Simp [b*c*d*e*x(2%p - m + 2) + b™2%e”2x(m + p + 2) - 2xc”2xd"2x(2*p +
3) - 2%axc*xe”2%(m + 2*%p + 3) - c*e*(2*ckd - bxe)*(m + 2%p + 4)*x, x]*(a +
bxx + cxx~2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,
-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)~g*(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, xl]

Rule 3782

Int[cot[(d_.) + (e_)*x(x_ )] (m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(a_.) + (c_.)*(cot[(@_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x™n + cxx~(2%n)) p/(£72 + x72)), x
1, x, £*Cot[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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/ cot(d + ex) e — Subst (f (1+m2)(a+zfm2+cm4)3/2 dz,z,cot(d + ez))
(a + bcot?(d + ex) + ccot*(d + eac))‘g/2 e
Subst (f (1+x)(a+;z+m2)3/2 dz, z, cot*(d + ex))
T 2e

b?> — 2ac — be + (b — 2c¢)ccot?(d + ex)
(a — b+ c) (b? — dac) e\/a + beot?(d + ex) + ccot*(d +

b*> — 2ac — be + (b — 2¢)ccot?(d + ex)
(@ —b+c) (b — 4ac) e\/a + beot?(d + ex) + ccot*(d +

b — 2ac — be + (b — 2c¢)ccot?(d + ex)
(@ —b+c) (b2 — 4ac) e\/a + beot?(d + ex) + ccot*(d +

2a—b+(b—2c) cot?(d+ex)

2vVa—b+c \/a + beot?(d + ex) + ccot*(d + e
2(a — b+ c)3/%

tanh™*

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

3 in optimal.
time = 7.67, size = 25149, normalized size = 161.21

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]/(a + b*Cot[d + e*x]~2 + c*Cot[d + e*x]"4)~(3/2),x]
[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 405 vs.
2(145) = 290.
time = 0.27, size = 406, normalized size = 2.60

’ method ‘ result
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202620+ (3-20) (cot? (et +1)+28/@ — b + € \/c (cot? (ez + d) + 1)* + (b — 2¢) (cot? (e

2cl
em cot2(ew+d)+1

(\/—4ac + b2 ‘-b+2c> <\/_4ac + b2 ‘+b—2c> Va—b+c

derivativedivides
2a—2b+20+(b-20) (cot? (eara)+1)+2/a — b + € \/c (cot? (ez + d) + 1)* + (b — 2¢) (cot? (e
2cln cot2 (ex+d)+1
- (\/—4ac+b2‘—b+zc> (\/—4ac+b2‘+b_zc>\/a— b+c
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)/(a+b*cot (e*x+d) ~2+c*cot (exx+d) ~4)~(3/2),x,method=_RETURNVERB
0SE)

[Out] 1/ex(-2*c/((-4*xa*xc+b™2)~(1/2)-b+2xc)/((-4*a*c+b~2)~(1/2)+b-2*c)/(a-b+c)~(1/
2)*1n((2*a-2*b+2xc+(b-2*c) * (cot (e*x+d) ~2+1) +2* (a-b+c) ~(1/2) *(cx(cot (e*x+d)~

2+1) "2+ (b-2*c) * (cot (exx+d) "2+1)+a-b+c) " (1/2) ) / (cot (exx+d) ~2+1) ) -2*c/ ((-4x*ax
c+b~2) ~(1/2) +b-2xc) / (-4*a*c+b~2) / (cot (exx+d) ~2+1/2% (b+(-4*axc+b~2)~(1/2))/c
Yx((cot (exx+d) ~2+1/2% (b+(-4*xaxc+b~2)~(1/2))/c) ~2*c-(-4*a*xc+b~2) ~(1/2)* (cot (
exx+d) “2+1/2% (b+(-4*a*c+b~2)~(1/2))/c))~(1/2)+2*c/ ((-4*a*c+b~2) ~(1/2) -b+2*c

)/ (-4xaxc+b~2) /(cot (exx+d) ~2-1/2*% (-b+(-4*a*xc+b"2) ~(1/2)) /c) *((cot (exx+d) ~2-

1/2% (-b+(-4*a*xc+b~2) " (1/2))/c) ~2*xc+(-4*xaxc+b~2) ~(1/2) *(cot (e*xx+d) "2-1/2*(-b
+(-4*a*xc+b~2)~(1/2))/c))~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(3/2),x, algorithm="
maxima")

[Out] integrate(cot(x*e + d)/(c*cot(x*e + d)~4 + bxcot(x*e + d)~2 + a)~(3/2), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 908 vs.
2(148) = 296.
time = 4.18, size = 1813, normalized size = 11.62

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d)/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(3/2),x, algorithm="
fricas")

[Out] [1/4*((a*b™2 + b"3 - 4xaxc™2 + (a*b™2 - b"3 - 4*xaxc™2 - (4*xa~2 - 4*axb - b~
2)*c)*cos(2xx*e + 2*%d)"2 - (4*%a"2 + 4*axb - b"2)*xc - 2*x(a*b”2 + 4*a*xc”2 - (
4%a”~2 + b~2)*c)*cos(2*x*xe + 2+d))*sqrt(a - b + c)*log(2*(a™2 - 2*a*b + b~2
+ 2%(a - b)*c + c72)*cos(2*x*e + 2*d)"2 + 2*¥a"2 - b2 + 2*xc”2 + 2x((a - b +
c)*cos(2*xx*e + 2%d)"2 - (2%a - b)*cos(2xxxe + 2*d) + a - c)*sqrt(a - b + ¢
)*sqrt(((a - b + c)*cos(2*x*e + 2%d)~2 - 2*%(a - c)*cos(2xxxe + 2*d) + a + b
+ c)/(cos(2*xx*xe + 2%d) "2 - 2%cos(2*x*e + 2xd) + 1)) - 4%(a”2 - a*b + b*xc -
c"2)*cos(2xx*e + 2%d)) - 4x(axb”™2 - b™3 - 2x(2*xa - b)*c™2 - 2%c”3 + (a*b~2
- b73 - 4%b*c”2 + 2*%c”3 - (2*a”2 - 3%b"2)*c)*cos(2xx*e + 2*d)"2 - (2*%a"2 -
2%axb — b"2)*c - 2*(a*b”2 - b"3 - (2*a + b)*c"2 - (2*xa”"2 - axb - 2*b"2)*c)
xcos (2*x*e + 2xd))*sqrt(((a - b + c)*cos(2xxxe + 2*d) "2 - 2x(a - c)*cos(2*x
xe + 2%d) + a + b + c)/(cos(2*x*e + 2xd)~2 - 2*cos(2xx*e + 2xd) + 1)))/((a~
3*%b~"2 - 3*%a"2*b"3 + 3*axb”4 - b5 - 4*axc”4 - (12*%a"2 - 12*a*b - b"2)*c"3 -
3% (4*a~3 - 8*xa~2xb + 3*a*xb”2 + b"3)*c"2 - (4*a~4 - 12*%a~3%b + 9*a~2%b"2 +
2%axb~3 - 3*b~4)*c)*cos(2*x*e + 2*d) "2xe - 2*(a”3*%b"2 - 2*%a”2*%b"3 + a*b”4 +
4*%axc™4 + (4*%a”2 - 8*xa*xb - b~2)*c"3 - (4*a~3 - 3*a*xb”2 - 2*%b"3)*c"2 - (4*a
4 - 8*%a"3%b + 3*%a"2%b"2 + b~4)*c)*cos(2xx*e + 2xd)*e + (a~3*b"2 - a~2*xb~3
- a*b”™4 + b"5 - 4xaxc”4 - (12*%a"2 - 4*axb - b"2)*c"3 - (12*%a~3 - 8*a"2*b -
T*axb~2 + b™3)*c”2 - (4*a~4 - 4*a"3%b - 7*a"2*%b~2 + 6*a*b”3 + b~4)*c)*e), -
1/2%((a*b”2 + b3 - 4*xa*c™2 + (a*xb™2 - b~3 - 4*a*c™2 - (4*a”2 - 4xaxb - b~2
)Yxc)*cos(2xx*e + 2%d)"2 - (4*a”2 + 4*xaxb - b"2)*c - 2*(a*xb”2 + 4*a*c”2 - (4
*a~2 + b~2)*c)*cos(2xxxe + 2*d))*sqrt(-a + b - c)*arctan(((a - b + c)*cos(2
xx*¥e + 2%d)”"2 - (2*%a - b)*cos(2*x*e + 2*%d) + a - c)*sqrt(-a + b - c)*sqrt((
(a - b + c)*cos(2*x*xe + 2xd) "2 - 2x(a - c)*cos(2*x*e + 2xd) + a + b + ¢)/(c
os(2xx*e + 2%d) "2 - 2*%cos(2%x*xe + 2xd) + 1))/((a"2 - 2%axb + b™2 + 2%(a - b
Y*xc + c”2)*cos(2*x*e + 2*xd)"2 + a”2 - b72 + 2xaxc + ¢c”2 - 2*x(a”2 - axb + bx*
c - c"2)*cos(2xx*e + 2%d))) + 2*%(a*b”2 - b"3 - 2*x(2*a - b)*c”2 - 2*c”3 + (a
*b72 - b"3 - 4xbkc"2 + 2*%c”3 - (2*a"2 - 3*b"2)*c)*cos(2xx*xe + 2*%d)"2 - (2*a
"2 - 2%a*xb - b72)*c - 2*x(axb”2 - ™3 - (2*a + b)*c”2 - (2*%a"2 - a*b - 2%b~2
)xc)*cos(2*x*e + 2*xd))*sqrt(((a - b + c)*cos(2xx*e + 2xd)"2 - 2*(a - c)*cos
(2xx*e + 2xd) + a + b + c)/(cos(2*xx*e + 2%d)"2 - 2*cos(2*x*e + 2%d) + 1)))/
((a~3%b~2 - 3*a~2%b~3 + 3*axb~4 - b~5 - 4*a*c”4 - (12*%a”2 - 12*%xaxb - b~2)*c
3 - 3*%(4%a~3 - 8*%a"2%b + 3*a*xb”2 + b~3)*c"2 - (4*a~4 - 12%a~3*b + 9*a~2xb~
2 + 2%axb”3 - 3*b~4)*c)*cos(2*x*e + 2%d) "2*%e - 2*x(a~3*b"2 - 2*a"2*%b"3 + ax*b
4 + 4xaxc”4 + (4*a”2 - 8xaxb - b72)*c”3 - (4%¥a”"3 - 3*a*b”2 - 2*b~3)*c"2 -
(4xa~4 - 8xa~3*b + 3*a"2*xb”"2 + b~4)*c)*cos(2*x*e + 2*d)*e + (a"3*%b"2 - a"2%*
b~3 - a*b”4 + b~5 - 4*xaxc™4 - (12%xa~2 - 4xa*xb - b"2)*c”3 - (12*xa~3 - 8xa~2*
b - 7*a*xb~2 + b"3)*c”2 - (4*a”4 - 4*xa”3*b - T*a~2*b"2 + 6*xaxb”3 + b~4)*c)*e
)]

Sympy [F]
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time = 0.00, size = 0, normalized size = 0.00

cot (d + ex)

dx
/ (a + bcot? (d + ex) + ccot? (d + ex))

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*cot (e*xx+d)**2+c*kcot (e*xx+d)**4)**(3/2),x)

[Out] Integral(cot(d + e*x)/(a + b*cot(d + e*x)**2 + c*cot(d + e*x)**4)*x(3/2), x
)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(3/2),x, algorithm="

giac")

[Out] Timed out

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
cot(d + e x)

dz
/ (ccot (d+ex)* +beot (d+ex)’ +a

)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(d + exx)/(a + bxcot(d + e*x)"2 + c*xcot(d + e*x)~4)~(3/2),x)
[Out] int(cot(d + ex*x)/(a + b*cot(d + exx)"2 + cxcot(d + e*x)~4)~(3/2), x)
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tan(d+ex)
3.31 f (a+bcot?(d+ex)+c cot4(d—|—ex))3/ 7 dz

Optimal. Leaf size=280

- 2 2 - 20— —2 2
tanh 1 a+b cot? (d+ex) tanh 1 a—b+(b—2c) cot?(d+ex)

2v/a’ \/a + beot?(d + ex) + ccot(d + ex)‘ 2vVa—b+c \/a + beot?(d + ex) + cco
2a3/2%e a 2(a — b+ c)3/%

[Out] 1/2*arctanh(1/2*(2*a+bxcot(e*x+d)~2)/a~(1/2)/(atbxcot (e*x+d) "2+c*xcot (e*x+d)
~4)~(1/2))/a~(3/2) /e-1/2*arctanh (1/2* (2*a-b+(b-2*c) *cot (exx+d) ~2) / (a-b+c) ~(

1/2) / (a+b*cot (e*x+d) “2+c*cot (exx+d) "4) ~(1/2) )/ (a-b+c) ~(3/2) /e+(-b~2+2*xa*c-b
xcxcot (e*x+d) ~2) /a/ (-4*axc+b~2) /e/ (atb*cot (e*x+d) “2+c*cot (exx+d) ~4) ~(1/2) +(
b~2-2*a*xc-b*c+(b-2%c) *c*xcot (exx+d) “2) / (a-b+c) / (-4*a*c+b~2) /e/ (a+b*cot (exx+d

) “2+c*cot (exx+d) ~4)~(1/2)

Rubi [A]

time = 0.27, antiderivative size = 280, normalized size of antiderivative = 1.00, number of

number of rules _ 979
integrand size ’

steps used = 12, number of rules used = 7, integrand size = 33,
Rules used = {3782, 1265, 974, 754, 12, 738, 212}

tanh~! 2a+bcot?(d+ex) tanh~! 2a+(b—2c) cot?(d+ex)—b
2/a’\/a+ beot?(d + ex) + ceot(d + ex) —2ac + B + becot?(d + ex) —2ac+ B + e(b — 2¢) cot?(d + ex) — be B 2va—b+c\/a+beot’(d+ ex) + ceot!(d + ex)

: - + :
2a’/%e ac (12— 4ac) \/a + beot?(d + cz) + cott(d+ex)  ela—b+c) (3 — dac) \/a-+ beot?(d + ex) + ccot*(d + ex) 2e(a—b+c)/?

Antiderivative was successfully verified.
[In] Int[Tan[d + e*x]/(a + b*Cot[d + e*x]”2 + cxCot[d + exx]~4)~(3/2),x]

[Out] ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2xSqrt[al*Sqrt[a + b*Cot[d + exx]~2 + c*C
ot[d + exx]~4]1)]/(2*a~(3/2)*e) - ArcTanh[(2*a - b + (b - 2*c)*Cot[d + e*x]~
2)/(2xSqrt[a - b + c]*Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]~4])]/(2x(a

- b+ c)”(3/2)xe) - (b"2 - 2*xaxc + bkc*xCot[d + e*x]~2)/(ax(b”2 - 4*a*c)*ex
Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]"4]) + (b"2 - 2%axc - b*c + (b -
2xc)*cxCot[d + exx]"2)/((a - b + c)*(b™2 - 4*axc)*exSqrt[a + b*Cot[d + e*x]

~2 + cxCot[d + exx]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 212

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0])

Rule 738

Int[1/(C(d_.) + (e_.)*x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d~2 - 4xb*d*e + 4*a*xe”™2 - x72), x], x, (2
xa*xe - bxd - (2%cxd - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rule 754

Int[((d_.) + (e_.)*(x))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*xx)~(m + 1)*(b*c*d - b~2%e + 2xa*c*e + cx(2xc*d - b*e)
xx)*x((a + bxx + cxx"2)"(p + 1)/((p + 1)*x(b~2 - 4*a*xc)*(cxd"2 - b*d*e + axe”
2))), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)), Int[(d +
e*x) “m*Simp [bkckdxe*x(2xp — m + 2) + b"2xe”2*%(m + p + 2) - 2%xc”2*d"2*%(2*p +
3) - 2%axcxe”2x(m + 2%p + 3) - ckex(2xckd - bxe)*(m + 2xp + 4)*x, x]*(a +
b*x + c*x~2)~(p + 1), x], x] /; FreeQl[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xa*xc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 974

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) " mx(f + g
*x) "n*(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] && NeQ[b~2 - 4*axc, 0] &% NeQ[c*d™2 - b*d*e + axe”2, 0] && (
IntegerQLp] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 0I)

Rule 1265

Int[(x_)"(m_.)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a)) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~g*x(a +
b*x + c*x72)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_))"(a_.) + (c_)*(cot[(d_.) + (e_.)*x(x_)1*(£f_.))"(mn2_.))"(p_), x_Symbol]
:> Dist[-f/e, Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £fxCot[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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tan(d + ex) Subst J .’1:(1+1'2)(a,+bx2+cg;4)3/2 dz, z, cot(d + em))

dz =
/ (a + beot?(d + ex) + ceot*(d + ex))*” €

dz, z,cot?(d + ex))

2e

Subst i (

1 2
Cigarmras™ T Z(a+bw+cw2)3/2> dx, 7, cot
2e
(=1- z)(a+ba:+car:2)3/2 de‘, Z cot” (d + 61‘)) Subst

2e

Sllet (f z(1+x) (tz—i—bx—i—cacQ)?'/2

Subst i

o b% — 2ac + becot?(d + ex) L

a (b — 4ac) e\/a + bcot?(d + ex) + ccot?(d +ex) (o

L b%> — 2ac + becot?(d + ex) L

a (b — 4ac) e\/a + beot?(d + ex) + ccot*(d +ex)  (

_ b*> — 2ac + becot?(d + ex) L

a (b — 4ac) e\/a + bcot?(d + ex) + ccott(d +ex) (o

2a+b cot?(d+ex)
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex)

2a3/2e

tanh ™!

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 35.45, size = 181078, normalized size = 646.71

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]/(a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4)~(3/2),x]
[Out] Result too large to show
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Maple [F]
time = 0.73, size = 0, normalized size = 0.00

/ tan (ex + d) dz
(a + b (cot? (ex + d)) + c(cot* (ex + d)))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(atb*cot (e*x+d) ~2+c*cot (exx+d) ~4)~(3/2),x)
[Out] int(tan(e*x+d)/(at+b*cot (e*x+d) ~2+c*cot (e*x+d) ~4)~(3/2),x)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(exx+d) 2+c*cot(e*x+d)~4)~(3/2),x, algorithm="
maxima")

[Out] Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is und
efined.

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1048 vs.
2(264) = 528.
time = 8.03, size = 4269, normalized size = 15.25

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d) 2+cxcot(e*xx+d)~4)~(3/2),x, algorithm="
fricas")

[Out] [-1/4*x((4*axc”4 - (a~3*b"2 - 2*a~2*xb~3 + a*b™4 - 4*a~2*%c~3 - (8*xa~3 - 8xa~2
*b — a*b”2)*c”2 - 2%(2%a~4 - 4*a"3%b + a”"2*%b"2 + axb”3)*c)*tan(x*e + d)"4 +
(8%a~™2 - 8xaxb - b~"2)*c”3 + 2%(2%¥a~3 - 4*a"2%b + a*b”2 + b~3)*c”2 - (a~2*b
3 - 2*a*b~4 + b"5 - 4xaxbxc”3 - (8*xa"2*b - 8*axb”2 - b~3)*c”2 - 2*(2*a~3*b
- 4xa”"2*%b"2 + a*xb”3 + b~4)*c)*tan(x*e + d)"2 - (a"2*xb”2 - 2*axb”3 + b~4)*c
)*sqrt(a)*log(8*a~2xtan(x*e + d)~4 + 8*a*b*tan(xxe + d)~2 + b~2 + 4*a*c + 4
*x(2xaxtan(x*e + d)~4 + bxtan(x*e + d)~2)*sqrt(a)*sqrt((a*xtan(x*e + d)"4 + b
xtan(x*e + d)~2 + c)/tan(x*xe + d)74)) - (a"2*b"2*c - 4*a~3*%c"2 + (a~3*%b"2 -
4xa~4xc)*tan(x*xe + d)"4 + (a”2xb~3 - 4xa~3xbxc)*tan(x*e + d)~2)*sqrt(a - b
+ c)*log(((8xa~2 - 8xaxb + b~2 + 4*a*c)*tan(xxe + d)~4 + 2x(4*axb - 3*b"2
- 4x(a - b)*c)*tan(x*e + d)"2 + b™2 + 4x(a - 2%b)*c + 8*%c™2 - 4x((2*a - b)*
tan(x*e + d)"4 + (b - 2xc)*tan(x*e + d)~2)*sqrt(a - b + c)*sqrt((a*tan(x*e
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+ d)~"4 + bxtan(x*e + d)"2 + c)/tan(x*e + d)~4))/(tan(x*e + d)"4 + 2*tan(x*e
+d)72 + 1)) - 4x((a”"2%b"3 - a*b™4 + 2*¥a"2xc”3 + (2*%a~3 - 5*%a”2%b - a*b”2)
*c"2 - (3*%a"3*%b - 2*a”2%b~2 - 2*a*b~3)*c)*tan(x*e + d)"4 - ((2*xa”~2 + axb)*c
~3 + (2*%a"3 - a"2*%b - 2*xa*xb"2)*c"2 - (a"2*b"2 - a*b~3)*c)*tan(x*e + d) 2)*s
grt ((a*tan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4))/((a"5*b"2 -
2%a~4*xb”"3 + a~3*b"4 - 4*a~4xc”3 - (8*a”5 - 8*a"4xb - a"3*%b"2)*c”2 - 2% (2xa”
6 - 4*xa”5%b + a~4*xb”2 + a~3*b~3)*c)*extan(x*e + d)~4 + (a"4%b"3 - 2*a"3%b~4
+ a”2xb~5 - 4*a~3xbxc”3 - (8*a~4*xb - 8*a~3*b"2 - a"2*xb~3)*c"2 - 2x(2*a"5*b
- 4%a"4*b"2 + a"3*b"3 + a"2%b~4)*c)*extan(x*e + d)~2 - (4*a~3*%c”4 + (8*a"4
- 8%a”3*%b - a"2*b"2)*c”3 + 2x(2*a”5 - 4*xa~4*b + a~3*b"2 + a"2*%b"3)*c"2 - (
a~4xb"2 - 2%a~3xb"3 + a"2*b"4)*c)*e), 1/4x(2*%(4*axc”4 - (a"3*%b"2 - 2*a"2xb”
3 + axb™4 - 4%a~2xc”3 - (8*%a~3 - 8*a"2xb - a*b"2)*c”2 - 2%(2*¥a~4 - 4*a"3%Db
+ a”2%b"2 + a*b~3)*c)*tan(x*e + d)"4 + (8*xa~2 - 8*axb - b~2)*c”3 + 2x(2*a"3
- 4%a"2%b + a*b”2 + b"3)*c"2 - (a"2%b"3 - 2*a*b”4 + b"5 - 4xaxb*xc”3 - (8*a
“2xb - 8%a*b~2 - b73)*c”2 - 2*(2*%a"3xb - 4*a”2%b"2 + a*b”3 + b~4)*c)*tan(xx*
e + d)72 - (a"2%xb"2 - 2*xaxb~3 + b~4)*c)*sqrt(-a)*arctan(1l/2x(2*axtan(x*e +
d)~4 + bxtan(x*e + d)~2)*sqrt(-a)*sqrt((a*tan(x*xe + d)~4 + bxtan(x*e + d)~2
+ c)/tan(x*e + d)~4)/(a"2*tan(x*e + d)~4 + axbxtan(x*xe + d)"2 + axc)) + (a
“2%b"2%c - 4*a”3*%c”2 + (a"3*%b"2 - 4*a"4*c)*tan(x*e + d)~4 + (a"2%b"3 - 4*a”
3*%bkc)*tan(xxe + d)"2)*sqrt(a - b + c)*log(((8*a”2 - 8*axb + b™2 + 4*a*c)*t
an(x*e + d)~4 + 2x(4xaxb - 3*%b~2 - 4*x(a - b)*c)*tan(x*xe + d)"2 + b"2 + 4x(a
- 2xb)*c + 8%c”2 - 4%((2*a - b)*tan(x*e + d)"4 + (b - 2*c)*tan(x*e + d)~2)
xsqrt(a - b + c)*sqrt((axtan(x*e + d)"4 + b*tan(x*e + d)~2 + c)/tan(x*e + d
)"4))/(tan(x*e + d)~4 + 2*xtan(x*e + d)~2 + 1)) + 4x((a"2*%b~3 - a*b™4 + 2*a”~
2*%c”3 + (2*a”3 - 5xa~2xb - a*b”2)*c”2 - (3*a"3xb - 2*%a"2*%b"2 - 2*a*xb”~3)*c)*
tan(x*e + d)~4 - ((2*%a”2 + a*b)*c”™3 + (2*xa~3 - a~2x%b - 2*a*b~2)*c"2 - (a~2x*
b~2 - a*b~3)*c)*tan(xxe + d)~2)*sqrt((axtan(x*e + d)~"4 + bxtan(x*e + d)~2 +
c)/tan(x*e + d)"4))/((a"5*xb"2 - 2*xa~4xb~3 + a~3*%b"4 - 4*a~4xc~3 - (8*xa~5 -
8*%a~4xb - a"3*%b"2)*c”2 - 2% (2*a"6 - 4*a~bxb + a”~4%b~2 + a"3%b~3)*c)*e*xtan(
xke + d)"4 + (a~4%b~3 - 2*%a"3*%b"4 + a~2*xb"5 - 4*xa~3*b*c”3 - (8*%a"4*b - 8*xa”
3*%b~2 - a"2%b"3)*c”2 - 2% (2*a"5*b - 4*a~4*xb”"2 + a~3*b"3 + a"2%b~4)*c)*e*tan
(xxe + d)72 - (4*a"3*c™4 + (8*%a~4 - 8*a"3%b - a~2*xb"2)*c~3 + 2*(2*a~5 - 4x*a
“4xb + a”3*%b"2 + a"2xb"3)*c"2 - (a"4%b"2 - 2*%a~3*b"3 + a~2x%b"4)*c)*e), -1/4
* (2% (a"2%b"2%xc — 4*a~3*%c”2 + (a"3%b~2 - 4*a~4xc)*tan(x*e + d)"4 + (a~2*xb~3
- 4xa~3%b*c)*tan(x*e + d)~2)*sqrt(-a + b - c)*arctan(-1/2*x((2*a - b)*tan(x*
e + d)74 + (b - 2*c)*tan(x*e + d)"2)*sqrt(-a + b - c)*sqrt((a*tan(xxe + d)~
4 + bxtan(xxe + d)"2 + c)/tan(x*e + d)"4)/((a"2 - a*b + axc)*tan(x*e + d)~4
+ (a*xb - b"2 + bxc)*tan(x*e + d)"2 + (a - b)*c + ¢c72)) + (4*a*c™4 - (a"3%*b
"2 - 2*%a"2%b"3 + a*b”4 - 4*xa”~2*c”3 - (8*a"3 - 8*a~2xb - a*b~2)*c”2 - 2% (2*xa
~4 - 4%a"3%b + a"2*b"2 + a*b~3)*c)*tan(x*e + d)~"4 + (8*a"2 - 8*axb - b~2)*c
~3 + 2x(2%a”3 - 4*a”2*b + a*b”2 + b~3)*c”2 - (a"2*xb"3 - 2*axb”4 + b5 - 4x*a
*bxc”3 - (8%a"2xb - 8*a*b”2 - b"3)*c”2 - 2*%(2*%a"3*b - 4*a"2*b"2 + a*b"3 + b
“4)*c)*tan(xxe + d)~2 - (a"2%b"2 - 2%a*b”3 + b~4)*c)*sqrt(a)*log(8*a~2*tan(
x*e + d)~4 + 8*axbxtan(x*e + d)~2 + b2 + 4xaxc + 4*(2*xaxtan(x*e + d)"4 + b
*xtan(x*e + d)~2)#*sqrt(a)*sqrt((axtan(x*e + d)"4 + bxtan(x*e + d)"2 + c)/tan
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(xxe + d)74)) - 4x((a"2*b”"3 - a*b™4 + 2*a"2%c”3 + (2*a”3 - 5*xa”2*b - axb”2)
*c"2 — (3*%a~3%b - 2*a"2%b~2 - 2*a*b~3)*c)*tan(x*e + d)"4 - ((2*xa”"2 + axb)*c
"3 + (2*%a”3 - a"2*%b - 2*xaxb"2)*c"2 - (a"2*b"2 - axb~3)*c)*tan(x*e + d)"2)*s
qrt((axtan(x*e + d)~4 + bxtan(x*e + d)~2 + c)/tan(x*e + d)~4))/((a"5*b~2 -
2*%a"~4*b"3 + a~3*b~4 - 4xa~4*c”3 - (8%a"5 - 8*a~4xb - a~3*%b"2)*c”2 - 2x(2*xa”
6 - 4*xa”5%b + a~4*xb”2 + a~3*b~3)*c)*extan(x*e + d)~4 + (a"4%b"3 - 2*a"3%b~4
+ a”2xb”"5 - 4*a~3xbxc”3 - (8*a~4*xb - 8*a~3*b"2 - a"2*%b"3)*c”2 - 2x(2*a"5%b
- 4xa”~4*xb"2 + a~3*xb”"3 + a~2*xb”4)*c)*extan(x*e + d)~2 - (4*a~3*xc”4 + (8*a~4
- 8%a"3*b - a"2*xb"2)*c"3 + 2% (2*a”5 - 4*a"4*b + a"3*b"2 + a"2*%b"3)*c"2 - (
a~4*b"2 - 2*xa”~3%b~3 + a~2%b~4)*c)*e), 1/2%((4*a...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ tan (d + ex)
(a+ bcot? (d + ex) + ccot? (d + ex))

dz

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*cot(e*xx+d)**2+c*kcot (e*xx+d)**4)**(3/2),x)

[Out] Integral(tan(d + e*x)/(a + b*cot(d + e*x)**2 + c*cot(d + e*x)**4)*x(3/2), x
)

Giac [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+bxcot(exx+d) "2+c*cot(e*x+d)~4)~(3/2),x, algorithm="

giac")

[Out] Timed out

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
tan(d + e z)

dz
/ (ccot (d+ ex)* +beot (d+ ex)” +a)

3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + ex*x)/(a + bxcot(d + e*x)~2 + c*xcot(d + e*xx)~4)~(3/2),x)
[Out] int(tan(d + e*x)/(a + b*cot(d + e*xx)"2 + cxcot(d + e*x)~4)~(3/2), x)
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tan3(d+ex)
3.32 f (a+bcot?(d+ex)+c cot4(d—|—e:1:))3/ 2 dz

Optimal. Leaf size=478

tanh_l 2a+bcot?(d+ezx) | 3b tanh_l 2a+bcot?(d+ex)
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex) 2v/a’ \/a + beot?(d + ex) + ccot(

2a3/2e 4a5/%¢

[Out] -1/2*arctanh(1/2*(2*a+b*cot(e*x+d)~2)/a"~(1/2)/(a+b*xcot (e*x+d) “2+c*cot (exx+d
)"4)~(1/2))/a"(3/2) /e-3/4xb*arctanh (1/2* (2*a+b*cot (e*x+d) ~2)/a~(1/2)/(a+b*c

ot (exx+d) "2+c*cot (exx+d) ~4)~(1/2))/a~(5/2) /e+1/2*arctanh (1/2* (2*xa-b+(b-2*c)

*cot (e*x+d) ~2) /(a-b+c) ~(1/2) / (a+b*cot (e*x+d) ~2+c*cot (exx+d) ~4)~(1/2))/(a-b+
c)~(3/2) /e+(b~2-2%a*c+b*c*cot (exx+d) ~2) /a/ (—4xaxc+b~2) /e/ (at+b*cot (exx+d) ~2+

c*xcot (e*xx+d) ~4) " (1/2) +(-b~2+2*a*c+b*c- (b-2*c) *ckcot (exx+d) ~2) / (a-b+c) / (-4*a
*c+b~2) /e/ (atb*cot (e*x+d) “2+c*cot (e*xx+d) ~4) " (1/2) - (b~ 2-2*a*c+b*c*xcot (e*x+d)
~2)xtan(e*x+d) “2/a/(-4*axc+b”2) /e/ (atb*cot (e*x+d) “2+c*cot (exx+d) ~4) ~(1/2)+1

/2% (-8*xa*xc+3%b~2) *x (a+b*cot (exx+d) ~2+c*cot (e*xx+d) “4) ~(1/2) *tan(exx+d) ~2/a~2/
(-4xaxc+b~2) /e

Rubi [A]
time = 0.38, antiderivative size = 478, normalized size of antiderivative = 1.00, number of

number of rules _ 5 99q
integrand size ’

steps used = 16, number of rules used = 8, integrand size = 35,
Rules used = {3782, 1265, 974, 754, 820, 738, 212, 12}

(»w.\«.rmmu,m,wmmy SV fat beoti(d + ) + oot 4 ex) ) (8 Bac) tan(d-+ ex) Ja + beot'd + ex) 4 ceor™(d + ex) e+ + bocotd+ ea) —2ac+ ¥ b = 20)col(d-+ ) e ) bl e astEe

Antiderivative was successfully verified.
[In] Int[Tan[d + e*x]~3/(a + b*Cot[d + e*x]"2 + cxCot[d + e*xx]~4)~(3/2),x]

[Out] -1/2*%ArcTanh[(2*a + b*Cot[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Cot[d + e*x]~2
+ cxCot[d + exx]~4])]1/(a”~(3/2)*e) - (3*bxArcTanh[(2*a + b*Cot[d + exx]~2)/(
2xSqrt [al *Sqrt[a + bxCot[d + exx]~2 + c*Cot[d + exx]~4])]1)/(4*a~(5/2)*e) +
ArcTanh[(2%a - b + (b - 2*c)*Cot[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a + bx*
Cot[d + e*x]"2 + cxCot[d + exx]"4])]/(2%(a - b + c)~(3/2)*e) + (b~2 - 2xaxc
+ bxc*xCot[d + exx]~2)/(a*(b™2 - 4xaxc)*exSqrt[a + b*Cot[d + e*x]~2 + cxCot
[d + exx]~4]) - (b”2 - 2*a*c - b*c + (b - 2xc)*cxCot[d + exx]"2)/((a - b +
c)*(b~2 - 4*axc)*exSqrt[a + bxCot[d + exx]~2 + c*Cot[d + e*x]"4]) - ((b~2 -
2*%a*c + b*c*Cot[d + e*x]~2)*Tan[d + exx]~2)/(a*(b~2 - 4xaxc)*e*Sqrt[a + b*
Cot[d + e*x]~2 + cxCot[d + exx]~4]) + ((3*%b™2 - 8xa*c)*Sqrt[a + b*Cot[d + e
*x]"2 + cxCot[d + exx] 4]*Tan[d + exx]~2)/(2%a"2x(b"2 - 4*axc)*e)

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]1*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 738

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*cxd”2 - 4xbxdxe + 4*axe”2 - x~2), x], x, (2
kaxe — bkd - (2kcxd - bke)*x)/Sqrt[a + bk*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4+*a*c, 0] && NeQ[2*c*xd - bxe, 0]

Rule 754

Int[((d_.) + (e_)*(x_))"(m )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p.), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*(bxc*d - b~2%e + 2%akcke + c*(2%c*d - bxe)
xx)*x((a + bxx + cxx"2)"(p + 1)/((p + 1)*x(b~2 - 4*a*xc)*(cxd”2 - b*d*e + axe”
2))), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)), Int[(d +
e*xx) “m*Simp [bkxckd*xe*x(2xp — m + 2) + b"2xe”2*%(m + p + 2) - 2%xc”2*d"2*%(2*p +
3) - 2xaxcxe”2x(m + 2*%p + 3) - cxex(2*c*d - b*e)*(m + 2%p + 4)*x, x]*(a +
b*x + c*x~2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xa*xc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 820

Int[((d_.) + (e_)*(x_))"(m_)*x((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_Ox(x_)72)"(p_.), x_Symbol] :> Simp[(-(e*f - dxg))*(d + e*x)"(m + 1)*((a +
bxx + c*x"2)"(p + 1)/(2*(p + 1)*(c*d"2 - b*d*e + axe”2))), x] - Dist[(b*(e
*f + d¥g) - 2k(ckd*f + axexg))/(2*%(c*d"2 - bxdxe + a*e”2)), Int[(d + e*x)~(
m + 1)*(a + bxx + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x]
&& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - b*d*e + axe”2, 0] && EqQ[Simplify[m
+ 2xp + 3], 0]

Rule 974

Int[((d_.) + (e_.)*(x))"(m )*x((£f_.) + (g_.)*(x_)) " (m_)*x((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) " mx(f + g
*x) "nx(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ
[exf - d*g, 0] && NeQ[b~2 - 4*a*c, 0] &% NeQ[cxd~2 - bxd*e + axe”2, 0] && (
IntegerQlp] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 0I)
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Rule 1265

Int[(x_)~"(m_.)*x((d_ ) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 3782

Int[cot[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*(cot[(d_.) + (e_.)*(x_)]*(
f_.))"(n_.) + (c_.)*(cot[(a_.) + (e_.)*(x_)I*(£_.))"(n2_.))"(p_), x_Symboll
:> Dist[-f/e, Subst[Int[(x/f) m*x((a + b*x"n + c*x~(2*n)) p/(£°2 + x72)), x
1, x, f*Cot[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] & EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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1
tan’(d + ex) Subst( / @3 (1+22) (a+bz?+cxt)>/? dz, z, cot(d + ex))
(a + beot?(d + ex) + ccoti(d + ex))*/

e

dz, z, cot?(d + ex))

Subst (f z2(14=x) (a—:bx+c:t2)3/2

2e
1 1 1
_ _Subst f <z2(a+bz+cz2)3/2 - m(a+bz+cw2)3/2 + (1+w)(a+bz+0z2)3,
2e
_ _Subst f m dCL', z, COtz(d + 617)) N Subst (f m_(

2e

b% — 2ac + becot?(d + ex)

a (b? — 4ac) e\/a + beot?(d + ex) + ccot*(d + ew)‘ (a—

b%* — 2ac + becot?(d + ex)

a (b? — 4ac) e\/a + beot?(d + ex) + ccot*(d + ex)‘ (a—

b*> — 2ac + becot?(d + ex)

a,(b2—4ac)e\/a+bcot2(d+ex)—|—ccot4(d+ea:)‘ (a—

tanh_l 2a+b cot?(d+ex) |
2v/a’ \/a + beot?(d + ex) + ccot*(d + ex)

2a3/%¢

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
3 in optimal.
time = 37.67, size = 293889, normalized size = 614.83

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/(a + b*Cot[d + e*x]~2 + cxCot[d + exx]~4)~(3/2),x]
[Out] Result too large to show



223

Maple [F]
time = 0.75, size = 0, normalized size = 0.00

/ tan® (ex + d)
(a + b (cot? (ex + d)) + c(cot?* (ex + d)))

dz

N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) 3/ (at+b*cot(e*xx+d) “2+c*xcot (e*x+d)~4)~(3/2),x)
[Out] int(tan(e*x+d) 3/ (a+b*cot(e*xx+d) “2+c*xcot (e*x+d)~4)~(3/2),x)

Maxima [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atbxcot(exx+d) 2+c*cot(e*x+d)~4)~(3/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1329 vs.
2(453) = 906.
time = 9.05, size = 5394, normalized size = 11.28

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (a+bxcot (e*x+d) 2+cxcot (e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/8*%((4*(2*xa”2 + 3*axb)*c™4 - (2*a~4*b"2 - a~3*b”"3 - 4*a~2*xb"4 + 3*axb”5
- 4x(2*xa”3 + 3*a~2xb)*c”3 - (16*a”4 + 8*a”~3*b - 26*xa~2*b"2 - 3*axb”3)*c"2 -
2% (4*xa~5 - 2¥a~4xb - 10*%a~3*b~2 + 5%a~2xb”~3 + 3*axb~4)*c)*tan(x*e + d)"4 +
(16%a~3 + 8*a~2%b - 26*a*b™2 — 3*b~3)*c~3 + 2*%(4*a"4 - 2*%a~3*xb - 10*a~2*b~
2 + bxaxb”3 + 3*b"4)*c”2 - (2*xa”"3*%b"3 - a"2*b"4 - 4xaxb”5 + 3*xb"6 - 4*(2xa”
2%b + 3*a*b”2)*c”3 - (16*a~3*b + 8*a~2*xb"2 - 26*a*xb”3 - 3*%b~4)*c"2 - 2% (4*a
“4xb - 2%a~3*b"2 - 10*%a"2*b”"3 + 5*axb~4 + 3*b~5)*c)*tan(x*e + d)"2 - (2*xa”3
*b~2 - a"2%b~3 - 4*axb~4 + 3*b~5)*c)*sqrt(a)*log(8*a~2xtan(x*e + d)~"4 + 8xa
*b*xtan(x*e + d)~"2 + b"2 + 4xaxc - 4*(2*a*tan(x*e + d)~4 + bxtan(x*e + d)~2)
xsqrt(a) *sqrt ((axtan(x*e + d)~4 + b*tan(x*e + d)~2 + c)/tan(x*e + d)~4)) -
2% (a"3*%b"2%c - 4*xa~4xc”2 + (a~4*%b"2 - 4*a”b*xc)*tan(xxe + d)"4 + (a"3*b"3 -
4xa~4xb*c)*tan(x*e + d)"2)*sqrt(a - b + c)*log(((8*xa~2 - 8*axb + b~2 + 4xax
c)xtan(x*e + d)~4 + 2+ (4xaxb - 3*%b~2 - 4*(a - b)*c)*tan(x*e + d)"2 + b~2 +
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4x(a - 2xb)*c + 8xc”2 + 4% ((2*xa - b)*tan(x*e + d)"4 + (b - 2*c)*tan(x*e + d
)"2)xsqrt(a - b + c)*sqrt((a*xtan(x*e + d)~4 + b*tan(xxe + d)~2 + c)/tan(x*e
+ d)"4))/(tan(x*e + d)~4 + 2xtan(x*e + d)"2 + 1)) - 4x((a"4%b"2 - 2*a"3*b~
3 + a"2%b"4 - 4*a~3*%c”3 - (8*%a"4 - 8*%a"3*%b - a"2*%b"2)*c”2 - 2%(2*%a”5 - 4*xa”
4xb + a~3*b~2 + a~2*b~3)*c)*tan(x*e + d)"6 + (a”3*b~3 - 4*a”"2xb"4 + 3*axb”5
- 2x(2*a”3 + 5*xa~2*%b)*c”3 - (4*a”4 + 10*a”3*b - 22*xa~2*b"2 - 3*axb”3)*c”2
- 2x(2*a"4%b - 8*a”~3*b"2 + 4*a”~2*b~3 + 3*axb”4)*c)*tan(x*e + d)~4 - (8*a~2x*
c”4 + 3%x(4%a”3 - 6%xa~2xb - a*b"2)*c”3 + 2%(2*%a"4 - 7*xa~3%b + 3*%a"2%b"2 + 3%
axb~3)*c”2 - (a"3%b"2 - 4%a~2%b”3 + 3*axb~4)*c)*tan(x*e + d)~2)*sqrt((a*tan
(xxe + d)"4 + b*xtan(x*e + d)~2 + c)/tan(x*e + d)~4))/((a"6*xb"2 - 2*a~5xb~3
+ a”4xb~4 - 4%a~5xc”3 - (8%a"6 - 8*a"5*b - a"4*b"2)*c”2 - 2% (2*a”7 - 4*a"6%
b + a”5%b~2 + a"4%b~3)*c)*extan(x*xe + d)"4 + (a"5*b”"3 - 2*a~4*xb"4 + a~3*b”5
- 4xa~4*xb*c”3 - (8*%a"5*b - 8*a”"4*b"2 - a"3*b"3)*c”2 - 2% (2*a"6xb - 4*a~5xb
"2 + a"4%b"3 + a”"3*b"4)*c)*extan(x*e + d)"2 - (4*xa~4*xc”4 + (8*a~5 - 8*a"4x*b
- a”3*xb"2)*c”3 + 2*(2*%a”6 - 4*a"5%b + a~4*b”2 + a~3*xb”"3)*c"2 - (a“5*%b"2 -
2%a~4*xb”"3 + a~3*b~4)*c)*e), -1/4*x((4*(2*xa”~2 + 3*axb)*c”4 - (2*a~4*xb"2 - a3
*b~3 - 4%a"2xb"4 + 3*axb”5 - 4*(2%a~3 + 3*a"2%b)*c”3 - (16*%a”4 + 8*a"3*b -
26%a"2%b"2 - 3%axb~3)*c”2 - 2*(4*%a”5 - 2*%a~4*xb - 10*%a~3*b"2 + 5%a”2%b"3 + 3
*a*xb~4)*c)*tan(x*e + d)~4 + (16*%a~3 + 8*a~2*b - 26*a*xb”2 — 3*b~3)*c”3 + 2x%(
4%a~4 - 2*a"3xb - 10*a~2*b"2 + 5*axb”3 + 3*%b~4)*c”2 - (2*a~3*b"3 - a~2*b"4
- 4xaxb”5 + 3%b"6 - 4*(2*a"2xb + 3*a*b~2)*c”3 - (16*a"3*b + 8*a~2*xb”"2 - 26%
a*b~3 - 3*b"4)*c”2 - 2% (4*a~4xb - 2%a~3*b"2 - 10*%a"2*xb”"3 + 5*axb~4 + 3*b~5)
xc)*tan(x*e + d)72 - (2%a"3*b~2 - a"2xb~3 - 4*axb~4 + 3*b~5)*c)*sqrt(-a)*ar
ctan(1/2*(2*a*tan(x*e + d)~4 + bxtan(x*e + d)~2)*sqrt(-a)*sqrt((a*tan(xxe +
d)~4 + bxtan(x*e + d)"2 + c)/tan(x*e + d)~4)/(a"2xtan(x*e + d)~4 + axb*tan
(xxe + d)72 + a*xc)) - (a~3*b"2%c - 4*xa~4*xc”2 + (a~4*b~2 - 4*xa~5*c)*tan(x*e
+ d)"4 + (a"3%b~3 - 4*xa~4xb*c)*tan(x*e + d)~2)*sqrt(a - b + c)*log(((8*a~2
- 8xaxb + b”2 + 4xaxc)*tan(x*e + d)~4 + 2x(4*xa*xb - 3*b"2 - 4%(a - b)*c)*tan
(xxe + d)72 + b™2 + 4x(a - 2*b)*c + 8*c”2 + 4% ((2*xa - b)*tan(x*e + d)~4 + (
b - 2xc)*tan(x*e + d)~2)*sqrt(a - b + c)*sqrt((axtan(x*xe + d)~4 + bxtan(x*e
+ d)"2 + c)/tan(x*e + d)~4))/(tan(x*e + d)"4 + 2xtan(x*e + d)~2 + 1)) - 2%
((a~4*b~2 - 2%a~3*b"3 + a"2*xb"4 - 4*xa~3*%c”3 - (8*a"4 - 8*%a~3*b - a~2xb~2)*c
2 - 2%(2%a”5 - 4*a"4%b + a"3*b"2 + a~2*xb"3)*c)*tan(x*e + d)76 + (a"3*%b"3 -
4%a~2xb~4 + 3*axb~5 - 2% (2%a~3 + 5*a”2*b)*c”3 - (4*a~4 + 10*%a~3xb - 22*a~2
*b~2 - 3*a*b”3)*kc"2 - 2*x(2*xa~4xb - 8*a~3*b"2 + 4*a”~2*xb"3 + 3*axb~4)*c)*tan(
x*e + d)~4 - (8%a"2xc”™4 + 3*(4*xa”~3 - 6*a"2xb - a*b”2)*c”3 + 2%(2*xa~4 - T*a”
3*%b + 3*a”2%b"2 + 3*a*b”3)*c”2 - (a”3*%b"2 - 4*a"2xb"3 + 3*a*b~4)x*c)*tan(x*e
+ d)"2)*sqrt((axtan(x*e + d)~4 + b*tan(xxe + d)~2 + c)/tan(xxe + d)~4))/((
a~6*xb”"2 - 2*xa~bxb~3 + a~4%b"4 - 4*%a”5*c”3 - (8*%a~6 - 8*a~5*b - a~4*xb”~2)*c”2
- 2x(2*a”7 - 4xa”~6*b + a~5xb"2 + a~4xb~3)*c)*extan(x*e + d)"4 + (a”~5%b"3 -
2%a~4*xb”"4 + a~3*b”"5 - 4*a~4xbxc”3 - (8*a"b*b - 8*a~4*b”2 - a~3*xb”"3)*c"2 -
2% (2*%a”6*%b - 4*xa~bxb~2 + a~4%b~3 + a~3*b~4)*c)*extan(x*e + d)"2 - (4*xa~4xc”
4 + (8xa”5 - 8*a~4xb - a"3%b"2)*c”3 + 2% (2*xa"6 - 4*a~5xb + a"4%b"2 + a”3%b”
3)*%c”2 - (a”5%b"2 - 2%a~4%b"3 + a~3*b"4)*c)*e), 1/8*(4*(a"3*%b"2%c - 4*a~4x*xc
~2 + (a"4%b"2 - 4*a”b*xc)*tan(x*xe + d)"4 + (a”3*b”"3 - 4*xa~4dxbxc)*tan(x*e + d
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)"2)*sqrt(-a + b - c)*arctan(-1/2*((2*a - b)*tan(x*e + d)"4 + (b - 2xc)*tan
(xxe + d)"2)*sqrt(-a + b - c)*sqrt((a*xtan(x*e + d)~"4 + bxtan(x*e + d)"2 + ¢
)/tan(x*e + d)~4)/((a"2 - a*b + axc)*tan(x*e + d)"4 + (axb - b"2 + b*c)*tan
(xxe + d)"2 + (a - b)*c + c72)) - (4x(2*a"2 + 3*axb)*c™4 - (2*a~4*b"2 - a~3
*b~3 - 4%a"2%b"4 + 3*a*b”5 - 4*(2*%a~3 + 3*a"2*b)*c”3 - (16*%a"4 + 8*a~3*b -
26*%a"2%b"2 - 3*axb~3)*c”2 - 2%(4*a”5 - 2%a"4xb - 10*%a~3*%b"2 + 5*%a”2*%b"3 + 3
*axb~4) *c)*tan(x*e + d)~4 + (16*%a”3 + 8*a”2%b - 26*a*xb”™2 - 3*b~3)*c"3 + 2%(
4%xa~4 - 2%xa~3*%b - 10*%a”2%b"2 + 5*a*xb”3 + 3*xb~4)*c”2 - (2*%a"3%b"3 - a~2*xb"4
- 4xaxb”5 + 3%b"6 - 4*(2*a"2xb + 3*a*b~2)*c”3 -...

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
tan® (d + ex)

dx
/ (a + beot? (d + ex) + ccot* (d + ex))

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)**3/(atbxcot (e*x+d)**x2+c*cot (exx+d)**4)**x(3/2) ,x)
[Out] Integral(tan(d + exx)*x3/(a + b*cot(d + e*x)**2 + c*cot(d + e*x)**4)*x*(3/2)

, X)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~3/(atb*cot(e*xx+d) "2+c*cot(e*xx+d)~4)~(3/2),x, algorithm
="giac n)
[Out] Timed out

Mupad [F(-1)]
time = 0.00, size = -1, normalized size = -0.00

Hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(d + e*x)~3/(a + b*cot(d + e*xx)"2 + cxcot(d + e*x)~4)~(3/2),x)

[Out] \text{Hanged}
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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